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Nomenclature 


In the following list, we define the common symbols, notations and abbreviations that are 
used in the book as a quick reference for the reader. 


V nabla differential operator in ordinary 3D space 

Vh gradient of scalar h 

V-A divergence of vector A 

VxA curl of vector A 

Vv? Laplacian operator in ordinary 3D space 

Oo nabla operator in Minkowski 4D spacetime 

o? d’Alembertian operator in Minkowski 4D spacetime 
Ons" partial derivative with respect to the p‘” coordinate 

6/7 absolute or intrinsic derivative operator with respect to T 
nN comparable in size 

’ (prime) mark of reference frame in motion relative to a given reference frame 


0 (subscript) 


proper quantity, e.g. proper length Lo 


a magnitude of acceleration or 1D acceleration 

a, A acceleration vector in 3D, 4D 

a, A electromagnetic vector potential in 3D, 4D 

a’, At acceleration vector or its components in 3D, 4D 

a’, AM electromagnetic vector potential or its components in 3D, 4D 

Gigi dys ty components of 3D acceleration vector in x, y, z directions 

igs igs components of 3D electromagnetic vector potential in x, y, z directions 
B magnitude of magnetic field 

B magnetic field vector 

By, BayssBy components of magnetic field vector in x, y, z directions 

é characteristic speed of light in vacuum 

diag [-- +] diagonal matrix with embraced diagonal elements 

ds, do infinitesimal line element in 3D space, 4D spacetime 

E energy 

E electric field vector 

Eo, Ex, Et rest, kinetic, total energy 

Pig, Figs Bg components of electric field vector in x, y, z directions 

Eq. /Eqs. Equation /Equations 

f magnitude of force or 1D force 

f, F force vector in 3D, 4D 

fi, F# 3D, 4D force vector or its components 

ass oats components of 3D force vector in 2, y, z directions 

Giz g? covariant, contravariant metric tensor of 3D space or its components 
Gig covariant, contravariant metric tensor of 4D spacetime or its components 


1 


imaginary unit 


off if and only if 


j, J electric current density vector in 3D, 4D 

Pts Te components of 3D electric current density vector in x, y, z directions 
Ba electric current density vector or its components in 4D 
k; dragging coefficient 

Riis dragging coefficient of water 

L, Lo length, proper length 

L, [L?] Lorentz matrix 

LL} inverse of Lorentz matrix 

Lf Lorentz tensor or its components 

Ly light year (distance) 

m, Mo mass, rest mass 

Me, Mn, Mp mass of electron, neutron, proton 

MP inverse of Lorentz tensor or its components 

n refractive index 

nD n-dimensional 

O observer or frame of reference 

D magnitude of momentum or 1D momentum 

p, P 3D, 4D momentum vector 

p, Pe 3D, 4D momentum vector or its components 

Des Diy De components of 3D momentum vector in «x, y, z directions 
Q electric charge 

e radius 

r position vector in 3D space, i.e (x, y, z) or (x1, x”, x°) 
r,0,@ spherical coordinates of 3D space 

s 3D space interval (or length of arc) 

S, [S#”] electromagnetic field strength matrix 

ow electromagnetic field strength tensor or its components 
t, to time, proper time 

T, [7] electromagnetic dual field strength matrix 

es electromagnetic dual field strength tensor or its components 
u speed or 1D velocity (usually belongs to observed object) 
u, U 3D, 4D velocity vector 

u’, UP 3D, 4D velocity vector or its components 

tg; Uys Ue components of 3D velocity vector in x, y, z directions 

Uv speed or 1D velocity (usually belongs to inertial frame) 
Vv 3D velocity vector 

Degg Oe components of 3D velocity vector in x, y, z directions 

V event 

V,Vo volume, proper volume 

x position vector in 4D spacetime, i.e. (x°, x1, x”, x?) or (x, x”, v?, x*) 
x°,x',x2?,x2° spacetime coordinates (x° temporal) 

x',x*,x°,2' spacetime coordinates (x* temporal) 


coordinates of 3D space, 4D spacetime 

spatial coordinates (normally rectangular Cartesian) 
speed ratio 

Lorentz factor 

Christoffel symbol of 2” kind for 4D spacetime 
Kronecker delta tensor in 4D 

finite change 

permittivity of free space 

wavelength, proper wavelength 

permeability of free space 

frequency, proper frequency 

charge density, proper charge density 
cylindrical coordinates of 3D space 

spacetime interval in 4D 

proper time parameter 

electromagnetic scalar potential 

angular speed 


Chapter 1 
Preliminaries 


1.1 General Background 


1. Define the science of mechanics in a few words. 

Answer: The science of mechanics is a branch of physics dedicated to the description 
and prediction (quantitatively and qualitatively) of the motion of physical objects in 
space and time and identifying its causes. 

2. Make a brief comparison between the mechanics of Lorentz transformations and the fol- 
lowing branches and theories of mechanics: Newtonian mechanics, quantum mechanics 
and general relativistic mechanics. 

Answer: 

Newtonian versus Lorentz mechanics: the focus of Newtonian mechanics is the macro- 
scopic world at normal speeds, while the focus of Lorentz mechanics is objects moving at 
any physically-possible speed where both these types of mechanics record their observa- 
tions from inertial frames. Accordingly, Newtonian mechanics is a valid approximation 
to Lorentz mechanics at low speeds (v < c), but it must be replaced by Lorentz me- 
chanics at high speeds (v ~ c). 

Quantum versus Lorentz mechanics: quantum mechanics is mainly concerned with tiny 
objects at atomic and subatomic levels whether they are stationary or at low or high 
speeds, while Lorentz mechanics is mainly concerned with objects moving at high speeds 
whether they are big or tiny. Hence the two have common interest in tiny objects that 
move at high speeds.!!] 

General relativity versus Lorentz mechanics: general relativity is a theory of gravity 
while Lorentz mechanics is a theory about the laws of physics as seen from inertial 
frames of reference. In fact, the essence of Lorentz mechanics is space and time and 
how they are transformed between different inertial frames, as we will see later. 

3. Why we think it is better to use expressions like “mechanics of Lorentz transformations” 
or “Lorentz mechanics” instead of the common expressions like “special relativity” or 
“special relativistic mechanics” to refer to the part of mechanics that is based on the 
Lorentz transformations? 

Answer: Because the preferred expressions are more inclusive and objective since they 
are based on the bare formalism with no association or adoption of a particular epis- 
temological or philosophical framework, while the common expressions associate this 
branch of mechanics with the special theory of relativity which essentially represents a 
particular interpretation of Lorentz mechanics, and hence its characteristic epistemo- 
logical and philosophical framework excludes other potential interpretations and may 
entail unverified or unverifiable implications which can lead to wrong conclusions. An- 
other reason is related to the credit of creating and developing this branch of physics 


[1] The two types of mechanics are merged into the so-called relativistic quantum mechanics. 
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where we believe that many scientists contributed to the emergence and rise of Lorentz 
mechanics in contrast to the common belief that this branch of modern physics be- 
longs to Einstein and his contribution to the development of special relativity theory of 
Poincare. This strong association between Einstein and special relativity theory makes 
the use of the common expressions with the distinctive “relativistic” attribute suscep- 
tible to the wrong interpretation or impression that this branch of mechanics is the 
brainchild of Einstein. 


. Compare between the approach followed in the construction and presentation of quan- 


tum mechanics in the common textbooks of physics and the approach followed in the 
construction and presentation of Lorentz mechanics in these texts to see if the two sub- 
jects are treated equally. 

Answer: While the construction and development of quantum mechanics in the text- 
books start from the formalism and end with the interpretations, the construction and 
development of Lorentz mechanics (which is presented as special relativity) start from 
the interpretation (represented by the postulates of special relativity and their con- 
sequences) and end with the formalism where the formalism and all its consequences 
are supposed to be completely based on this particular interpretation. Hence, the two 
subjects are treated differently with no justification and this can be regarded as bias in 
favor of the special relativistic view. 


1.2. Historical Issues and Credits 


1, 


Name a number of physicists who have contributed to the development of Lorentz 
mechanics in its early days. 

Answer: Some of these physicists are: FitzGerald, Lorentz, Larmor, Voigt, Poincare, 
Einstein, Planck, Laue, Minkowski and Sommerfeld. 


. When the credit for the creation and development of Lorentz mechanics started to shift 


from Lorentz, Poincare and other major contributors to Einstein? 

Answer: This started after the alleged confirmation of general relativity by the solar 
eclipse expedition of Eddington and his team in 1919. What followed of public euphoria 
and the huge inflation in the image of Einstein led to many fabrications and falsifications 
including this one where Lorentz mechanics became the brainchild of Einstein. Before 
that, this part of physics was generally associated with the work and views of Lorentz 
and Poincare as well as many other primary and secondary contributors. 


. Why we attribute the main credit for the special relativity interpretation to Poincare? 


Answer: Because all the main elements of the modern theory of special relativity be- 
long to Poincare;?! examples of these are: 

e Questioning the existence (or at least the necessity) of ether and hence originating 
the principle of relativity in its special relativistic sense. 

e Inventing the synchronization procedure of clocks which is based on the use of light 
signals. This procedure is based in a sense on the universality of the speed of light (see 


[2] However, the Poincare version is apparently more rational and consistent than the modern version of 


special relativity which generally reflects Einstein views. 


1.3 General Terminology 12 


§ 3.4 in the main text and exercises). 

e Questioning the difference between time and local time which eventually led to the 
proposal of the abolishment of absolute time. Also, time dilation as an interpretation 
to the difference in the time measurements between frames is attributed to Poincare. 
e Using the concept of 4D spacetime as the space of Lorentz mechanics. However, there 
are indications that this idea was in circulation even before Poincare. 

e The requirement of the physical laws in general (and not only the laws of mechanics) 
to be invariant under the correct set of coordinate transformations which is the essence 
of the relativity postulate of special relativity. A proof of the invariance of Maxwell’s 
equations (as an example of this general invariance principle) under the Lorentz trans- 
formations is also attributed to him (among others like Lorentz and Larmor). 

Apart from all these contributions, as well as many other contributions, all the elements 
of special relativity were hotly debated issues before the work of Einstein and hence 
almost all of Einstein work was reflection of what was already there in the scientific 
circles and journals with some elaborations and extensions here and there. So, even 
some of the elements of special relativity which cannot be firmly traced to Poincare can 
be considered as part of the common literature of this branch of physics at that time. 
Accordingly, Einstein was a secondary contributor not only to the formalism of Lorentz 
mechanics but even to its special relativity interpretation and therefore we believe that 
the main credit for special relativity theory belongs to Poincare and his original ideas 
not to Einstein. 


1.3. General Terminology 


sf 


Briefly define the following terms: massive object, massless object, uniform motion, 
inertial frame, rest frame, proper quantity, Minkowski space, world line, event, simul- 
taneous events, co-positional events, space interval, and spacetime interval. 

Answer: 

Massive object is an object with non-vanishing mass (i.e. m > 0) like proton. 
Massless object is an object without mass (i.e. m = 0) like photon. 

Uniform motion is a motion with constant velocity, i.e. constant speed in a given direc- 
tion so both the magnitude and the direction of the velocity are independent of time. 
Inertial frame is a frame of reference in which Newton’s three laws of motion hold true. 
Rest frame of an object is a frame of reference in which the object is at rest and not 
moving. 

Proper quantity is the quantity of an object (e.g. the length of a stick) as measured in 
its rest frame. 

Minkowski space (or spacetime) is a 4D manifold consisting of one temporal dimension 
and three spatial dimensions. 

World line is the path traced in the Minkowski spacetime by an object and hence it 
represents its presence in spacetime or alternatively its trajectory or footprint in this 


3] We note that length contraction, which was originally proposed by FitzGerald and adopted by Lorentz, 


was already in existence as an explanation for the null result of Michelson-Morley experiment. 


1.3 General Terminology 13 


4D manifold. World line may also represent a continuous series of correlated events. 
Event is a physical occurrence that takes place in the spacetime; it is usually repre- 
sented by a point in the spacetime. 
Simultaneous events are events that take place at the same time. 
Co-positional events are events that take place in the same location of space. 
Space interval is the length of a segment in the ordinary (or spatial) 3D space. 
Spacetime interval is the length (but it can be imaginary!) of a segment in the 4D 
spacetime manifold. 

2. What is the difference between coordinate system and frame of reference? 
Answer: Coordinate system is an abstract spatial device used to locate points in space, 
while frame of reference is an abstract device used to identify points in spacetime man- 
ifold and hence it is a coordinate system associated with a time measuring mechanism. 
So, frame of reference is a “coordinate system” of spacetime, while coordinate system 
is a “coordinate system” of space. 

3. What is the difference between “space and time” and “spacetime”? 
Answer: The difference is that “space and time” is based on the distinction between 
the spatial and temporal dimensions which is the view of classical mechanics, while 
“spacetime” is based on the entanglement of space and time into a single entity or 
manifold where the temporal and spatial dimensions are treated equally and this is the 
view of Lorentz mechanics. 

4. List a number of transformations between different frames of reference which are at rest 
relative to each other. 
Answer: The following are some examples: 
e Scaling of the units of space (length) or/and time. 
e Static translation of origin of coordinates or/and origin of time. 
e Static rotation of coordinate system in space. 
e Shearing of space coordinate axes. 
e Reflection of space coordinate axes. Reflection of time axis (i.e. in the same sense 
as reflection of space coordinate axes) is apparently not considered in the common 
literature of physics due to the explicit or implicit assumption of the uniqueness of the 
direction of time flow (i.e. past—present—future) although a sign difference (of only 
symbolic significance) between the time of two frames is possible to consider. 

5. List a number of differences between different reference frames which are in a state of 
motion relative to each other. 
Answer: As well as some of the differences that originate from the transformations in 
the previous exercise (e.g. scaling of space and time units), the following can also take 
place: 
e Being in a state of relative uniform translational motion. 
e Being in a state of relative uniform rotational motion. 
e Being in a state of relative uniform acceleration (whether translational, rotational or 
both). 
e Being in a state of relative non-uniform acceleration (whether translational, rotational 


or both). 
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We note that some combinations of the above states (e.g. relative uniform translational 
motion with relative uniform rotational acceleration) are also possible. 


. Which of the differences that we considered in the previous two exercises do not affect 


the status of inertiality (i.e. the state of being inertial or non-inertial) between two 
reference frames? 

Answer: It is obvious that all the differences in exercise 4 do not affect the status 
of inertiality of two frames because the two frames are assumed to be in a state of 
relative rest and hence they both should be inertial or non-inertial as the two frames 
are essentially identical apart from possible static transformations which do not affect 
their inertiality status that is based on motion and dynamic transformations. Regarding 
the differences in exercise 5, being in a state of relative uniform translational motion 
does not affect the status of inertiality (i.e. the two frames are either both inertial or 
both non-inertial) but the other three differences could affect the status of inertiality 
between two frames. In brief, being in a state of relative uniform rotational motion 
or uniform acceleration or non-uniform acceleration can take place between two non- 
inertial frames as well as between an inertial frame and a non-inertial frame. More 
details about this issue will come later in the book (see for example § 3.6.2). 


1.4 Mathematical Preliminaries 


af 


Define § and ¥ as used in the literature of Lorentz mechanics. 
Answer: The speed ratio 6 and the Lorentz factor y are defined in the literature of 
Lorentz mechanics by the following expressions: 


p=" — 
~ ¢ 1 ae 


where v is the speed of an object or a frame of reference and c is the characteristic 
speed of light in free space. 


. Show that: 


2 = 726? 41 
Answer: This can be obtained directly from the identity y? — 1 = 78? or the identity 
y? — 776? = 1. It can also be obtained from scratch as follows: 


1 
y= in 

_ 137 =? 
1 — p? 

_ ii t= 7 
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3. Show that: 22 
ei 
1 
aaa (y 41) 
Answer: This is just the identity y? — 1 = y?8? in a disguised from, that is: 


y~-1 = 6? 


Gigs a 


GEO: a are 
2 Q2 
y-1 


4. Find the relative error in using the approximation: 
1 
aor eG? 
y=lt+5A 


when v = 0.1c and hence assess the reliability of this approximation. 
Answer: The relative error can be calculated from the expression: 


ge Ute) 
y 


which is about 3.76 x 10~-° when v = 0.1c. This error is very small although the speed 
v = 0.1c is very high by classical standards. Hence, the above approximation is reliable 
when v < ¢. 

5. Repeat the previous question with the approximation: 


2 
a Nig Pe 
ee aaa, 


Answer: The relative error can be calculated from the expression: 


which is about 0.0125 (ie. about 1.25%) when v = 0.lc which is classically very 
high speed. This error is negligible in many practical situations and hence the above 
approximation is fairly reliable when v < c. 

6. Plot the Lorentz y factor as a function of the speed ratio 6 and discuss the distinct 
features of this plot and the physical significance of these features on the relation be- 
tween classical and Lorentz mechanics and on the issue of speed restrictions in Lorentz 
mechanics. 

Answer: The plot should look more or less like Figure 1. The following features can 
be easily observed: 

e At v = 0 (and hence @ = 0), y = 1. In this case, the formalism of classical mechanics 
is exact since the observed frame or object is at rest with respect to the observer. 

e At low speeds (i.e. v < c and hence 6 ~ 0) ¥ stays very close to unity. In this 
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case, the formalism of classical mechanics is a good approximation to the formalism of 
Lorentz mechanics. 

e At very high speeds (i.e. v ~ c and hence 6 ~ 1) y shoots up sharply where the line 
8B = 1 is a vertical asymptote to the y curve. In this case, the formalism of Lorentz 
mechanics must replace the formalism of classical mechanics. 

e The point 6 = 1 is a singularity point for y and hence the formalism of Lorentz 
mechanics fails to provide any prediction about this case. Similarly, the case 6 > 1 
makes y imaginary and hence it is physically meaningless. These cases (i.e. 3 > 1) are 
generally interpreted as an implication that reaching or exceeding the speed of light is 
physically impossible. However, we would rather say it represents a limitation of Lorentz 
mechanics in its current formulation and hence although these cases are banned by the 
current formulation of Lorentz mechanics, they may be possible under an amendment 
or an extension of the current formulation or under a more comprehensive mechanics 
where Lorentz mechanics plays the role of an approximation or a limiting case for this 
mechanics, like classical mechanics in its relation to Lorentz mechanics. We should also 
point out to the fact that because Lorentz mechanics is restricted to inertial frames, 
reaching or exceeding the characteristic speed of light c will not be banned automati- 
cally outside the domain of Lorentz mechanics (i.e. inertial frames) because of its ban 
in Lorentz mechanics. Hence, any claim of banning these cases outside the domain of 
Lorentz mechanics requires a new and independent evidence other than the singularity 
of y or being imaginary when v > c. We also note that there should be a distinction in 
the speed restriction v < c between massive and massless objects as will be discussed 
later. In this context we may say, even if the formalism of Lorentz mechanics implies 
that c is a restricted and ultimate speed to light (including all types of electromagnetic 
radiation), it does not automatically extend to massless physical objects other than 
light, i.e. we need an independent proof for this premise other than the formalism of 
Lorentz mechanics. 


1.5 General Conventions, Notations and Remarks 


1. 


Why “light” in the literature of Lorentz mechanics includes all types of electromagnetic 
radiation? 

Answer: Because what is important in Lorentz mechanics is the speed of propagation 
in free space which is the same for all types of electromagnetic radiation and hence they 
are all equal in this regard. As we will see, this speed may also be extended to include 
all massless objects according to special relativity. 


. Discuss the difference between the characteristic and observed speed of light in free 


space. 
Answer: We should clearly distinguish between the constant c (~ 3 x 10®m/s) which 
symbolizes the characteristic speed of light, and the observed speed of light which is the 
actually observed speed of light and hence in principle it may or may not be equal to c. 
For example, if the observed speed of light is alleged to be frame dependent then this 
speed may be given as c+v where the constant c represents the characteristic speed of 
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Figure 1: The Lorentz y factor as a function of the speed ratio /. 


light while v is the frame dependent part of the observed speed. Although we generally 

distinguish the two by the “characteristic” and “observed” labels, in some cases we may 

use “the speed of light” without these labels where the meaning can be judged from the 

context. Based on this distinction, the reader should not be confused to believe that 

the constancy of c means the acceptance of the second postulate of special relativity 

whose essence is the constancy of the observed (not the characteristic) speed of light." 
3. Expand the following expressions using the adopted conventions in this book: 


TM CAND, r x 


Answer: Using the summation and index range conventions as well as other symbolic 
conventions, we obtain: 
3 


uju' = | uu’ = uu + Ugu + ugu? 
i=1 
4 
cAMh, = SY cA, = cA'b; + cA?b2 + cA%b3 + cA*d, 
p=1 
= (ae | = (x,y, z) 
C2 (ee eS) 


[4lIn brief, the characteristic speed of light c is the same for all observers while the observed speed of 
light is in principle observer-dependent. Hence, the essence of the second postulate of special relativity 
is the claim that the observed speed of light is always equal to the characteristic speed of light c and 
hence the observed speed of light is observer-independent. 
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The indices in the second and fourth examples may also range over 0,1, 2,3 instead of 
1,2,3,4 and hence the order of the spatial and temporal variables will change accord- 
ingly. 

4. Explain the standard setting between two inertial frames illustrating your descriptive 
explanation by a simple sketch. 
Answer: The main features of the standard setting between two inertial frames of 
reference, O and O’, which are in a state of relative uniform translational motion are 
outlined in the following bullet points: 
e The two frames have rectangular Cartesian coordinate systems with common length 
unit and common time unit. 
e These coordinate systems become identical at time t = t’ = 0 where the axes have the 
same sense of orientation, i.e. the positive and negative directions of the corresponding 
axes (i.e. 2-2’, y-y’ and z-z’) are identical. Accordingly, the origins of coordinate of the 
two systems are identical at time t = t/ = 0. It should be obvious that these frames 
have identical origins of time, i.e. ¢ = t/ = 0, which coincide when their origins of 
spatial coordinates coincide. 
e The two frames are in a state of relative translational motion with velocity v along 
the common z-2’ direction only and hence they are at relative rest in the y-y’ and z-z’ 
directions. Accordingly, the y-y' and z-z’ coordinates of any event or object seen from 
these frames remain identical at all times. We note that the symbol v stands for the 
velocity of O' relative to O and hence v is positive/negative if O’ is seen by O to move 
in the positive/negative direction of the common 2-2’ axis. 
e Since the two frames are assumed to be inertial, the relative motion between these 
frames is purely translational and hence there are no other forms of motion like rota- 
tional, whether uniform or non-uniform. In fact, for the two frames to be inertial there 
should be no rotational motion whether relative or not, as indicated in the text. 
e The velocity of the relative motion along the common z-z’ direction is constant and 
hence the speed and direction of this motion are independent of time. 
The required illustrative sketch should look like Figure 2. 

5. What are the main advantages of using the standard setting? 
Answer: The main advantages can be summarized in the following points: 
e The two coordinate systems are chosen to be rectangular Cartesian, which is the 
simplest form of coordinate systems, and this results in considerable simplification in 
formulation. 
e The origins of coordinates are made to coincide at time t = t/ = 0 and this results in 
further simplification. This also applies to the unification of their origins of time, i.e. 
f=7 =. 
e The motion is oriented to be only along the common x-2’ axis and hence the motion 
is made essentially one-dimensional although it takes place in a 3D space. This makes 
the formulation and notation easier since a scalar-like approach in the formulation and 
notation can be used instead of a strict vector or tensor approach which is more complex 
and demanding. 
e The two frames are fully distinguished by a single scalar-like number v that represents 
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Figure 2: Two inertial frames, O and O’, in a state of standard setting. 


the relative velocity between the two frames. 

6. Justify the common practice in the literature of Lorentz mechanics of using scalar 

symbols to represent vector quantities like velocity and momentum. 
Answer: This practice is justified by the employment of standard setting between 
frames (or between frame and observed object and hence it is like standard setting) 
which essentially reduces most vector quantities to be one-dimensional, i.e. in the 
x-x' dimension, and hence these quantities can be represented like scalars where the 
magnitude and sign become sufficient for full identification and representation of these 
quantities. 

7. Why symbols like v may be described as speed sometimes and as velocity in others? 
Answer: As discussed earlier, due to the employment of standard setting between 
frames (or its alike between frame and object) the motion is one-dimensional, and 
hence scalar symbols such as v are generally used to represent vectors like the velocity 
vector v due to the vanishing of the y and z components. Accordingly, we may describe 
a symbol like v as speed or as velocity where in the former case we mean the magnitude 
only while in the latter case we mean the magnitude with sign, i.e. in the positive or 
negative direction of the line of motion which is the x axis according to the standard 
setting. 

8. In a state of standard setting between two inertial frames: (a) How many numbers 
associate any given event to fully identify its presence in spacetime? (b) How many of 
these numbers are independent? (c) How are these numbers related? (d) What is the 
physical quantity that distinguishes these frames? 

Answer: 
(a) Eight numbers, i.e. (x,y, z,t) that belong to frame O and (2’,y’, 2’, t’) that belong 
to frame O’. 
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(b) Since y = y' and z = 2’, only six of these numbers are independent. 

(c) The two sets of coordinates, ie. (x,y,z,t) and (z’,y’, 2’,t’), are linked by certain 
transformations (i.e. Galilean in classical mechanics and Lorentzian in Lorentz mechan- 
ics) where each one of these sets can be obtained from the other set by applying these 
transformations. 

(d) The physical quantity that distinguishes these frames is the relative velocity v which 
identifies the speed and direction of their relative motion. The common convention is 
that v is the velocity of the primed frame as seen from the unprimed frame. 


. Classify the states of two reference frames, whether inertial or non-inertial, in their re- 


lation to each other from the perspective of their relative motion. Which of these states 
represent the same inertiality status of the two frames, i.e. both frames are necessarily 
inertial or necessarily non-inertial? 

Answer: Broadly speaking, two frames of reference can be in one of the following 
states: 

a) In a state of relative rest. 

b) In a state of relative uniform translational motion. 

c) In a state of relative uniform rotational motion. 

d) In a state of relative uniform acceleration (translational or rotational acceleration). 
(ce) In a state of relative non-uniform acceleration (translational or rotational accelera- 
tion). 

In states (a) and (b), both frames necessarily have the same inertiality status and hence 
both should be inertial or both should be non-inertial. In states (c), (d) and (e), one 
of the frames is necessarily non-inertial while the other frame could be inertial or non- 
inertial and hence they do not necessarily share the same inertiality status. 

We note that the above cases are the principal cases; other cases can be obtained from 
certain combinations of the above cases as well as from considering multiple directions. 
The results should be easy to analyze based on the above classification. 

Give an example of the tendency in the scientific circles to support certain theories and 


( 
( 
( 
( 


individuals which may cast a shadow on the validity of the claimed evidence in support 
of Lorentz mechanics especially in its relativistic version. 

Answer: A prominent example of this sort of tendency and prejudice, although it is 
not related to Lorentz mechanics directly, is the 1919 astronomical expedition where 
members of the expedition team sexed up the results and hence they declared the “veri- 
fication” of general relativity predictions which is inconsistent with the actual evidence. 
Therefore, more caution and skepticism are required in examining and accepting any 
claimed evidence or support in these emotionally-sensitive areas of physics. 


[51 In fact, this applies to Lorentz mechanics where t ¥ t’ in general, but in classical mechanics where t = t’ 


we should have only five independent numbers although this is not because of the standard setting alone 
but because of the Galilean transformations as well, i.e. the standard setting unifies the origin of time 
while the Galilean transformations unify the time flow (or time intervals) in the two frames. 
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1.6 Physical Reality and Truth 


1. What are the three principles of reality and truth which are embedded in realistic 
philosophies and sciences? 
Answer: They are: 
(a) There exists a real world which is independent of the observer. 
(b) The reality of this world is unique. 
(c) The truth, which is an accurate reflection of the unique reality, is unique so any 
individual physical reality is represented by one and only one truth. 

2. Briefly discuss realism in the old and modern physics. 
Answer: In the old or classical physics, mainly prior to the emergence of Lorentz 
mechanics and quantum physics, realism was the dominant view where all branches 
of physics are based on the principles of reality and truth, or the realism philosophy. 
However, following the emergence of modern physics, this position became less firm and 
clear. In fact, it has been challenged even explicitly by some views and interpretations. 
This is because old physics is based on the view that the observer is just a receptor 
of the reflection of reality in the observation process while certain branches of modern 
physics are based on the view that the observation process is an interaction between the 
observed phenomenon and the observer and hence the observer can affect the observed 
phenomenon or this phenomenon can depend on the frame of observation. 

3. Discuss briefly the general stand of quantum mechanics and Lorentz mechanics about 
physical reality and truth. 
Answer: Some interpretations of quantum mechanics are not totally objective and 
compliant with the principles of physical reality and truth because according to these 
interpretations the presence of the observer can have an impact on the outcome of the 
experiment and may even determine the nature of the observed phenomenon. More- 
over, we may even have multiple realities such as parallel worlds. However, this form 
of non-objectivity and violation of the principles of reality and truth should not af- 
fect Lorentz mechanics which is based on different philosophical and epistemological 
framework where the presence of the observer is not supposed to affect the outcome 
of the experiment, at least in the sense of quantum mechanics, thanks to the total 
objectivity of physical reality, determinism and preciseness as well as other embedded 
and generally accepted principles of physical reality and truth which Lorentz mechanics 
is generally supposed to be based upon. Nonetheless, Lorentz mechanics can also em- 
brace (mostly unwittingly) non-realism views and interpretations where we could have 
multiple truths, and even multiple realities, that depend on the frame of observation. 
For example, according to some views in special relativity about length contraction and 
time dilation and if they are real or apparent effects, we may need to abandon some 
of the principles of reality and truth to have a sensible and consistent interpretation of 
these views. 

4. Discuss, giving some examples, the issue of instinctive corrections that we apply uncon- 
sciously in our daily life and the relation of this to the issues of reality, truth, adaptation 
and biological evolution. 
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Answer: There are many examples about the issues of reality and truth from our 
daily life where our instinctive position is to “correct” for an “error”? when we observe 
something in a different state to the “ideal” state that we consider as the honest repre- 
sentation of the existing and unique physical reality. Many of these corrections are even 
embedded by evolution in our perception system. For example, when we see a particu- 
lar object from different perspectives and different distances we introduce, instinctively 
and unconsciously, all the required corrections to “see” it in the right shape and size 
where these corrections are based on our past experience and an instinctive tendency 
for consistency. It should be obvious that this instinctive tendency for introducing these 
corrections is based on the existence and uniqueness of physical reality and the instinc- 
tive realization of the necessity for obtaining a unique “correct” reflection of this reality 
which we call truth. This is just one example of our elaborate physiological methods 
for adaptation to the physical world where these principles (i.e. existence and unique- 
ness of reality and uniqueness of truth) help us to adapt successfully by merging all 
these different and even contradictory images and perceptions which can cause a huge 
confusion into a single truth which is the correct reflection and honest representation, 
according to our instinctive heritage, of the existing and unique reality. Any opposite 
principles about reality and truth will make the task of adaptation extremely difficult 
and challenging. 


. Briefly examine the claim that modern science is not subject to the same rules as daily 


life and the necessity of adaptation, and hence modern science may not need to be 
based on the principles of reality and truth. 

Answer: Modern science is not an exception in the adaptation process and hence it 
should also be based on the same instinctive and evolutionary principles and rules that 
govern the biologically-motivated daily life experiences. In fact, science as a highly 
precise and accurate form of human knowledge should have more reasons to embrace 
these principles of realism even from a purely pragmatic perspective. Accordingly, 
if physics should be useful and serve its purpose, it should rely to a certain degree on 
realism to justify its existence and fulfill its objectives. However, it is difficult to impose 
strict limits on what is legitimate and what is illegitimate in this regard as long as the 
philosophical and epistemological position of a particular theory is logically consistent. 
For example, we may tolerate a form of non-realism in the interpretation of a particular 
scientific theory, but we cannot accept a scientific or philosophical theory that is entirely 
based on the rejection of the principles of reality and truth or it contains logical fallacy 
such as being based in one of its parts on the uniqueness of truth while in another part 
it is based on the non-uniqueness of truth. 


1.7 Intrinsic and Extrinsic Properties 


1 


What is the difference between intrinsic and extrinsic properties of a physical object? 
Give examples of each. 

Answer: An intrinsic property of a physical object is a property that does not de- 
pend in its existence and quantification on any consideration of an external observer or 
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reference frame, while an extrinsic property is a property that has such a dependency. 
For example, in classical physics mass, length and size of time duration are intrinsic 
properties since they do not depend on the observer because if a physical object has a 
mass of | kilogram and a length of 1 meter and it lasts for 1 second it will be so for all 
observers since these properties belong to the object in itself. On the other hand, veloc- 
ity and momentum are extrinsic properties because a physical object can have different 
velocities and momenta depending on the observers and their frames of reference. This 
is also the case with the improper length and size of time duration in Lorentz mechanics 
where these physical properties depend on the observer due to length contraction and 
time dilation effects. 


. Is the acceleration of non-inertial frames an intrinsic or an extrinsic property according 


to classical mechanics? 

Answer: It should be an extrinsic property because although acceleration is the same 
for all inertial observers (see § 1.9.4) and it is supposed to be referred to an absolute 
reference frame, its existence and quantification depends on the observer and his refer- 
ence frame especially if we include non-inertial observers and frames of reference. For 
example, two non-inertial observers can see each other at rest or in a state of uniform 
motion (i.e. no acceleration). They can also see each other or another inertial or non- 
inertial observer to be in a state of acceleration with different measurements of the 
value of acceleration. 


. Are the extrinsic properties examples of multiple reality or multiple truth? 


Answer: No. The reader should not confuse between the uniqueness of reality and 
truth and the uniqueness of perspective which is part of the reflection of reality or 
truth. For example, the principles of reality and truth will be violated if the kinetic 
energy relative to the same observer is 10 J and 100 J at the same time, but these 
principles will not be violated when the kinetic energy relative to one observer is 10 J 
and the kinetic energy relative to another observer is 100 J because the perspective of 
the observer is part of the reflected reality and truth. In brief, when we consider all the 
factors that determine the reality and define the truth (including the perspective in the 
extrinsic properties for example) then the reality and truth should be unique. 


1.8 Invariance of Physical Laws 


fe 


State briefly the principle of invariance of physical laws giving some examples. 
Answer: The principle of invariance of physical laws states that an alleged rule of 
physics cannot be a law unless it takes the same form in all frames of reference or at 
least in a certain category of frames. For example, in classical mechanics the principle 
of conservation of mass is a law of physics because all observers agree on the following 
form: 


Am = 0 


i.e. the net change of mass of a closed physical system is zero. Similarly, Newton’s first 
law of motion is a law of physics because all inertial observers agree on the following 
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form: 


> fa0) -& -Av=6 


i.e. the net external force }>f on a massive object vanishes identically iff the change 
of velocity Au of the object is zero. On the other hand, the alleged “principle of 
conservation of speed” or “the principle of constancy of acceleration” are not laws of 
physics because there is no agreement between any general category of observers that: 


Au = 0 or a = constant 


although these “principles” may be valid conditional observations for a number of indi- 
vidual observers. 

2. Analyze the essence and roots of the principle of invariance of physical laws and discuss 

its significance. 
Answer: The essence and roots of this principle is that the form of the physical laws 
should be invariant under certain set of transformations. For example, the laws of 
classical mechanics take the same form under the Galilean transformations between 
inertial observers. Similarly, the laws of mechanics and electromagnetism take the same 
form under the Lorentz transformations between inertial observers.|*! The significance 
of this principle is that if any alleged law of physics is to be useful and of common 
practical value it should be sufficiently general to benefit all observers or at least a 
large category of observers. This cannot be the case if the form of the alleged law 
depends on the observer and his frame of reference. 

3. State briefly the main assumptions and conditions for the application of the principle 
of invariance of physical laws. 

Answer: At the root of this principle there are several assumptions and conditions, 
the main of these are: 

e The existence of a set of transformations such as the Galilean and Lorentzian trans- 
formations. 

e The existence of a domain for the validity of this set of transformations, e.g. inertial 
frames for the Galilean and Lorentzian transformations. 

So, in a given domain where certain transformations apply, a physical rule can be con- 
sidered a law only if it transforms invariantly by these transformations within the given 
domain. 

4. Make a clear distinction between being value-invariant and being form-invariant. 
Answer: Value-invariance means that the quantitative value of a given physical quan- 
tity is the same across different frames, while form-invariance means that the form of 
a given law or rule is the same across different frames. So in brief, value-invariance is 
about physical quantities like mass and length, while form-invariance is about laws and 
rules like Newton’s second law or the conservation of momentum. For example, if the 


(6lIn fact, the laws of mechanics in their original classical form are not invariant under the Lorentz 
transformations, but they are made invariant by certain adjustments to some concepts and definitions 
(momentum in particular). 
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mass of a given object is measured as 1 kg by a given inertial observer, then accord- 
ing to the value-invariance of mass in classical mechanics all inertial observers should 
measure the mass of this object as 1 kg. Similarly, if an inertial observer observed the 
conservation of momentum in his frame then according to the form-invariance of this 
principle in Lorentz mechanics all inertial observers should agree on the conservation 
of momentum although they may disagree on the quantitative value of the conserved 
momentum. 


. Make a clear distinction between being value-invariant and being constant. 


Answer: Being value-invariant does not necessarily imply being constant. So if we 
have a variable physical quantity that have the same variable value (as a function of 
certain variables within given conditions) across all frames then it is value-invariant but 
it is not constant. On the other hand, we may have a physical quantity that is constant 
in each frame but its value is not the same in these frames (e.g. it has the constant 
value 10 in the first frame and the constant value 20 in the second frame) and hence it 
is constant (say as a function of time) in each frame but it is not value-invariant across 
these frames. We may also have a physical quantity that is value-invariant across all 
frames and it is constant so it takes the same constant value, say 10 as a function of 
time, in all frames. Similarly, we may have a physical quantity that is neither value- 
invariant across frames nor constant and hence it is variable across frames and in each 
frame. 

We should remark that “being constant” is usually expressed as “conserved” and hence 
the conservation of total energy, for example, usually means it is constant as a function 
of spacetime coordinates (and even other variables), i.e. it does not vary in time or 
space under certain conditions such as absence of potential fields. 


. Assume that a physical quantity is invariant across all inertial frames and it is conserved 


(i.e. constant) in a particular inertial frame. What should you conclude? 
Answer: It should be conserved across all inertial frames. 


1.9 Galilean Transformations 


1. 


In standard setting where v represents the 1D velocity of O’ frame relative to O frame 
along the common z-x’ axis, what is the significance of v being positive, negative or 
zero? 

Answer: Being positive means that O’ is seen by O to move in the positive direction 
of the x axis while being negative means that O’ is seen by O to move in the negative 
direction of the x axis. Being zero means that the two frames are in a state of relative 
rest and hence they are essentially identical except, possibly, for a static translation 
along the x axis. 


. Give an example of other conditions that are usually assumed implicitly in the state of 


standard setting. 

Answer: An example of such conditions is that both frames use the same length and 
time measuring equipment and mechanisms and the same physical scales and units so 
that they can make identical measurements and observations. 
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1.9.1 Space and Time Transformations 


1. How are the Galilean transformations of the primed variables obtained from the Galilean 
transformations of the unprimed variables and vice versa? Justify your answer. 
Answer: Obtaining the transformations in one direction (i.e. primed to unprimed 
or the other way around) from the transformations in the opposite direction can be 
done either by algebraic manipulation, by solving these equations for the opposite 
variables (with possible use of other transformations), or by exchanging the primed 
and unprimed labels with reversing the sign of relative velocity. The first method is 
obviously legitimate since algebraic manipulation is based on fundamental mathematical 
operations which are absolutely justified. The second method is justified by the fact 
that these transformations should be symmetric since choosing which frame is primed 
and which frame is unprimed is arbitrary and hence the primed and unprimed labels 
can be interchanged; however because the relative velocity is symmetric in magnitude 
but anti-symmetric in sign, its sign should be reversed while its magnitude should be 
preserved when exchanging the primed and unprimed labels. 

2. Write down the Galilean transformations for space coordinates and time from O’ frame 
to O frame where these frames are in a state of standard setting. 


Answer: 
ip = owe 
aes 
z= 2 
t e 


3. Two frames of reference, O and O’, are in a state of standard setting where O’ is moving 
along the common z-2’ axis with velocity v = 9 relative to O (i.e. O’ is moving in the 
positive x direction with speed 9). A ball which is at rest in frame O’ is seen to be at 
position (2.5, —3,7.8) in this frame at time t/ = 0. (a) Find the space coordinates and 
time of this ball in frame O at t/ = 10 according to classical mechanics. (b) Repeat 
the question assuming that v = —9 (i.e. O’ is moving in the negative x direction with 
speed 9). 

Answer: 
(a) Using the Galilean transformations of space and time from the primed to the un- 
primed variables, we have: 


ge = x +vt'=2.5+(9 x10) = 92.5 
y = y=-3 
2 = BST 
t t=10 


(b) Everything is the same as in (a) except x which will be: 
c=a'+vt' =2.54 (—9 x 10) = —87.5 
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4. An inertial frame of reference O’ is seen in another inertial frame of reference O to have 

its origin at r = (3.9, —12.3,6.1) at t = 0, where at t = 0 we have ¢’ = 10 with ¢ and 
t’ being those of O and O’ respectively. Put these frames in a state of standard setting 
assuming that the corresponding coordinate axes in these frames are parallel and have 
the same orientation. Also assume that the other conditions for standard setting (e.g. 
uniform motion along the x-z’ axis only) are satisfied. 
Answer: To put these frames in a state of standard setting we need to translate the 
origin of spatial coordinates of O' by a displacement vector d = (—3.9, 12.3, —6.1) and 
reduce the time t’ by 10 so that at t = 0 the two origins will be coincident and the clock in 
O’ reads t’ = 0. Alternatively, we can translate the origin of O by a displacement vector 
d’ = (3.9, —12.3,6.1) and reduce the time t’ by 10. The first adjustment represents 
bringing O’ spatially to O while the second adjustment represents bringing O to O’. 
There are other more complex possibilities which the reader may wish to consider and 
investigate. 

5. Two inertial frames, O and O’, are in a state of standard setting where at t = 3 the 

origin of O’ is seen by O to be at x = 20 and at t’ = 15 the origin of O is seen by O' 
to be at 2’ = —44. Find the Galilean transformations of space coordinates and time 
between these frames. 
Answer: The times in the two frames are identical and hence at ¢’ = t = 15 the origin 
of O is seen by O' at x’ = —44. Moreover, if the origin of O is seen by O’ to be at 
x’ = —44 then the origin of O’ is seen by O to be at x = 44. Hence, at t = 3 the origin 
of O’ is seen by O to be at x = 20 and at t = 15 the origin of O’ is seen by O to be at 
x = 44. Accordingly, we have: 


_— 44-20 | 9 
ie ae 
Therefore, we have: 
go = £—2t 
x’ + 2t' 


while the transformations of the other space coordinates and time are as given before, 
that is: 


R 
I 
R 


— 7 


6. A vehicle is traveling along a straight line with a constant velocity v = 8. An on-board 
siren sends a signal every 10 seconds. What is the distance traveled on the ground by 
the vehicle during that time interval as measured by an on-board observer and by an 
on-ground observer according to classical mechanics? 

Answer: First, although it is not stated, it is obvious that this problem can be modeled 
as occurring between two inertial frames (on-board and on-ground observers) which are 
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in a state of standard setting where the uniform motion is taking place along the 
common z-2’ axis. Second, since the question is “according to classical mechanics”, 
then the appropriate transformations are the Galilean. Third, in such problems that 
involve difference between coordinates (since distance is the magnitude of difference 
between spatial coordinates) at two instants of time, the same result should apply to 
both frames since the positional separation as a result of movement in space and time 
involves the relative speed and time interval and both of these are common to the two 
frames according to the Galilean transformations of classical mechanics, that is: 


d = d' =\vAt| = |vAt| = |8 x 10] = 80 


where d and d’ are the distance as measured by the on-ground observer and by the 
on-board observer. 

7. O' and O are two inertial observers in a state of standard setting with v = 45. According 

to O, the distance between two events that occur at t = 10 is d = 450. What is the 
distance according to O’ in classical mechanics? 
Answer: This question is similar to the previous question. However, while the previous 
question is about the positional separation between two events that occur at different 
instants of time, this question is about the positional separation between two events that 
occur at the same instant of time. So, it is more obvious that the two observers should 
agree on the spatial separation according to the Galilean transformations because on 
taking the difference between the coordinates, the vt term will drop out and hence the 
difference will be identical in both frames, that is: 


d' = |x, — x}| = \(re — vt) — (a — vt)| = |v2 — 21| = d = 450 


where t (rather than t, and f,) is used in both transformations because the two events 
occur at the same time. The numbers 45, 10 and 450, which are arbitrary, are chosen 
to confuse the reader and make the question more difficult. Like the previous question, 
the Galilean transformations are used because of the “classical mechanics” label. 
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1. How are the Galilean transformations of velocity obtained from the Galilean transfor- 
mations of space coordinates and time? 
Answer: By taking the first derivative of spatial coordinates with respect to time be- 
cause velocity is the rate of change of position with respect to time. For example, for 
the transformations from O’ frame to O frame we have: 


7 dx dx d Coe da! d Coe ee 
e dt dt’ dt. | dt’ dt! = 
- dy — dy’ au 
# dt dt’ y 
ae dz ; 
Uz uU 


dt dt’ ss 
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where the Galilean time transformation t = ¢t’, as well as the relevant spatial coordinate 
transformations, are used in these derivations. 

2. Using the Galilean velocity transformations, show that if the momentum is conserved in 
an inertial frame then it is conserved in all inertial frames where you use a simple case 
of collision between two massive objects as a prototype in your demonstration. Repeat 
the question with the kinetic energy assuming this time a perfectly elastic collision. 
Answer: Let have O and O’ as two inertial observers in a state of standard setting 
with relative velocity v. Suppose that two massive objects, A and B, of mass M, and 
Mz are seen by O to collide where they approach each other with velocities u4; and 
up, and depart with velocities w42 and ug where all these velocities are along the x 
axis. If the momentum is conserved according to O then we should have: 


Mauai + Mpupi = Maua2 + Mpupe 


On applying the Galilean velocity transformations noting that mass is frame invariant, 
we obtain: 


Ma (war +0) + Mp (tpi +0) = Ma (wag +0) + Mo (py + 0) 
On canceling the v terms (i.e. Mav and Mguv) on both sides we obtain: 


i.e. the momentum is also conserved in O’ frame. Now, since O and O’ frames are 
arbitrary, then this implies that the momentum is conserved in all inertial frames if it is 
conserved in any given inertial frame. In other words, the conservation of momentum 
is invariant under the Galilean transformations across all inertial frames. 

Regarding the kinetic energy, which is also conserved since the collision is assumed to 
be perfectly elastic, we have: 


1 1 1 1 
ga (ua)? +=Mp(um)? = =Ma (uso)? + =Mp (upp)? 


2 2 2 
1 d 1 1 
5Ma (uly tv) + 5Ma (up +0) = 5Ma (uly +0)" + 5Ma (upp + ¥) 


Now, since the quadratic terms in v (i.e. + Mav? and +Mpv") are common to both 
sides, they drop out. Also, because of the conservation of momentum, the mixed terms 
in u and v (ie. Myu',,v, Mpu'g,v, Mau's.v and Mpgu'z.v) are equal on the two sides 
according to the first part of the question and hence they can also be canceled. Hence, 
we end up with: 


1 2 1 2 1 2 1 2 
ga (u'ay) a0 ye (u'p1) = ga (Ulao) an 5M (uo) 


i.e. the kinetic energy is also conserved in O’ frame. Again, since O and O’ frames 
are arbitrary, then this implies that the kinetic energy in elastic collisions is conserved 
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in all inertial frames if it is conserved in any given inertial frame. In other words, the 
conservation of kinetic energy in elastic collisions is Galilean invariant across all inertial 
frames. 

We note that this example, both in its momentum part and in its kinetic energy part, 
is also an example of the principle of form-invariance of physical laws, i.e. invariance of 
conservation of momentum and invariance of conservation of kinetic energy in elastic 
collisions under the Galilean transformations. 

We should also remark that the solution is meant to demonstrate (rather than prove) 
these invariance properties; otherwise several generalizations (e.g. when the masses 
or the number of objects before and after collision differ) are needed for a full proof 
although some of these generalizations are straightforward. 

3. A head-on collision between two massive objects, A and B, is observed by two inertial 
observers O and O’ who are in a state of standard setting with relative velocity v = 1 
where the mass of the objects are My, = 2 and Mg = 3. If according to O the initial 
velocities of A and B are ua; = 9 and ug, = —2 and the final velocity of A is ug. = 4, 
what are the initial and final velocities of A and B according to O’ assuming that all 
motions are taking place in one dimension? 

Answer: First, we need to know the final velocity of B according to O before we can 
fully answer the question. The final velocity of B according to O can be found from 
the conservation of momentum, that is: 


Maua2 + Mpupo = Mauart+ Mpupi 
2x4+3xupo = 2x9+4+3 x (-2) 


18-—6-8 
U = a 
B2 a 
4 
UB2 = 3 


The initial and final velocities of A and B according to O’ can be obtained from the 
Galilean velocity transformation, i.e. by just subtracting 1 from the O velocities, that is: 
wy, = 8, wp, = —3, Wyo = 3 and uz, = 1/3. As we see, the momentum is conserved in 
both frames although the value of the momentum is different in the two frames where 
in O frame it is 12 (before and after collision) while in O’ frame it is 7 (before and 
after collision). This is an example of form-invariance but not value-invariance since 
the momentum is conserved in both frames but its value is different in the two frames 
(refer to § 1.8). 

4. A body A of mass m4 = 5 is seen by an inertial observer O to move with velocity 
uai = 10 along the x axis. Following an inelastic collision with an identical massive 
body B which is at rest in O frame, the two bodies coalesce and continue to move along 
the x axis. (a) What is the total momentum of this two-body system before and after 
collision according to O? (b) What is the velocity of the coalesced body after collision 
according to O? (c) What is the total momentum of the two-body system before and 
after collision according to another inertial observer O’ who is in a state of standard 
setting with O where the relative velocity between O and O’ is v = 5? 
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Answer: 
(a) Total momentum before collision in O frame: 


Maual + Mpupi = 9 X 104+5 x 0=50 


Total momentum after collision in O frame: the total momentum is conserved and 
hence the momentum after collision is equal to the momentum before collision, i.e. 50. 
(b) Velocity of coalesced body after collision according to O: because the two objects 
coalesce and form a single object C' with mass mc = m4 + mg = 10 (since mass is 
conserved in classical mechanics) that moves with a single velocity uc then we have: 


50 
mc 


mouc = 50 => Uc = =5 

(c) Total momentum before and after collision in O’ frame: due to the conservation 
of momentum, the total momentum after collision is equal to the total momentum 
before collision. Now, after collision the object C is at rest with respect to O’ because 
uc = v = 5 and hence its momentum is zero. Therefore, the momentum of this two- 
body system according to O’ is zero before and after collision. The reason that the 
total momentum is seen by O’ to be zero even before collision (where A and B are seen 
by O' to be moving towards each other) is because in O’ frame A is seen, according to 
the Galilean velocity transformation, to be moving with velocity: 


tg = tap = ve 10=5h=—5 
while B is seen to be moving with velocity: 
Up, =Upi -V=0-5=-5 


and since m4 = mz the total momentum according to O’ is zero before collision despite 
the motion of A and B according to O’. In fact, according to O’ the two objects 
approach each other with identical speed where they collide, bond and stop. We note 
that although the two observers agree on the conservation of momentum, their measured 
values of the momentum of the two-body system are different, i.e. 50 in O frame and 
0 in O’ frame. So, it is another example of form-invariance but not value-invariance. 
We also remark that since the collision is inelastic, the kinetic energy is not conserved 
in any frame although both agree on the amount of the energy lost, which is 125, due 
to the invariance of energy in the form of non-kinetic energy (e.g. heat) which is not 
frame dependent since it is independent of the relative motion. 

5. Repeat the previous exercise with the kinetic energy (instead of momentum) assuming 
this time the collision is perfectly elastic. 
Answer: 
(a) Total kinetic energy before collision in O frame: 


gia (wa1)” + 9B (ugi)? = 5 x 5x 10? + 5 x5 x 0? = 250 


1.9.2 Velocity Transformations ou 


Total kinetic energy after collision in O frame: the total kinetic energy is conserved in 
perfectly elastic collisions and hence the kinetic energy after collision is equal to the 
kinetic energy before collision, i.e. it is 250. 

(b) Velocity of A and B after collision according to O: because the collision is elastic, the 
two objects do not coalesce. Now, from the conservation of kinetic energy in perfectly 
elastic collisions we have: 


1 1 
gira (waz) + MB (wpe) = 250 


and from the conservation of momentum we have: 
MAUAQ + MBuUB. = MauUai + Mpup, = 9 X 104+5x0=50 


that is: 
UA2 + UB2 = 10 


since m4 = Mg = 5. On substituting from the last equation into the energy equation 
we obtain: 


1 1 
gia (waz)? + g/NB (up2)* = 250 


1 1 
gia Gis) + 9B (10 = war)? — 250 
(uaz)? + (10 — 42)? = 100 
(ua2)? + 100 — 20u42 + (ua2)?> = 100 
2 (waz)? —20ua2 = 0 
(waz)? —10us2 = 0 


and hence either wag = 0 and ug = 10 or ugg = 10 and ugo = 0. Although both 
solutions are mathematically acceptable and they both conserve kinetic energy, the 
physically possible solution (where the two bodies are assumed to have a finite size, 
they collide and B is free to move) is u42 = 0 and uge = 10. In fact, both solutions are 
physically acceptable if the two objects are indistinguishable. 

(c) Total kinetic energy before collision in O’ frame: 


1 1 1 1 
gi" (uly1)° on gis (tt'g1)° = 5 x5 5+ 5 x5x (—5)? = 125 


Total kinetic energy after collision in O’ frame: the total kinetic energy is conserved 
in perfectly elastic collisions and hence the kinetic energy after collision is equal to 
the kinetic energy before collision, i.e. it is 125. The velocities in O’ frame are easily 
obtained from the velocities in O frame using the Galilean transformations where these 
objects are seen by O’ to exchange their velocities, i.e. uy, = —5 and u'gy = 5. 

6. Using the Galilean velocity transformations, show that the momentum transforms be- 
tween inertial frames by a constant additive difference. 
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Answer: The velocity of an object in frame O and frame O’, where these frames are in 
a state of relative uniform motion with a constant velocity v = (vz, vy, vz), is Galilean 
transformed as: 
u = u¢dv 
(ey Uys tiz) <= (htt t,) + Wa, gy Ve) 
On multiplying both sides of the last equation by the mass m, which is a frame invariant 
constant, we obtain: 


(Des Dus De) = (Dos Pys Dz) + M (Un, Vy, Vz) 
p = p'+mv 
p= p+cC 


where C = mv is a constant. 


1.9.3. Velocity Composition 


1. A predator is chasing a prey along a straight path where the velocity of the predator 
and prey are 13.5 and 12. What is the velocity of each relative to the other? 
Answer: Although it is not stated explicitly, it is obvious that these measurements are 
taken by an observer who is standing on the ground. Now, if we label the observer, the 
predator and the prey with “1”, “2” and “3” and consider the motions to be along the x 
axis then we have: 


Ur31 = Ug32 T Ue21 

12 = Uuyz32 + 13.5 
Ug32 = 12-—13.5 
Ur32 = —1.5 


i.e. the velocity of the prey relative to the predator is uz32 = —1.5. Consequently, the 
velocity of the predator relative to the prey is Uz23 = —Up32 = 1.5. 

2. A radioactive nucleus ejects two beta particles in opposite directions where the speed 

of each one of these particles in the rest frame of the nucleus is 0.6c. What is the speed 
of each one of these particles in the frame of the other particle according to classical 
mechanics? 
Answer: According to the Galilean transformations, the velocity composition is addi- 
tive and hence the speed of each one of these particles in the frame of the other particle 
is 1.2c. This can be obtained formally by using the above formula, as we will show 
next, but because the problem is very simple and the result is obvious, the answer can 
be obtained directly. If we label the two beta particles with “1” and “2” and label the 
nucleus with “3” and consider the motions to be along the x axis then we have: 


Ur31 = Ug32 + Ur21 
0.6c —0.6¢ + Uyx21 


Un21 = 1.2¢ 
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Hence, the speed of each particle relative to the other particle is: |u,21| = |Ue12| = 1.2c. 
3. Two inertial frames of reference, O and O’, are in a state of standard setting with 

v = 25. An object is seen in O’ to have a velocity component in the negative x 

direction of magnitude u = 6.8. What is the velocity of this object in O according to 

classical mechanics? 

Answer: If we label O, O’ and the object with “1”, “2” and “3”, then according to the 

Galilean velocity composition formula we have: 


Ug31 = Us32 + Ur21 = —6.8 + 25 = 18.2 


The velocity components in the y and z directions are the same in both frames because 
the two frames are in a state of standard setting. 

4. What are the y and z versions of the velocity composition formula according to classical 
mechanics? 
Answer: Following the x version of the velocity composition formula, we can similarly 
write: 


Uy31 = Uy32 T Uy21 


Uz31 = Uz32 7 Uz21 


However, in the state of standard setting the relative velocity between the two frames 
(labeled as “1” and “2”) in the y and z directions is zero and hence u,21 = uz21 = 0. 
Accordingly, the above formulae will reduce to: 

Uy31 = Uy32 


Uz31 = Uz32 


which are no more than another form of the formulae: 


a / 
ly = U, 
be = tt, 
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1. What is the meaning and significance of the Galilean transformations of acceleration? 
Answer: The meaning is that all inertial observers agree on the acceleration of any 
given object, and hence as far as the inertial observers are concerned the acceleration 
is absolute. Now, since acceleration is an extrinsic property and hence it should be 
referred to a frame of reference, this should suggest the existence of a distinct unique 
frame (or absolute frame) that is common to all inertial observers. This unique frame, 
to which all accelerations are referred, unifies all the inertial observers in being so. 
Whether this frame is the frame of absolute space or the frame of ether or the frame 
that is established by the particular distribution of mass and energy in the Universe is 
unimportant. What is important is its presumed existence that unifies all the inertial 
observers. 
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2. How are the Galilean transformations of acceleration obtained from the Galilean trans- 
formations of space coordinates and time? 
Answer: By taking the second derivative of space coordinates with respect to time 
because acceleration is the temporal rate of change of velocity which is the temporal 
rate of change of position. For example, for the transformations from O’ frame to O 
frame we have: 


Ci OE ep ie Pe as 
te = ae ye age TH) = ae = Fe 
a d2 / 
Qy — eats — y = a!’ 
de dt y 
2 EE Ey 
OS OP ae 


where the Galilean time transformation t = t’, as well as the relevant space coordinate 
transformations, are used in these derivations. 

3. How are the Galilean transformations of force obtained? 
Answer: In classical mechanics, the mass is an intrinsic frame-independent constant 
and hence according to Newton’s second law we have: 

= dp d(mu) du © 
dt dt "dt 

where f, p, u and a are force, momentum, velocity and acceleration vectors while m 
and ¢t are mass and time. This equation means that the force is proportional to the 
acceleration. Consequently, the Galilean transformations of force should follow the 
Galilean transformations of acceleration, i.e. the force is identical across all inertial 
frames that is: 


ces — Fy 
2 = fr 


4. An object of mass m = 0.5 is seen in an inertial frame O’ at t/ = 1.3 to be at rest in 
position r’ = (3.5, 4.6, 1.3). At that time a force f/ = 6 in the x direction is applied and 
the object is accelerated for 3 time units. Using classical mechanics, find the position, 
velocity, force and acceleration of the object at time ¢ = 10 in another inertial frame 
O which is in a state of standard setting with frame O’ where O! moves with velocity 
v = 5 relative to O. Also, find the applied force and the acceleration of the object in 
frame O during the application of force. 

Answer: We first solve the problem for frame O’ and then we use the Galilean trans- 
formations to obtain the solution in frame O. According to Newton’s second law, the 
acceleration during the application of force is given by: 

,_ ft 6 


apo) 29 
ae eae iG 
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Accordingly, at t/ = 1.3 +3 = 4.3 we have:!”| 


a. 
— 
aq 
| 
- 
ew 
Na 
| 


1 
w(t = 1.3) +u, (t= 1.3) At + 5a, (At’)? 
= 3.5+ (0x 3) + (0.5 x 12 x 3?) 

57.5 

ul. (#=43) = ul (¢ =13)+a)At =0+ (12x 3) = 36 


where a’, is the acceleration during the application of force. 
At t/ = 10 we have: 


1 
w(t =10) = a(t’ = 48) +u, (t= 4.8) At’ + 5a, (At’) 
= 57.5436 x (10 — 4.3) +0.5 x 0 x (10 — 4.3)? = 262.7 
u,,(t’=10) = u(t =4.3) +a, At = 36+4+0 x (10 — 4.3) = 36 
f= 10) 10 
ate = 10), =: 0 
where a’, is the acceleration after the application of force (i.e. not during the application) 


and hence it is zero. 
Hence, at t = t/ = 10 we have: 


x(t=10) = x’ +vt' = 262.74 (5 x 10) = 312.7 
i= 10) uw, +v =364+5=41 

fz (t = 10) f, = 0 

Gal 10) al 


As for the y and z components of position and velocity, they are identical in the two 
frames, that is at all times t = t/ we have: 


= y =46 

(a ees: 
UW = U= 
oes: t= 


Regarding the applied force and the acceleration of the object in frame O during the 
application of force, they are the same as in frame O’ that is: 


a 


Ay 


[71 We use t and ¢/ for time (i.e. instant) and At and At’ for time interval. We also note that the above 
equations are based on the kinematics of uniformly accelerated motion which is fully explained in any 
standard textbook on general physics. 
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5. A girl on a train throws a stone upwards with initial speed up = 3. If the train is 

moving with velocity v = 8 along a straight railway, what is the position of the stone, 
as a function of time during the stone flight, as seen by the girl and as seen by a 
bystander on the platform who is opposite to the girl at the instant of throwing the 
stone? 
Answer: If we consider the frame of the platform as O and the frame of the train as 
O’ and take the movement of the train to be in the x direction and upwards to be the y 
direction, then O and O’ can be seen as two inertial frames in a state of standard setting 
with v = 8 where the event of throwing the stone occurred at the origin of coordinates 
at t = t/ = 0. On using the equations of uniformly accelerated motion, the position of 
the stone as a function of time during the flight as seen by the girl can be found, that 
is: 


GG. = 0) 

y’ (t') —— t! | 1 yr = 34! _ dt? 
on 2 

2th Nw tO) 


where g ~ 9.81 is the magnitude of the Earth gravitational acceleration. 
On applying the Galilean transformations, we obtain the position of the stone as a 
function of time during the flight as seen by the bystander, that is: 


x(t) = a +vt'=0+4+8t' =8t 

if 1 
‘ = 3¢' — gt? = 3t — <qt? 
y 59 59 


on 
wa 
I 


6. Hooke’s law for an ideal mass-spring system is given by: 
Ma, = —k (x — Xo) 


where m is mass, d, is acceleration, k is spring constant, x is mass position and 29 is 
mass equilibrium position (for more details about Hooke’s law, the reader is referred 
to general physics textbooks). Using the Galilean transformations, show that this law 
takes the same form in all inertial frames. 

Answer: Let have two arbitrary inertial frames, O and O’, which are in a state of stan- 
dard setting with relative velocity v. Assume that the above-given form of Hooke’s law 
is valid in frame O. Now, on applying the Galilean transformations of mass, acceleration 
and x coordinate to the above form to transform it to frame O’, we obtain: 


ma, = —k(x— 29) 
ma, = —k (x + vt] — [xp + vt’) 
ma, = —k(a' — 25) 


i.e. the law takes the same form in frame O’. Now, because O and O’ are arbitrary 
inertial frames, then this applies to all inertial frames and hence Hooke’s law takes the 
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same form in all inertial frames, i.e. it is form invariant under the Galilean transfor- 
mations. We note that k& is an intrinsic property of the spring and hence it is frame 
independent, i.e. it is neither primed nor unprimed. This also applies to the mass in 
classical mechanics, but we used m’ for more clarity. 

7. Show that Newton’s second law in its form: f = ma is form invariant under the Galilean 
transformations. 
Answer: Let have two arbitrary inertial frames, O and O’, which are in a state of stan- 
dard setting with relative velocity v. Assume that the above form of Newton’s second 
law (i.e. f = ma) is valid in frame O. Now, on applying the Galilean transformations 
of force, mass and acceleration to the above form of the law to transform it from frame 
O to frame O’, we obtain: 


Ss 


a = ma! 


and hence this form of Newton’s second law is form invariant under the Galilean trans- 
formations.!* 

8. Show that the more general form of Newton’s second law: f = @ is also form invariant 
under the Galilean transformations. 
Answer: It was shown in the exercises of § 1.9.2 that according to the Galilean veloc- 
ity transformations the momentum transforms between inertial frames by a constant 
additive difference, and hence we have: 


p=p+C 


where C’ is a constant. Therefore, under the Galilean transformations the above form 
of Newton’s second law transforms between frames O and O’ as follows: 


_ dp 
IA dt 
Va d(p'+C) 
dt! 
d / 
f = S40 
f 


~ 


dt! 
a 
dt! 
and hence this form of Newton’s second law is also form invariant under the Galilean 
transformations." 


8] We note that if the transformation of force is based on the transformation of acceleration (as we did 
in the text) then this sort of argument may be circular (or at least trivial), although it is useful for 
pedagogical purposes and for consistency check. However, this may be avoided by using other methods 
for establishing the Galilean transformation of force. 

19l Similar to the previous exercise, the validity (or usefulness) of this argument should depend on the 
method of establishing the Galilean transformation of force. 
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Name Newton’s three laws of motion. 
Answer: They are: (a) the law of inertia, (b) the law of force-momentum, and (c) the 
law of action-reaction. 


. State Newton’s first law descriptively and mathematically in a different form to the 


form given in the text. 

Answer: This law can be stated in many different forms. For example, it can be stated 
as follows: the vector sum of the external forces acting on a massive object is zero iff 
the acceleration of the object vanishes identically, that is: 


f, = 0 S a=0 


where f, stands for the vector sum of the external forces and a is the acceleration of 
the object. 


. State Newton’s second law descriptively and mathematically. 


Answer: Newton’s second law states that the force exerted on a massive object is pro- 
portional (or equal when proper units are chosen) to the time derivative of momentum, 
that is: F 
‘== 
dt 


where f is the force exerted on the object, p is its momentum and t is time. 


. According to classical mechanics, what is the condition for writing Newton’s second law 


in the form f = ma, i.e. force equals mass times acceleration? 
Answer: The condition is that m is constant, that is: 
dp  d(mu) du 


f= = =m =ma 


dt dt dt 


. Discuss the issue of value-invariance of mass in classical mechanics and Lorentz me- 


chanics. 

Answer: In classical mechanics the mass is value-invariant across all inertial frames, 
while in Lorentz mechanics it is value-invariant according to the modern convention and 
not value-invariant according to the old convention because it is a function of speed. 
However, all this is about the non-rest mass since the rest mass is value-invariant even 
according to the old convention of Lorentz mechanics. 


. Discuss the issue of the constancy of mass in classical mechanics and Lorentz mechanics 


with respect to speed. 

Answer: For a closed physical system (i.e. assuming there is no exchange of mass 
between the system and its environment), the mass is constant in classical mechanics. 
The mass is also constant (as a function of speed) in Lorentz mechanics according to the 
modern convention but it is a variable function of speed according to the old convention. 
Again, all this is about the non-rest mass since the rest mass is constant as a function 
of speed even according to the old convention. 
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What is the relation between Newton’s first law and Newton’s second law? 
Answer: Newton’s first law is a special case of Newton’s second law that corresponds 
to f = 0 (or a= 0). This can be seen from the formula of the second law: 

dp  d(mu) du 


f= = =m =ma 


dt dt dt 


because when f = 0, u should be constant and a = 0 since m ¥ 0 (ie. uniform 
translational motion). Similarly, when a = 0, u should be constant and f = 0. 


. Is there any situation, according to classical mechanics, where the above form of New- 


ton’s second law (i.e. f = ma) does not apply? 

Answer: The form f = ma does not apply when the mass is variable. According to 
classical mechanics, the mass of a closed system is constant (e.g. as a function of time 
or speed). However, we can imagine a change in the mass of a non-closed system by 
losing mass to outside, such as a rocket or a jet plane whose mass is diminishing due 
to the continuous ejection of gases and debris from its engine, or by gaining mass from 
outside such as a snow ball whose mass is increasing while rolling. In such cases the 


form f = ® must be used. 


. An object is seen to move along a straight line with a time dependent velocity given by 


u = 3e-°! while losing mass according to the relation m = 6 — 0.01¢ where ¢ is time. 


Find the force acting on the object at time t = 5.3 according to classical mechanics. 
Answer: This is a 1D motion which can be imagined to take place along the x axis. 
According to Newton’s second law in its 1D form and the product rule of differentiation 
we have: 


dp 
Le ea 
_ d(mu) 
= dt 
aes, du 
= —_ m—_— 
air dt 


= (3e °*) (—0.01) + (6 — 0.014) (—0.6e°) 
= —0.03e~°7* — 3.6e~°* + 0.006te~°# 
= (0.006¢ — 3.63) e~°™ 


At t = 5.3 we have: 
f= (0006 <5.3 = 3:63) OS S17 


i.e. a force of magnitude 1.247 N in the negative x direction. 

State Newton’s third law in simple words giving an example. What is the significance 
of this law? 

Answer: In simple words, Newton’s third law is commonly stated as: for any action 
there is a reaction which is equal in magnitude and opposite in direction. As we see, 
“action” and “reaction” here are not technical terms. An example of this law is a person 
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exerting a force f,,, on a wall where the wall also exerts a force f,,, on the person where 
these forces satisfy the relation: 


Ne 


The significance of this law is that in the physical world forces exist in opposite cou- 
ples. [19 

Discuss the following quote: “The weakness of the principle of inertia lies in this, that it 
involves an argument in a circle: a mass moves without acceleration if it is sufficiently 
far from other bodies; we know that it is sufficiently far from other bodies only by the 
fact that it moves without acceleration”. 

Answer: First, this seems to be based on the assumption that acceleration in space is 
felt due to the presence of mass in the neighborhood (which may be based on the Mach 
principle). But this is arguable and can be challenged. The situation will be different if 
we accept the existence of an absolute frame where acceleration is defined with respect 
to this frame. The principle of inertia will then be a special case of Newton’s second 
law where force is defined as a physical agent that produces acceleration with respect 
to the absolute frame. Hence, we see no weakness in the principle of inertia if we accept 
the existence of an absolute frame. 

Show by a simple qualitative non-rigorous classical argument that if Newton’s laws are 
valid in a given frame of reference, then they should be valid in all frames of reference 
which are in a state of rest or uniform translational motion with respect to the given 
frame. 

Answer: All three Newton’s laws of motion are about force and acceleration: the 
second law is about the relation between force and acceleration, the first is a special 
case of the second, and the third is about coupled forces. Considering that velocity is the 
time derivative of position and acceleration is the time derivative of velocity, we see that 
two frames which are in a state of relative rest or relative uniform motion should measure 
the same acceleration when they observe a given massive object because any constant 
difference between them in the position measurement will drop out by taking the first 
time derivative of position to obtain velocity, while any constant difference between 
them in the velocity measurement (due to their relative uniform motion) will drop 
out by taking the second time derivative of position to obtain acceleration and hence 
they should obtain the same acceleration measurement and consequently they should 
obtain the same force measurement (i.e. when they use a given physical formulation to 
correlate force to acceleration they will calculate the same value of force as a function 
of acceleration). Accordingly, if Newton’s laws of motion (which are essentially laws 
about force and acceleration as stated above) hold true in one of these frames, these 
laws should also hold true in the other frames, as claimed.!!!] 

Show by a simple qualitative non-rigorous classical argument that Newton’s three laws 


110] The third law (together with the second law) also implies the conservation of momentum. 
[11Tn fact, this argument may also require other assumptions about the objectivity and dependency of 


force. However, due to the pedagogical and non-rigorous nature of this argument, we do not go through 
these lengthy details. The reader can contemplate about these fundamental issues of physics and its 
philosophy. 
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of motion are form invariant under the Galilean transformations. 

Answer: This question is very similar to its predecessor although it sounds more formal. 
It was shown in § 1.9.4 that according to the Galilean transformations, two inertial 
observers agree on their measurement of acceleration and force. Now, since Newton’s 
three laws of motion are laws about forces and accelerations, these laws should be 
form invariant under the Galilean transformations. To be more clear, let assume that 
Newton’s second law holds true in an inertial frame. Now, since all inertial frames 
agree on force and acceleration according to the Galilean transformations, then they 
should agree on Newton’s second law, which is a particular relation between force and 
acceleration that involves mass, because mass is an intrinsic invariant property and 
hence it is the same for all observers. As for Newton’s first law, it is a special case 
of Newton’s second law and hence if the first law holds true in one inertial frame it 
should hold true in all inertial frames because Newton’s second law holds true in all 
inertial frames. Regarding Newton’s third law, it is about coupled forces and hence if it 
holds true in one inertial frame it should also hold true in all inertial frames because all 
these frames agree on forces according to the Galilean transformations. Consequently, 
all Newton’s laws of motion will hold true in all inertial frames if they hold true in one 
inertial frame and hence they are form invariant under the Galilean transformations. 
The reader is also referred to § 1.9.4 for a more formal approach to this issue related to 
some instances (also see § 12.3.1)!" 

As stated in the text, Newton’s laws of motion are supposed to be valid in Lorentz 
mechanics with some modifications in the definition of certain quantities and concepts. 
Now, someone may ask: what is the meaning of Newton’s first law in the absence of 
absolute frame if we accept the view of special relativity that denies the existence of 
this frame? 

Answer: It is difficult to have a legitimate meaning in the absence of absolute frame 
because what “rest” or “uniform motion”, for example, will then mean? In fact, this 
in essence is the same as the challenge to special relativity about the justification of 
the definition of inertial and non-inertial frames and the difference between them where 
acceleration is difficult to define sensibly and realistically in the absence of absolute 
frame (see for example § 3.6.3 and § 9). 
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Discuss the main sources of error and traps in thought experiments. 

Answer: These include: 

e Treating these thought experiments, wittingly or unwittingly, like real world experi- 
ments and hence using them as evidence for purely hypothetical arguments which can 
be fundamentally wrong. 

e The thought experimenter can easily fall victim to his illusions, stereotypes and hid- 


[12] We should remark that this argument is partly circular if we establish the Galilean transformation of 


force from Newton’s second law, as we did in § 1.9.4. However, the purpose of this argument and its 
alike is pedagogical to highlight certain issues and hence the reader should not take it too seriously. 
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den assumptions. In real world experiments, the physical reality will not allow this to 
happen although this danger still exists, but at a much lower level, in the preparations 
and in analyzing the results of real world experiments. 

2. Give an example of thought experiments that are widely used in special relativity. 
Answer: Train thought experiment (see § 9.6.1). 

3. Assess and criticize the use of thought experiments (or “thought methods” to be more 
general) in modern physics. 
Answer: In modern physics (and the relativity theories in particular) thought experi- 
ments are very common and may be seen as a clever way, or even fashion, for creating 
and establishing wonderful and robust physical ideas and arguments with very little 
cost or no cost at all. These thought experiments (or “thought methods” to be more 
general) may then be followed by searching for experimental and observational evidence 
in support of this thought physics, which may be called theoretical physics. Apart from 
being detached from reality and can lead to fatal illusions, this method of creating and 
developing physics makes the likelihood of twist, bias and even fabrication very high. 
In brief, if physics is to be about the real physical world then the theory should fol- 
low, rather than lead, the observation. At least, if it should lead, it should lead by a 
tiny margin where the observation should always be monitored during the creation and 
development of theory. A good example of this thought physics (whose roots can be 
traced to the popularity of the method of thought experiments) is the use of strings and 
membranes (which are utter fantasy with no experimental or observational evidence) 
to describe the physical world. 


1.12 Requirements for Scientific Theories and Facts 


1. Give examples of scientific theories and scientific facts. 
Answer: The answer to this question may not be straightforward as it might be thought 
because a theory in the view of a scientist may be an established fact in the view of 
another scientist. In fact, science is full of controversies and questionable issues and 
hence despite the commonly held belief that science is very solid and undisputed and 
it represents hard facts, there are many uncertainties not only in its interpretation but 
even in its formalism. A very brief inspection to the literature of scientific research 
will show that what is controversial in science is not less than what is noncontroversial. 
An example of scientific theory in the opinion of the author is general relativity. In 
fact, even the formalism of Lorentz mechanics (or at least part of it) regardless of 
any particular interpretation can also be considered as an example of scientific theory. 
Examples of scientific facts are the conservation of mass or energy or momentum or 
Newton’s second law in classical mechanics (also see the answer to the next question). 

2. In what “quantitative” sense scientific fact is a “fact”? 
Answer: This is another difficult and non-straightforward question. Apart from the 
controversies of science itself, the answer may also depend on the philosophical and 
epistemological views of the respondent. It is difficult to find a single fact in science that 
can be described as 100% fact (where 100% means exactly 100% with zero probability of 
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error). For example, the principle of conservation of mass can be verified within certain 
error margins.!!3l So, in a given experiment we can say that mass is conserved within an 
error margin of 10~7° gram. This means that although the experimenter can guarantee 
that it is impossible to have a change of mass by more than 10-7? gram, he cannot 
rule out a possible change of 10~?° gram for example. This is because all experiments 
and experimental equipment have limited accuracy. This limited accuracy is essential 
both in classical physics and in modern physics due to the limitation on accuracy and 
resolution of equipment. In fact, the limits on accuracy and resolution have a more 
fundamental reason in some branches of modern physics (namely quantum mechanics) 
where the uncertainty in measurement is a fundamental principle of the observation 
process and is not a symptom of not having perfect tools and equipment. However, 
this issue may have a different interpretation from the one that we are interested in 
here. In fact, there are more fundamental sources of error in experiments than the 
limits on accuracy and procedural imperfection even in classical physics, that is the 
experiment can be wrong in its method, design, conduction and analysis and hence it 
could be fundamentally wrong. Considering the above example of mass conservation, we 
have implicitly assumed in our assessment that the experiment is approached, designed, 
conducted and analyzed correctly and hence it is 100% correct in these respects which 
is a difficult assumption considering the fact that there is always a possibility of error in 
the experiment itself and in its analysis and conclusions, i.e. it is wrong in principle. So, 
the simple conclusion is that nothing in science can be 100% correct in a mathematical 
sense although there are many things in science (as in daily life) that are 100% correct 
in a practical sense where the probability of being wrong is virtually (but not actually) 
zero. Yes, there may be some scientific issues of logical and mathematical nature that 
can enjoy this high level of mathematical certainty of being 100% true although this 
will be different from being true in a scientific sense by being obtained from experiment 
and observation of the physical world. 
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1.13.1 Speed of Projectile 
1.13.2 Speed of Wave 
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Outline the main possibilities about the characteristic speed of projectile and the char- 
acteristic speed of wave. 

Answer: We have three main possibilities: 

(a) Projectile: the characteristic speed should belong to the rest frame of the source. 
(b) Wave in a medium: the characteristic speed should belong to the rest frame of the 
medium. 


[13] We note that the principles of conservation of mass and conservation of energy (not mass-energy) still 


exist not only in classical mechanics but even in Lorentz mechanics where there is no conversion from 
mass to energy and vice versa (see § 4.4 and § 5.4). 
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(c) Wave without medium: there are several possibilities and hence the situation is not 
clear. 

2. Outline the main possibilities about the observed speed of projectile and the observed 
speed of wave and their dependence on the relative motion of the observer, source and 
medium. 

Answer: We have three main possibilities: 

(a) Projectile: the observed speed depends on the relative motion between the source 
and the observer as well as the characteristic speed. 

(b) Wave in a medium: the observed speed depends on the motion of the observer 
relative to the medium (but not on the motion of the source relative to the medium) 
as well as the characteristic speed. 

(c) Wave without medium: there are several possibilities, e.g. the observed speed 
depends on the relative motion between the source and observer. There may also be 
the possibility that the speed is universal. 

3. A buzzer is drifting in a waterway along a straight line where the water is running 
uniformly with velocity v = (8,0,0). There are two observers: A who is at position 
r4 = (—5,0,0) and B who is at position rg = (10,0,0). At time t = 0 the buzzer, 
which is in the rest frame of the water, passes through the origin of coordinates. What 
is the observed speed of sound for A and B if the characteristic speed of sound in water 
is 1500? 

Answer: We treat s,, 5, and v as vectors and hence we have: 
For A: 
|5.| = |s. — v| = |—1500 — (—8)| = 1492 


For B: 
|5o| = |s- — v| = |1500 — (—8)| = 1508 


We note that v is the velocity of the observer in the rest frame of the medium and hence 
we take it as —8 rather than +8. 

4. Make an argument in support of the claim that the speed of a classical (or material) 
wave does not depend on the speed of its source. 
Answer: Since the characteristic speed of a material wave is a property of the medium 
and depends on its physical characteristics, the wave becomes independent of the source 
as soon as it is emitted, i.e. the wave moves with its characteristic speed in the medium 
following its emission. This can be easily inferred from the fact that the speed of the 
sound source (e.g. plane jet) can reach and even exceed the speed of the emitted sound. 
For example, if the speed of the sound source is additive to the speed of the sound itself 
then breaking the sound barrier will not happen. Similarly, the sound of a fighter jet 
that moves at twice the speed of sound in air propagates at the speed of sound in air, 
i.e. the plane does not produce a sound that moves at twice the speed of sound in air or 
faster since the speed of sound is determined by the properties of the air (and possibly 
some properties of the sound itself like its frequency). 

5. What can we conclude from the fact that the speed of sound inside a plane that moves 
at high speed is the same as the speed of sound in a room at rest. 
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Answer: The simple conclusion is that the characteristic speed of sound (or in fact 
any material wave) is relative to the rest frame of the medium of propagation. 


1.14 Speed of Light 


1. What is the difference between the characteristic speed of light and the observed speed 

of light? 
Answer: The characteristic speed of light is c which is a universal constant, while the 
observed speed of light is the actually measured value by individual observers and hence 
in principle it can be frame dependent and not necessarily constant across all frames. 
However, based on the analysis and interpretation of Lorentz mechanics it is commonly 
believed that the observed speed of light is always equal to the characteristic speed of 
light and hence it is a frame independent constant although the origin of this frame 
independence and the interpretation of the universality of the observed speed of light 
are contentious issues. 

2. What are the main possibilities regarding the nature of light and its propagation ac- 
cording to classical physics? Also, how these possibilities affect the presumed speed of 
light? 

Answer: There are two main possibilities in classical physics about the nature of light 
that have a direct impact on its speed of propagation: 

(a) Light is a wave phenomenon and hence it propagates like a wave. Now, if we follow 
the analogy of material waves, like sound, which was generally presumed in classical 
physics, then it requires a medium through which it propagates. Accordingly, its char- 
acteristic speed will be relative to the rest frame of the medium (which is commonly 
known as ether) and hence the observed speed will depend on the movement of the 
observer relative to the medium. 

(b) Light is a particle (or corpuscular) phenomenon and hence it propagates like a pro- 
jectile with no need for a medium of propagation. Accordingly, its characteristic speed 
will be relative to the rest frame of its source and hence its observed speed depends on 
the relative motion between the source and the observer. We note that according to 
this possibility the presence of a medium (like air or water) in the space of propagation 
may diminish the speed but this is not of interest to us in this context which is the 
speed of light in free space and hence we can assume that there is no medium or the 
presence of medium (like ether) does not affect the speed. 

We note that both these possibilities imply that the speed of light is frame dependent 
although the nature of this dependency is different between these possibilities, i.e. it 
depends on the movement of the observer frame relative to the medium frame in the 
first case while it depends on the movement of the observer frame relative to the source 
frame in the second case. We also note that the existence of absolute frame with no 
propagation medium like ether can be equivalent to the first possibility where the ab- 
solute space can play the role of propagation medium in providing the reference or rest 
frame for the characteristic speed although this (i.e. the existence of absolute frame 
with no propagation medium like ether) seems more compatible with the second possi- 
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bility. Anyway, the above are just some possibilities among other possibilities that can 
be considered in analyzing the speed of propagation of light in free space. 

3. Discuss and assess the validity of the Galilean transformations with regard to the two 
possibilities of the last question. 
Answer: The Galilean transformations are originally part of classical mechanics (as 
formulated in Newton’s laws of motion) whose main focus is the movement of massive 
objects. Accordingly, if we assume that light is a corpuscular phenomenon it seems 
logical to assume that it follows the rules of classical mechanics and hence it should 
be subject to the Galilean transformations. However, if we consider light as a wave 
phenomenon then it may be less obvious and logical to assume that the Galilean trans- 
formations are the natural set of equations for light propagation. However, the success 
of classical mechanics at that time (i.e. before the emergence of Lorentz mechanics) 
made its rules and principles to be seen as very general and universal and hence all phys- 
ical phenomena, including wave propagation phenomena, should follow these rules.!"41 
Consequently, the Galilean transformations were seen to apply to the wave phenomena 
(including light) as well as to the phenomena of projectile motion. 

4. What is the other possibility (or possibilities) that emerged in modern physics about 
the propagation of light and its speed? 
Answer: The other main possibility (or possibilities) that emerged in modern physics 
is that regardless of the nature of light (i.e. being wave or particle) and regardless of any 
possible requirement of a propagation medium or not, the speed of light is independent 
of the movement of its source and its observer and hence it is frame independent. 
Although this may look like a unified view, it is not. Careful inspection of the literature 
of Lorentz mechanics in its early days (and even the literature of special relativity in 
the modern days) will reveal that there are significant differences about the origin and 
interpretation of this independence of frame and being a universal speed, e.g. some 
interpret this in its real sense while others interpret it in an apparent sense where this 
“apparent” may also have different interpretations. More details about these issues will 
follow in the upcoming parts of the book. 


[14] This is amplified by the presumption of resemblance of material waves. 


Chapter 2 
Emergence of Lorentz Mechanics 


2.1 Classical View of the World 


1. Outline the main features and issues that characterize the classical view of the world 
as embedded in the philosophical and scientific framework of classical mechanics. 
Answer: The main features and issues of the classical view are: 

e The existence of a unique physical reality. 

e The existence of a unique truth which represents an accurate reflection of the unique 
physical reality. 

e The existence of space as a 3D manifold which contains all physical objects and 
events. This space is unique although it may be conceived in different forms by different 
observers and with respect to different physical settings. 

e The geometric nature of the space is Euclidean. 

e The space is universal so it is the same for all observers. 

e The space is absolute and hence it offers a frame of reference where states of rest and 
motion relative to this space can be sensibly and realistically defined. 

e The existence of time as a real, unique and evenly-flowing 1D continuum. Since time 
is 1D, it is necessarily Euclidean. 

e The time is universal and absolute so it is the same for all observers. Hence, all 
observers agree on the time of occurrence of any given event, and therefore they should 
agree on the order in time (i.e. before or simultaneous or after which may also be seen 
as past or present or future) of events and the duration (i.e. size of interval) of physical 
objects and series of events. 

e Space and time are independent of each other. 

e Space and time are independent of the physical objects and events. So, space and time 
can be considered as passive containers that embrace the physical objects and events. 
Also, space and time are independent of the state of rest or motion of the observer. 

2. Search for some famous quotations about space and time in the Aristotelian philosophy 
and comment briefly. 

Answer: In this regard, we refer to some famous quotations attributed to Aristotle 
such as the following which is about time: “There is one single and invariable time, 
which flows in two movements in an identical and simultaneous manner ... Thus, in 
regard to movements which take place simultaneously, there is one and the same time, 
whether or not the movements are equal in rapidity ... The time is absolutely the same 
for both”. Similar quotations about space can also be found in the literature. 

Comment: we note that this quote about time contains several elements of the classical 
view as described in the text, e.g. “one single and invariable time” which is an indication 
to its unique and absolute nature, or “which flows in two movements in an identical and 
simultaneous manner” which is an indication to its 1D evenly flowing nature and its 
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independence of the motion of observer. 

3. Comment briefly on the following quote which is attributed to Newton about space: 

“Absolute space, in its own nature, without regard to anything external, remains always 
similar and immovable. Relative space is some movable dimension or measure of the 
absolute space, which our senses determine by its position to bodies, and which is 
vulgarly taken for immovable space ... Absolute and relative space, are the same in 
figure and magnitude; but they do not remain always numerically the same .... And 
so, instead of absolute places and motions, we use relative ones; and that without any 
inconvenience in common affairs ... etc.”. 
Answer: The essence of this quote is that although there is an absolute space, it 
can only be measured and geometrized through the relative position of the objects 
inside this space and their particular distribution within it. So, “relative space” makes 
“absolute space” conceivable and measurable. We also note that this quote contains 
several elements of the classical view as described in the text, e.g. “without regard to 
anything external” which indicates its independence of the physical objects and events, 
or “remains always similar and immovable” which indicates its unique, passive and 
absolute nature. 

4. Search for some famous quotations about time in classical mechanics and comment 
briefly. 

Answer: In this regard, we refer to the famous quotations of Newton such as the fol- 
lowing: “Absolute, true, and mathematical time, of itself, and from its own nature flows 
equably without regard to anything external, and by another name is called duration ... 
Relative, apparent, and common time, is some sensible and external (whether accurate 
or unequable) measure of duration by the means of motion, which is commonly used 
instead of true time; such as an hour, a day, a month, a year”. 

Comment: similar to what we saw in the quote of the previous question of “absolute 
space” and “relative space’, we have “absolute time” and “relative time” where “rela- 
tive time” makes “absolute time” conceivable and measurable. We also note that this 
quote contains several elements of the classical view as described in the text, e.g. “flows 
equably without regard to anything external” which indicates its evenly flowing nature 
and its independence of the physical objects and events. 

5. Analyze the concept of universality of time in classical mechanics. 

Answer: The concept of universality of time in classical mechanics means that although 
different inertial observers may adopt different origins of time and different units of time 
scale, they can all be unified by simple translation to unify their origin of time and by 
simple scaling to unify their unit of time interval. Accordingly, the instant of time for 
the occurrence of any given event and the size of the time interval for the occurrence 
of a series of events or for the existence of an object will be the same for all inertial 
observers following this unification. 

6. Discuss the claim that the classical concepts about space and time are intuitive and may 
even be instinctive and hence they may have biological roots in our mental blueprint. 
Answer: One thing in support of this view is that the development of philosophy 
(and natural philosophy in particular) as well as classical physics is based on these 
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classical concepts. All these early forms of knowledge have deep instinctive roots since 
they represent the first step in the generalization and organization of our daily life 
observations and experiences with some basic mental processes and logical additives all 
of which have obvious biological roots. Hence, the claim that the classical concepts of 
space and time are intuitive or instinctive with possible biological roots may not be far 
from reality as it might look. 

7. Outline other features and issues in the classical view of the world which are not as 
general and recognized as the main ones but they have direct link to corresponding 
issues in modern physics and Lorentz mechanics in particular. 

Answer: Other issues include: 

e The basic physical properties of a physical object, such as mass and length, are 
independent of its state of rest or motion and hence they are frame-independent. 

e Mass and energy are two separate physical entities where each one is conserved on 
its own. Hence, the mass of a material object does not depend on its energy content 
(whether kinetic or non-kinetic). 

e Inertial frames and accelerating frames are defined with respect to an absolute frame 
which can be regarded as the frame of absolute space. 

e Light propagates in space like material objects and material waves. Accordingly, its 
observed speed is a variable that depends on the state of rest and motion (relative 
to the light source or relative to the propagation medium) of its observer, i.e. it is 
frame-dependent. 

8. Name and discuss some of the other characteristics which are usually presumed (im- 

plicitly if not explicitly) about space in both classical and modern physics. 
Answer: Essential characteristics about the nature of space include homogeneity and 
isotropy where homogeneity means that the properties of the space are independent 
of the location (i.e. all positions of space have the same properties) while isotropy 
means that the properties of the space are independent of direction and orientation. 
We should remark that these characteristics refer to the properties of the space itself 
excluding any external factor and hence the space may lose its homogeneity or isotropy 
due to the presence of electric or magnetic fields, for example, but this does not af- 
fect the homogeneity and isotropy of the space itself because such inhomogeneity and 
anisotropy are caused and introduced by external agents (or rather belong to external 
agents). We should also exclude geometry-based gravitational theories, such as general 
relativity, which conceptualize and formulate gravity in terms of the curvature and ge- 
ometric properties of spacetime and hence the homogeneity and isotropy of space will 
be lost in the presence of aggregates of matter and energy. 

9. Name and discuss some of the implicitly or explicitly presumed characteristics of time 
in physics and science in general. 

Answer: Time in physics and science is generally understood to be a one-dimensional 
physical entity that is continuous, evenly flowing and pointing into a single direction 
(ie. past present — future but not the other way around or other different order).!15! 


[15] Avain, we should exclude geometry-based gravitational theories where some of the commonly- 


2.1 Classical View of the World 51 


10. 


11. 


We should note that these proclaimed characteristics of time may be considered to be 
based on the reality of time as a physical entity. In fact, the reality of time may be 
challenged and hence it may be seen as a synthesis of human brain. This, however, 
should not affect the concept of absolute time and its existence as a meaningful mental 
measure for the observed physical processes, i.e. the two are logically consistent. 
Discuss the reasons for the success and failure of classical mechanics in relation to its 
reliance on the direct experience of mankind and daily practices. 

Answer: The success of classical mechanics can be partly explained by its reliance on 
common sense and daily experience and hence it represents generalizations of direct 
observations of mankind during his evolution. Accordingly, this mechanics was suc- 
cessful in describing and predicting the physical world and its diverse phenomena at 
scales and speeds that are commensurate to human perception of daily occurrences, 
i.e. sizes much larger than atomic size and speeds much lower than the speed of light. 
As a result, this mechanics has intrinsic limitations with respect to the size and speed 
of the observed phenomena and hence it could not cope with the challenges posed in 
dealing with physical phenomena at atomic scales and objects moving at very high 
speeds. These limitations led to the emergence of quantum mechanics to cope with 
the challenges of tiny size, and the emergence of Lorentz mechanics to cope with the 
challenges of high speed. 

Name and discuss some of the principles of classical mechanics which are not in conflict 
with the framework of Lorentz mechanics (at least according to the common belief) but 
with the framework of quantum mechanics. 

Answer: The most prominent of these principles are determinism and preciseness 
where these principles reflect the highly realistic nature of classical mechanics. The 
essence of determinism is that a physical object has an independent reality which is 
determined in itself regardless of any observer, so the function of observation is to 
reveal this predetermined reality whereas in quantum mechanics the reality may be 
determined by the observation through the collapse of wave function. The essence of 
preciseness in classical mechanics is that there is no fundamental restriction or limit on 
the accuracy that can be achieved by measurements. Hence, according to the view of 
classical mechanics a measurement can be infinitely precise, at least in principle, so if 
we assume that we have ideal measuring equipment we can obtain exact measurements 
of physical quantities like momentum or energy. Based on this view, the error or 
uncertainty in our measurements is not because of an intrinsic physical requirement 
that puts restrictions on the accuracy of our measurements, but it is coincidental due 
to the limitation in our measuring equipment and procedures. However, according to 
the uncertainty principle of quantum mechanics the error or uncertainty is essential 
and intrinsic to the measurements of some physical quantities so in principle we cannot 
(rather than we can) have as a precise measurement as we wish even if we have ideal 
tools and measuring equipment. In fact, even the existence of such ideal tools may be 
or should be questionable if we have to follow the logic of quantum mechanics. So, 


recognized properties of time may be dismissed or modified. 
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quantum mechanics puts inherent limits on both the reality (by denying determinism) 
and the truth (by denying preciseness) and hence it represents a fundamental departure 
from the very realistic view of classical physics which is based on these principles. 


2.2 Galilean Relativity 


di, 


State the Galilean relativity principle in a few and simple words. State any principal 
assumption about this principle. What is the obvious consequence of this principle? 
Answer: The Galilean relativity principle may be stated as: there is no privileged frame 
of reference where the laws of mechanics take a special form. The main assumption 
in this principle is that the frame is inertial since the laws of classical mechanics do 
not hold in non-inertial frames. The obvious consequence is that no experiment can be 
done to reveal the state of the frame as being at rest or in motion in absolute sense, i.e. 
relative to the presumed rest frame of absolute space. Hence, motion through absolute 
space can only be detected by acceleration and not by uniform velocity because space 
is indifferent to uniform velocity. Also, distinguishing mechanical effects depend on the 
acceleration of physical systems but not on their velocity, as we will see later. 


. Some authors may state the essence of the Galilean relativity principle as “absolute rest 


cannot be defined”. Discuss this. 

Answer: We would rather say "absolute rest cannot be detected” while acceleration 
(i.e. with respect to absolute rest) can be detected. Hence, absolute rest can be defined 
although it cannot be detected (apart from the incomplete detection that is based on 
the detection of acceleration). 


. Analyze the Galilean relativity principle and its interpretation and the implication of 


this principle on the existence of absolute space. 

Answer: There are two main interpretations of the Galilean relativity principle, one 
is based on denying the existence of absolute space and the other on accepting this 
existence (although we believe only the latter should be accepted), that is: 

e There is no absolute space and hence the relativity principle applies because there 
is no sensible meaning (in an absolute sense) for being at rest or in motion. This in- 
terpretation requires justification for the physically-real difference between inertial and 
non-inertial frames where in the former the laws of mechanics hold true while in the 
latter they do not. In simple terms, being accelerating or non-accelerating (like being 
at rest or in uniform motion) is an extrinsic property and hence it requires a physically- 
real reference frame relative to which being accelerating or not can be attributed in a 
physically-real (rather than conventional) sense. 

e There is an absolute space and hence the essence of the relativity principle is that 
this absolute space does not distinguish in the applicability of the laws of mechanics be- 
tween frames and if they are at rest or in motion as long as these frames are inertial, i.e. 
they are not accelerating relative to this absolute space. Yes, this space distinguishes 
between inertial frames and accelerating frames by denying the latter the privilege of 
holding the laws of mechanics. Accordingly, there is no logical inconsistency in this in- 
terpretation because it provides a physically-real reference frame relative to which being 
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accelerating or not can be attributed and hence the distinction between inertial frames 
and accelerating frames, which is physically-real and observable, can be explained and 
justified by a real physical cause and will not be based on sheer convention. 

4. Discuss the possibility that even in Lorentz mechanics the notion of absolute space can 
be accepted, i.e. there may be no contradiction between the formalism of Lorentz me- 
chanics and the existence of absolute space in contrast to the view held by the special 
relativists that this mechanics put the final nail in the coffin of absolute space. 
Answer: Like classical mechanics, there is no contradiction between the formalism of 
Lorentz mechanics and the notion of absolute space and hence the second interpretation 
of the Galilean relativity principle, as discussed in the previous question, is consistent 
with the principles and formalism of Lorentz mechanics. Yes, the relativity principle 
of special relativity theory contradicts the existence of absolute space according to the 
general consensus of special relativists. However, special relativity is just an interpre- 
tation of the formalism of Lorentz mechanics and hence its principles and implications 
do not compel Lorentz mechanics to accept these principles and reconcile with these 
implications. 

5. Is there a logical requirement for the theory of special relativity to deny the existence of 

absolute space, i.e. can we imagine special relativity to embrace the relativity principle 
in its classical sense? 
Answer: The reader is advised to consult the literature of special relativity. However, 
the general view is that special relativity is based on denying the existence of absolute 
space, either because it is a logical requirement or because it is a voluntary choice. As 
there are many contradictory views (and even flipflopping) in the literature of special 
relativity, we cannot provide a definite answer to this question. However, if special 
relativity adopted the relativity principle in its classical sense then the theory will lose 
one of its main ingredients and hence it may lose its status as special relativity. 

6. What is the Newtonian principle of relativity? What is the Galilean invariance? What 
is the relation between them and the principle of Galilean relativity? 

Answer: The Newtonian principle of relativity and the Galilean invariance are just 
variant forms of the Galilean relativity principle or at least they are equivalent to this 
principle. The essence of the Newtonian principle and the Galilean invariance is that 
when the laws of motion of classical mechanics apply in a given reference frame then 
they equally apply in any other reference frame which is not in a state of acceleration 
relative to the given reference frame, i.e. knowing that a given reference frame is 
inertial, we can conclude that any reference frame which is in a state of rest or uniform 
motion relative to the given frame is also inertial.' So, by identifying a single inertial 
frame we can identify all other inertial frames by just observing their motion relative 
to the identified frame. In fact, by identifying a single inertial frame we cannot only 
identify all other inertial frames, but we can also identify all non-inertial frames as 
well by simple external observations. However, the opposite may not be true, i.e. by 
identifying a single accelerating frame we may not be able to identify the status of the 


[16] We are following here the procedural definition of inertial frames. 
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other frames (at least easily by just observing their motion relative to the identified 
accelerating frame) and if they are inertial or not. The reason is that although we can 
identify the inertiality status of the other frame if it is in a state of rest or uniform 
motion relative to the identified accelerating frame since it should also be accelerating, 
we cannot easily identify its status by simple observations if it is accelerating with 
respect to the identified frame because two frames which are accelerating relative to 
each other can be both non-inertial or only one is non-inertial although they cannot be 
both inertial. For example, if one frame O, is moving (say relative to absolute space) 
with velocity vz; = 10 and the other frame Oy is moving with vz. = t then they are 
in a state of relative acceleration with the first being inertial while the second is not. 
But if we have a third frame O3 that is moving with v,3 = ¢? then it is in a state 
of relative acceleration with both O; and Op, (since the second time derivative of its 
velocity is not vanishing while the second time derivative of velocity of O; and O 2 are 
both vanishing) and it is obviously accelerating or non-inertial. Hence, relative to O2 
both O; and O3 are accelerating but while O, is inertial O3 is non-inertial. Accordingly, 
Oz cannot determine by simple observations of the relative motion of O, and O3 the 
status of these frames and if they are inertial or not. More details about this issue will 
be given in § 3.6. 

7. What can you conclude from the essential difference between inertial and non-inertial 

frames? 
Answer: The main conclusion is that distinguishing mechanical effects depend on the 
acceleration of the physical system and not on its velocity. So, the system can have 
any velocity but as long as the system is not accelerating it will hold the same laws 
of mechanics. However, its status will change dramatically, by violating the laws of 
mechanics, as soon as it experiences any form of acceleration, whether translational 
or rotational, uniform or non-uniform. So, acceleration is a fundamental distinguish- 
ing mechanical property of physical systems at least as far as classical mechanics is 
concerned. 

8. Make a simple argument, based on the speed of light, for the case that according 
to classical physics which embraces the Galilean relativity principle, there is still an 
absolute frame (space or ether) and hence it is incorrect to claim that the relativity 
principle in its classical sense abolished absolute space but kept absolute time. 
Answer: According to classical physics, the speed of light is subject to the normal 
addition rule of velocity composition as represented by the Galilean transformations 
(see § 1.9.2 and § 1.9.3). This should suggest that there is an absolute frame which is 
the frame in which the speed of light takes the special value c. So, the Galilean relativity 
principle should not imply the abolishment of absolute frame (space or ether). 

9. Discuss the relation between the relativity principle, the Galilean transformations and 
Maxwell’s equations. 

Answer: As a consequence of the relativity principle, the Galilean transformations 
of space coordinates and time should be wrong if we accept that Maxwell’s equations 
are the right set of equations for describing the electromagnetic phenomena and hence 


2.3 Maxwell’s Equations and Speed of Light ys) 


these equations should be valid in all inertial frames by taking the same form.!!"| This 
is because Maxwell’s equations do not transform invariantly under the Galilean trans- 
formations and hence these transformations should be invalid. These issues will be 
discussed in detail in the following sections. 


2.3. Maxwell’s Equations and Speed of Light 


a 


Is it possible to challenge the claim that the equation c = (Gopiey: does not refer to 
any particular frame of reference? 

Answer: Yes, this claim can be challenged because €9 and jug are the absolute permit- 
tivity and permeability of “free space” and hence one may say that the frame of this 
space is the frame of reference that this equation refers to. So, if we assume that this 
free space is absolute where all relative motions are with respect to it, then c will be 
the speed of light in the frame of this absolute rest space. This, of course, depends on 
ascribing certain physical properties to this space some of which are the above permit- 
tivity and permeability as well as being the absolute rest frame where at least some of 
these properties cannot be denied by any one. In fact, if the ether hypothesis is ac- 
cepted then ascribing these properties to the ether, which is supposed to be a fluid-like 
physical substance, is easier to imagine. Finally, we should remark that this answer 
does not address the issue of invariance under the Galilean transformations, which will 
be discussed in § 2.4, and hence even if this answer was accepted it cannot be a full 
solution to the problem (or problems) that emerged from Maxwell’s equations. 


. Explain how the problem about the speed of light has emerged from Maxwell’s equa- 


tions. Also discuss how this problem was dealt with initially at that time. 

Answer: From Maxwell’s equations the following equation for the speed of light c was 
obtained: c= (€ouo) * where €o and jug (which are the permittivity and permeability 
of free space) are fundamental physical constants that can be measured from simple 
electric and magnetic experiments that do not involve measurements of speed or require 
a frame of reference. Now, since there is no explicit reference to a frame of reference in 
this equation, the following question then arises: to which frame of reference this speed 
of light belongs? This question, of course, is based on the classical view that the speed 
of light, like any other speed, is frame dependent. 

The problem was dealt with initially by assuming that the speed in the above equation 
is referred to the frame of ether whose existence, as a medium for the propagation of 
light waves, was generally recognized. This may have some basis even in Maxwell’s 
equations themselves because €9 and jig belong to the “free space” so the speed c be- 
longs to this free space which can be easily identified with the frame of this “fluid-like” 
substance (i.e. luminiferous ether) that submerges the whole space. 


. Make a semi-formal classical argument that since Maxwell’s equations contain the con- 


stant c, then Maxwell’s equations are not form invariant under the Galilean transfor- 


[\7l We are assuming here that the relativity principle and the Galilean transformations should equally 


apply to all laws of physics and not only to mechanics. This extension apparently happened after 
Galileo during the rehearsal to the emergence of Lorentz mechanics. 
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mations. 

Answer: Since, according to the Galilean transformations, speed in general, unlike 
acceleration, is frame dependent then the inclusion of c in the Maxwell’s equations will 
make them form variant (instead of form invariant) under the Galilean transformations 
because c belongs to a particular frame and hence Maxwell’s equations will not take 
the same form in another frame. However, this argument may be challenged because 
Maxwell’s equations contain c which is a constant representing the characteristic (not 
the observed) speed of light and this constant is invariant across all frames. In fact, 
there are many details about this issue that are not worthwhile to investigate because 
the non-invariance of Maxwell’s equations under the Galilean transformations can be 
established by a formal analytical argument, and hence this argument is redundant. 


. Referring to the previous question, as we still have the speed c incorporated in Maxwell’s 


equations even after the replacement of the Galilean transformations with the Lorentz 
transformations, how the issue of form invariance of Maxwell’s equations is then solved? 
Answer: If we assume that the speed of light, which is represented in Maxwell’s equa- 
tions by c, is invariant (possibly in an apparent sense) under the Lorentz transformations 
and it does not belong to a particular frame then Maxwell’s equations will take the same 
form because c will be the speed of light in any frame (not in a particular frame). In 
brief, the frame dependency of Maxwell’s equations according to this challenge is based 
on the frame dependency of the speed of light, and hence if we make the speed of 
light frame independent then Maxwell’s equations will be form invariant because it will 
contain a universal invariant speed rather than a frame dependent variant speed. We 
should also refer the reader to the potential challenge in the previous question about 
the status of c as the characteristic speed of light (which is just a universal constant) 
and not the observed speed of light and hence the invariance of Maxwell’s equations 
should not be affected by the inclusion of c because c is the same for all frames even if 
the observed speed of light was frame dependent. 


2.4 Maxwell’s Equations and Galilean Transformations 


di; 


Explain how another problem (this time related more directly to the Galilean transfor- 
mations) has emerged from Maxwell’s equations. 

Answer: Because the laws of physics should be form invariant under the right set of 
transformations of space coordinates and time, Maxwell’s equations were tested under 
the then accepted transformations of classical physics which are the Galilean transfor- 
mations. These transformations proved to be the right ones with respect to the laws of 
classical mechanics since these laws transform invariantly under the Galilean transfor- 
mations (refer to § 12.3). However, Maxwell’s equations did not transform invariantly 
under the Galilean transformations. This led to question the validity of at least one set 
of these equations, i.e. either Maxwell’s equations are wrong or the Galilean transfor- 
mations are not the right transformations of space coordinates and time. The possibility 
of both sets (i.e. Maxwell’s equations and Galilean transformations) being right was 
dismissed because of the demand of a unified physical theory, while the possibility of 
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both being wrong was dismissed due to the general acceptance of Maxwell’s equations; 
moreover it is excessive since the problem can be fixed by assuming only one set is 
wrong. 

2. Referring to the previous question, discuss in detail all the possibilities about the va- 
lidity of the Galilean transformations and Maxwell’s equations. 
Answer: There are four main possibilities: 
e Both the Galilean transformations and Maxwell’s equations are correct. This was 
rejected because it is obviously illogical if we want a unified physical theory. 
e Both the Galilean transformations and Maxwell’s equations are wrong. Although this 
possibility is logical, it was also rejected for “economical reasons” because of the general 
tendency to reduce the amount of the effort required to fix a problem. So, as long 
as we have reasons to believe that both the Galilean transformations and Maxwell’s 
equations contain some truth thanks to their experimental support, then let assume 
that only one of these is incorrect (or not exact) and hence focus on solving just one 
problem instead of two. Moreover, Maxwell’s equations were well tested and enjoyed 
general acceptance. 
e The Galilean transformations are right and Maxwell’s equations are wrong. This 
possibility is logical and seemed to have some followers at that time. However, it was 
generally rejected due to the common belief in the validity of Maxwell’s equations plus 
indications that the problem lies in the Galilean transformations. 
e The Galilean transformations are wrong and Maxwell’s equations are right. This pos- 
sibility is logical and it is the one that eventually prevailed and led to the emergence and 
rise of Lorentz mechanics which is based on replacing the Galilean transformations with 
the Lorentz transformations which satisfy the form-invariance condition for Maxwell’s 
equations as well as the laws of mechanics!!®! (refer to the next question for more details; 
also see § 12.3). In fact, this possibility was endorsed by signs of other potential failures 
of the Galilean transformations apart from the problem of the invariance of Maxwell’s 
equations. 

3. Why the general opinion at that time seemed to accept Maxwell’s equations and ques- 
tion the integrity of the Galilean transformations? 
Answer: One reason is the strong validation and support to Maxwell’s equations by 
the accumulation of massive experimental evidence. However, this reason may not be 
sufficient because the Galilean transformations have also strong support from the great 
success of classical mechanics. The magical power of Maxwell’s equations and their 
elegance seemed to play part in this choice. In fact, Maxwell’s equations were too so- 
phisticated to get all that experimental endorsement and success by coincidence and 
sheer luck. On the other hand, classical mechanics is not characterized by such sophis- 
tication and preciseness and hence its success could be explained more easily by being 
a good approximation but not an exact and strictly correct formulation. In addition 
to all this, there were other signs and indications from other problems (e.g. the prob- 


[18] Tn fact, the invariance of the laws of mechanics under the Lorentz transformations is made deliberately 
by introducing certain changes to the traditional form of classical mechanics to satisfy the condition 
of invariance. 
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lem of Maxwell’s equations and the speed of light) that the Galilean transformations 
may not be the right or the exact set of coordinate transformations. These suspicions 
were finally endorsed by the null result of the Michelson-Morley experiment (see § 2.6) 
which strengthened the possibility of the invariance of the speed of light and hence the 
invalidity of the Galilean transformations. 


. Discuss how the two problems that emerged from Maxwell’s equations (i.e. the prob- 


lem of having a specific speed of light without identification of frame of reference and 
the problem of Maxwell’s equations being non-invariant under the Galilean transforma- 
tions) are essentially identical. 

Answer: This is because both these problems arise from the assumption of the validity 
of the Galilean transformations because the problem of having constant speed of light 
without identification of frame of reference is based on the assumption, which originates 
from the Galilean transformations and their additive nature regarding velocity compo- 
sition, that this speed is frame dependent, while the problem of Maxwell’s equations 
being non-invariant under the Galilean transformations is based on assuming that these 
transformations are the right set of transformations of space coordinates and time. 


. Discuss the issue that within the traditional domain of classical mechanics (i.e. low 


speed) the Galilean transformations of space coordinates and time are good approxi- 
mation to the right (or exact) set of transformations which are the Lorentz transforma- 
tions. 

Answer: As we will see in § 4.5, at low speeds the Lorentz transformations converge to 
the Galilean transformations and hence the latter become good approximation to the 
former. 


. Discuss the possibility (which is similar to the first possibility in the text) that both 


Maxwell’s equations and the Galilean transformations are right but Maxwell’s equations 
apply to a privileged frame or ether frame. 

Answer: This possibility was initially assumed but was eventually rejected due mainly 
to the null result of Michelson-Morley experiment (see § 2.6 and 12.2). In fact, this 
possibility also requires a fix for the problem of form invariance so that Maxwell’s 
equations will be valid in all inertial frames. Also, this possibility is more about the 
problem of light speed which was investigated in § 2.3. 


2.5 Light as Wave Phenomenon and Luminiferous Ether 


a 


Summarize the essence of this section about light as a wave phenomenon and the role 
of luminiferous ether outlining the relation of this to the concept of absolute space (or 
absolute frame). 

Answer: As seen earlier, an issue related to the absolute space is the speed of light 
in vacuum and the existence of a medium in which the light propagates, the so-called 
luminiferous (i.e. light-bearing) ether. A common belief in the scientific community 
before the emergence of Lorentz mechanics was that the speed of light as a wave phe- 
nomenon is frame dependent and hence it should depend on the movement of the 
observer relative to the propagation medium (refer to § 1.13.2). The stated speed of 
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light (i.e. c= (iis ~ 3.0 x 10° m/s where €9 and jig are respectively the permit- 
tivity and permeability of free space) as obtained from Maxwell’s equations (see § 2.3) 
then belongs to a privileged frame of reference that is the frame of the luminiferous 
medium. The space, which is at rest as observed from this privileged reference frame, 
may then be seen as the absolute space in which the speed of light is the one predicted 
by Maxwell’s equations. Any reference frame O2 which is in relative motion to this 
privileged reference frame O, should then measure a speed of light different from c, i.e. 
ctv where v is the speed of Op relative to O,.!!9! Since the Earth moves around the Sun 
in an accelerated motion following an elliptical orbit, it was natural to try to measure 
its speed relative to the luminiferous medium which is supposed not to follow the Earth 
movement since it is unlikely that the Earth and ether frames are identical. This was 
the motivating background to which the Michelson-Morley experiment, among other 
experiments, was proposed and conducted to detect the ether wind and measure its 
speed relative to the Earth. 

2. What are the two main types of wave? To which type of these light belongs? 
Answer: The two main types of wave are transverse waves and longitudinal waves. 
Light and other types of electromagnetic radiation are transverse waves. 

3. Describe in general terms the role of ether in classical physics. Also, outline the essence 
of the ether theory and its logical implications on the speed of light. 

Answer: Because light propagates through space as waves, as can be inferred from 
Maxwell’s equations and from showing signs of wave behavior like diffraction and inter- 
ference, it was natural to assume that it, like other material waves such as water waves 
and sound waves, requires a medium through which it propagates. This hypothetical 
medium was called the luminiferous ether and it was believed to permeate the whole 
space. 

The essence and implications of the ether theory is that the propagation of light in 
space is like the propagation of sound through air or water where the characteristic 
speed of sound is with respect to the frame of medium (air or water) and hence its ob- 
served speed is subject to the Galilean rule of addition of velocities. So, we can imagine 
the ether according to the classical theory as a transparent medium (like thin air) that 
facilitates the propagation of light and all electromagnetic waves. 

4. What is the meaning of “ether wind”? 

Answer: It means the movement of ether relative to the Earth where this movement is 
caused by the movement of the Earth through space which is the rest frame of ether, i.e. 
rotation of the Earth around its axis, rotation around the Sun, translation or rotation 
inside the Galaxy, movement as part of the Galaxy, etc. 

5. Investigate the possibilities of the relation between ether and absolute space in classical 
physics. 

Answer: We do not have sufficient historical records about these issues; some of which 
may not have even been contemplated due to their pure hypothetical nature. However, 
we can list a number of possibilities about how the relation between ether and absolute 


19] Here, we are assuming a 1D motion along the line connecting the source to the observer. 
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space may have been envisaged by classical physicists: 
e Ether is at rest with respect to the absolute space. This seems to be the dominant 
view (if not the only view) at that time. 
e Ether is in a state of relative uniform motion through absolute space. 
e Ether is at rest or in a state of relative non-uniform motion which is dependent on 
the position in space and hence it could be at rest in one place and in motion in one 
direction in another place and in motion in another direction in a third place. If we 
add to this the possibility of temporal dependency of the ether motion, then the ether 
motion through absolute space will be time- and space-dependent. 
We should remark that only the first view seems relevant and viable and hence the 
absolute space may be defined as the rest frame of the ether and hence the two frames 
are identical or equivalent. 

6. Investigate the nature of ether and its role in the propagation of light according to the 
old electromagnetic theory. 
Answer: According to the available records, the ether in the old theory of electromag- 
netic propagation prior to the emergence of Lorentz mechanics possesses the following 
properties:|?°l 
e It does not have the common properties of material media like mass and color. 
e It is completely transparent to light (and electromagnetic waves in general) and hence 
light transmitted through it will not suffer from dissipation. Also, the speed of propa- 
gation is independent of the frequency of light. 
e It permeates the whole space as well as all material objects (at least the transparent 
objects). 
e It does support transverse but not longitudinal waves. 
e It is perfectly elastic and extremely tenuous so that the planets and other physical 
objects do not lose energy by moving through it. 
However, there are a number of issues about the nature and physical properties of ether 
in the old theory which are not clear to us from the available records. For example, 
there is no conclusive record regarding the stand, prior to the emergence of Lorentz 
mechanics, about the type of medium through which light propagates in material me- 
dia which are transparent to light like water or glass and if it should be the same or 
different type of luminiferous ether or the material medium itself and how this is related 
to the diminishing of the speed of light in such material media. It is also unclear if the 
luminiferous ether according to these views should also permeate the material media 
which are opaque to light and if so why light (or some part of the electromagnetic 
spectrum) cannot propagate through such media. In fact, it is difficult to find reliable 
historical accounts about these issues. Moreover, some of the available accounts are 
based on personal opinions and subjective judgments, while others may even be biased 
especially following the overwhelming rejection of the ether theory where this theory 
was ridiculed and treated as a typical example of pseudo-science or metaphysical beliefs. 


2] Some of these represent tentative claims that may be found in the literature, as will be indicated later. 
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2.6 Michelson-Morley Experiment 


1. Outline the main proposals that were suggested to explain the null result of Michelson- 
Morley experiment. 

Answer: There were numerous proposals and explanations suggested by the scholars 
of that time to justify the null result of Michelson-Morley experiment, the main and 
most famous of these are: 

e Blaming the technical inadequacy of the experiment for the failure to detect the 
presumed effect and hence if this experiment was conducted properly the presumed 
effect should have been observed, as it is claimed by other scholars who conducted 
similar experiments which allegedly confirmed the ether wind proposal. 

e Blaming the reasoning and physical assumptions on which the experiment is based; 
more specifically the assumption that there is a relative movement between the Earth 
and the ether. According to the ether drag proposal, the Earth is supposed to drag 
the ether that surrounds the device and hence the part of the ether in which the light 
propagates in the Michelson-Morley experiment is in a stand still state with respect to 
the device and hence the experiment in principle cannot detect the ether wind because 
in the neighborhood of the apparatus there is no ether wind to detect. So, the whole 
logic and underlying assumptions of the Michelson-Morley experiment are flawed and 
that is why it failed. 

e FitzGerald-Lorentz length contraction which eventually led to the development of 
Lorentz transformations and Lorentz mechanics. The proposal in its original version is 
based on presuming a contraction of the apparatus (possibly due to presumed pressure 
from the ether wind)?4! in the direction of motion by an amount that exactly nullifies 
any difference in the time of the light journeys in the two arms of the device where 
this difference is supposed (according to the logic and analysis of the Michelson-Morley 
experiment) to be caused by the difference in the light speed due to the additive nature 
of velocity composition which is the working principle in classical physics even for 
the propagation of light. However, the interpretation of this length contraction in 
the original version and the role (and even the existence) of ether did change by the 
emergence of Lorentz transformations and Lorentz mechanics followed by the general 
acceptance and dominance of special relativity theory which disposed of ether and re- 
interpreted the nature and cause of this length contraction.!?7! 

2. What is the common factor that is shared between the problem of the speed of light 
that emerged from Maxwell’s equations and the problem that emerged from the null 
result of the Michelson-Morley experiment and its analysis? 

Answer: The common factor is the presumption of the validity of the Galilean transfor- 


211 Tn fact, it is claimed in the literature that the ether exerts elastic stress on the moving objects. 

2] As we will see, length contraction alone cannot explain the null result of a more general type of 
Michelson-Morley experiment and hence time dilation is also needed to justify the null result. Accord- 
ingly, although the original length contraction proposal may be able to keep the frame-dependency 
of light (in principle at least and as a result of the Galilean transformations), this frame-dependency 
should eventually be discarded (with the Galilean transformations) if we add time dilation as well for 
a possible explanation for the null result. 
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mations. This is because the speed of light, according to these transformations, should 
be frame dependent while Maxwell’s equations apparently imply the universality of this 
speed (since the constant c which is inferred from Maxwell’s equations is apparently 
not associated with any frame) and hence it is frame independent. Similarly, the null 
result of the Michelson-Morley experiment was a dilemma because the analysis of the 
result of this experiment was based on the assumption of the validity of the Galilean 
transformations, which required the dependency of the speed of light on the orienta- 
tion of the apparatus, while the null result of this experiment seemed to indicate the 
independence of the speed of light from the orientation of the apparatus and hence the 
invalidity of the Galilean transformations. 

3. What property should be attributed to ether if the ether drag hypothesis is to be 

sensible? 
Answer: We think the validity of the ether drag hypothesis requires attributing some 
sort of viscosity or/and resistance of penetration to material objects, i.e. the ether 
should stick to the equipment like viscous fluids and it should have limited penetration 
ability to material objects. Some of these properties may not be entirely compliant 
with the presupposed properties of ether. 

4. Assess and criticize the Michelson-Morley experiment and similar experiments. 
Answer: It seems to the author that these experiments have been given more weight 
and credibility than they deserve. There were counter claims of similar experiments that 
confirmed the predicted effect or at least they did not reach the same firmly-confirmed 
null conclusion of the Michelson-Morley experiment and its alike.!?3] Although we do 
not wish to suggest in this context that the Michelson-Morley experiment was flawed 
or it was based on wrong assumptions and analysis, we think more improved versions 
should have been conducted before reaching such a firm conclusion. Although there 
were subsequent improved versions of this experiment as well as other experiments, 
the majority of these experiments have been conducted with the motive to confirm 
the null result of Michelson-Morley experiment and were under the banner of special 
relativity, and hence it is very likely that they are affected by some sort of bias (at least 
non-intentional bias). Moreover, such a huge conclusion that shakes the foundations of 
physics should have not been reached from essentially a single experimental method that 
could be fundamentally wrong for some reason that no one is aware of. We think various 
methods that are totally different from the Michelson-Morley method and its physical 
principles and logic should have been invented and tried before declaring the null result 
as a solid fact. The main blame, however, should not be put on the scientists of that era 
who did their best by using the best available theoretical and experimental resources and 
techniques at that time to reach a conclusion about this fundamental issue, but it should 
be put on the modern scientists who should not have put such a massive weight and 
credit behind these historical experiments and their null conclusion. Accordingly, we 
think the contemporary scientists, who spend huge resources on petty experiments with 
trivial implications and conclusions, are invited to revisit this issue with a new approach 


[23] We should also add the possible explanation of the claimed detection of a small phase shift in the 
Michelson-Morley experiment, as indicated earlier. 


2.7 FitzGerald-Lorentz Proposal and Emergence of Lorentz Transformations 63 


that is based on total objectivity and freedom from any influence of special relativity or 
any other theory. There are several claims from respected scientists about the variation 
and frame-dependency of the speed of light in astronomical observations and scientific 
experiments. These claims should be considered more seriously and hence they should 
not be dismissed without inspection or notice because of their conflict with special 
relativity and its postulates or because they are in conflict with the result of Michelson- 
Morley experiment.?4) Although we will reach a conclusion that the formalism of 
Lorentz mechanics suggests the invariance of the speed of light, new evidence based on 
a new approach to this problem may lead to amendments to the current formalism of 
Lorentz mechanics or at least could shed more light on this vital issue and many other 
related issues which are at the heart of modern physics. 

Finally, we should remark that the Michelson-Morley experiment (as well as its alike) is 
restricted in its conclusion about the invalidity of the Galilean transformations because 
this experiment is based on a classical wave propagation model and hence it does not rule 
out the possibility of a classical projectile (or ballistic) propagation model or potentially 
other propagation models (refer to the exercises of § 12.2). This should endorse our 
view that these experiments have been given more weight and credibility than they 
deserve. 


2.7 FitzGerald-Lorentz Proposal and Emergence of Lorentz Trans- 
formations 


1. In appendix § 12.2 about the Michelson-Morley experiment, it was shown that the times 
for the light in its PP,P journey and in its PP)P journey are different according to 
the logic and analysis of Michelson and Morley. Using the derived expressions for these 
times and assuming L, = Lo, derive the FitzGerald-Lorentz length contraction formula. 
Comment on the result and how this length contraction effect is supposed to nullify the 
effect of any time difference in this analysis. 

Answer: In appendix § 12.2, it was shown that: 
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[24] We should also refer in this context to a number of superluminal phenomena, mainly associated with 
astronomical observations, which are allegedly explained and justified within the framework of special 
relativity without violation of the invariance of the speed of light. We note that superluminal speed 
means speed exceeding the characteristic speed of light c. 
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This expression can be similarly derived from the times of the light journey in the two 
arms of the apparatus after rotation by 90°, that is: 


Ts 1 
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Now, if we have to nullify the effect of this time difference by a length difference (or 
contraction) then we should have: 
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where /; and ly are the effective lengths (i.e. actual lengths which may be affected by the 
movement through ether) of the apparatus arms which are parallel and perpendicular 
to the ether wind. This is equivalent to having the length of the arm which is parallel 
to the ether wind (i.e. PP, whose apparent or proper length is L,) being contracted 
by the y factor. Similarly for the apparatus after rotation by 90° we have: 

T5 ly ly 

T, ly : : ei 
which, again, is equivalent to having the length of the arm which is parallel to the ether 
wind (this time it is PP, whose apparent or proper length is Lz) being contracted by 
the y factor. Now, since we are assuming L; = L2, then we can change the labeling 
and write: 

laof 


where / and /' are the proper and improper length of the arm parallel to the ether 
wind (whether PP, or PP,). The last formula is just the well known formula of length 
contraction of Lorentz mechanics. So, according to the FitzGerald and Lorentz analysis 
this length contraction effect which is suffered by the arm that is parallel to the ether 
wind (whether PP; or PP2) will compensate by the exact amount to nullify the effect of 
the time difference that is derived from the Michelson-Morley experiment and analysis. 
We note that if we follow the FitzGerald and Lorentz analysis then there is no necessity 
for the denial of the existence of ether. According to the available historical records, 
Lorentz (at least) did not deny the ether in his theory. In fact, the FitzGerald-Lorentz 
proposal of length contraction was apparently suggested to salvage the ether not to deny 
it or abolish it. We should also remark that a sort of “ether pressure” on the moving 
object seems to have been envisaged as the cause for the proposed length contraction. 
2. Outline in a few words the essence of the FitzGerald-Lorentz proposal of length con- 
traction as can be understood from the analysis of the previous question. 
Answer: Because the time of the light journey in the parallel arm is longer than the 
time of the light journey in the perpendicular arm by the y factor (assuming that the 
two arms are of equal length), then to nullify the effect of this time difference we need 
to assume that the length of the parallel arm is contracted by the y factor to make the 
time of the two journeys equal. 
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3. Investigate the problems that have been addressed by the proposal of Lorentz transfor- 
mations. 
Answer: There are several problems and question marks that found a convincing solu- 
tion (at least so far) by the proposal of Lorentz spacetime coordinate transformations, 
although not all these problems are fundamentally different and hence they can be 
considered as different faces of a single problem. Examples of these problems include 
explaining the null result of Michelson-Morley experiment and unifying the laws of 
mechanics (with some modifications) and the laws of electromagnetism in being form 
invariant under the proposed spacetime coordinate transformations. In fact, Lorentz 
himself in one of his papers showed that Maxwell’s equations are invariant under the 
new set of spacetime coordinate transformations. 

4. Make a brief comparison between the Galilean transformations and the Lorentz trans- 
formations (refer to § 1.9 and § 4.2.1). 
Answer: There are many things to be said in answering this question; some of these 
are listed in the following points: 
e Space and time are more mixed in the Lorentz transformations than in the Galilean 
transformations. 
e Time, as well as space, looks in the new set of transformations frame-dependent while 
in the Galilean transformations only space (or rather its coordinates) looks frame de- 
pendent. 
e A new factor (i.e. Lorentz factor 7) has emerged in the new set of transformations. 
This factor does not exist in the old Galilean transformations. 
e While only the laws of classical mechanics are form invariant under the Galilean trans- 
formations, both these laws and the laws of electromagnetism (represented by Maxwell’s 
equations and other derived results like the electromagnetic wave equation) have this 
property of being form invariant under the Lorentz transformations (refer to § 12.3 for 
more details). 

5. Can length contraction alone explain the null result of the Michelson-Morley experiment 
and its alike? 
Answer: It was shown in the literature that even if we assume length contraction in 
the direction of motion, the Michelson-Morley device, but with unequal arms, should 
still display a phase shift in the pattern (according to the Michelson-Morley method 
of analysis) over a period of six months as the Earth reverses its orbital direction 
around the Sun. In fact, the Kennedy-Thorndike experiment, which was conducted 
in the 1930s, was designed to investigate this possibility where the null result of this 
experiment concluded that length contraction alone cannot fully explain the failure of 
the Michelson-Morley experiment and hence time dilation (i.e. the full consequences of 
the Lorentz spacetime coordinate transformations in its spatial and temporal effects) 
as well is needed to explain the null result of the Michelson-Morley experiment and its 
alike (e.g. Kennedy-Thorndike experiment). However, we still need other assumptions, 
such as the assumption of an ether wind with a component in the plane of the device 
(see § 12.2), to reject the ether hypothesis and hence these experiments cannot rule 
out the possibility of an ether drag for instance. Also, these experiments cannot rule 
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out interpretations (like Lorenz interpretation) that are based on the existence of ether 
with the admission of the Lorentz spacetime coordinate transformations. So in brief, 
if the Kennedy-Thorndike experiment was correct and conclusive then it only implies 
that length contraction alone cannot fully explain the null result of a Michelson-Morley 
type experiment in more general settings although it may be sufficient to explain the 
null result of the original Michelson-Morley experiment where the arms of the device 
are equal within the allowed error margins.?5| 


2.8 Poincare Suggestion and Subsequent Developments 


t; 


Summarize the main historical events and scientific developments that led to the emer- 
gence and rise of Lorentz mechanics. 

Answer: We can summarize these events and developments in the following points: 

e According to the classical view of the world, time and space are absolute. 

e According to the Galilean relativity, which is part of the classical view, although there 
is an absolute space and hence an absolute rest frame, this frame cannot be identified 
by an experiment conducted in a reference frame which is at rest or uniform motion 
with respect to this rest frame. So, absolute space does not distinguish between inertial 
frames and whether they are at rest or in uniform motion with respect to the absolute 
frame although this absolute space demonstrates itself by discriminating against accel- 
erating frames which are denied the privilege of holding the laws of classical mechanics. 
e The emergence of Maxwell’s equations produced two problems. The first problem 
is that the constant c, which represents the characteristic speed of light in free space, 
emerged from Maxwell’s equations as a constant that can be calculated from other two 
physical constants, €9 and po, with no reference to any frame of reference. Now, since 
the classical view is based on assuming that the speed of light is frame dependent, a 
question has then emerged that to which frame the constant c belongs? The natural 
answer was that the constant c belongs to the rest frame of absolute space or to the rest 
frame of the “luminiferous ether” which is supposed to be a medium for the transmission 
of light that invades all space. 

e The second problem that emerged from Maxwell’s equations is that although the laws 
of mechanics are invariant under the Galilean transformations of space coordinates and 
time (which are the legitimate transformations in classical mechanics) as they should 
be, Maxwell’s equations failed to pass this test since they were not invariant under the 
Galilean transformations. Now, since the requirement of form invariance is essential for 
any objective and general physical theory, a question has been raised that which of the 
two sets (i.e. Galilean transformations and Maxwell’s equations) is wrong? 

e Based on the Maxwell light speed problem and the presumed solution of the existence 
of ether, a natural quest for measuring the speed of the Earth in its motion relative to 
the ether then emerged. The prominent example of this quest is the Michelson-Morley 


[25] We should also note that all these experiments cannot rule out a projectile propagation model that 


is consistent with the classical transformations since the analysis of the Michelson-Morley experiment 
and its alike is based on a wave propagation model. 
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experiment to measure the speed of the “ether wind” which is presumably caused by the 
Earth motion through space using interferometric techniques. This experiment failed 
to detect the supposed effect from the presumed ether wind and hence the existence of 
ether was in question. The experiment also highlighted a number of problematic issues 
in classical physics such as the frame dependency of the speed of light and potential 
invalidity of the Galilean transformations. 

e A proposal from FitzGerald and Lorentz of a length contraction effect in the di- 
rection of motion relative to absolute space or ether then appeared. The purpose of 
this proposal is to offset the effect of any difference in the time of the light journeys 
in the Michelson-Morley apparatus (see § 12.2 for details) through the compensation 
with length contraction by exactly the same amount required to annihilate the time 
difference and hence nullify the supposed phases shift of the interference pattern gen- 
erated from the two interfering light beams in this experiment which is caused by this 
difference in the time of the light journeys. As we will see next, the length contraction 
proposal was developed further by Lorentz who introduced the Lorentz spacetime coor- 
dinate transformations which formed the basis for the theory and formalism of Lorentz 
mechanics. 

e The second problem that emerged from Maxwell’s equations, which was not addressed 
by the FitzGerald and Lorentz proposal of length contraction, was then addressed fun- 
damentally by Lorentz who suggested a set of equations (to be known later as the 
Lorentz transformations) to transform space coordinates and time between inertial 
frames. These transformations proved to be the correct set of equations for invari- 
antly transforming both the laws of classical mechanics (with some modifications) and 
Maxwell’s equations. This suggestion represents the birth of Lorentz mechanics and its 
basic formalism which were further developed in the subsequent years and decades by 
many scientists to be the mechanics of Lorentz transformations in its modern form. 

e Although the proposal of FitzGerald and Lorentz which seemed to solve the problem 
(partially at least) of failing to detect the ether by the Michelson-Morley experiment and 
its alike is not based on denying the existence of ether, |? this existence was questioned 
by Poincare (and later by other scientists) who proposed a collection of philosophical 
and physical ideas and procedures which formed the framework and components of what 
will be known later as the special theory of relativity. Merging the ideas of Poincare 
(in the form of the elements and framework of special relativity) and the formalism of 
Lorentz (in the form of Lorentz transformations) with some added amplifications and 
extensions, Einstein came on the scene with his 1905 paper. This attempt by Einstein 
was not seen at that time as an exceptional among the collective effort in developing 
the theory of Lorentz mechanics, and hence the development of Lorentz mechanics (e.g. 
by scientists and mathematicians like Planck, Laue, Minkowski, etc.) continued under 
a much larger umbrella and a more flexible framework that is neutral to any particular 
interpretation. However, the situation changed suddenly and dramatically with the 
sudden rise of Einstein to fame following the alleged confirmation of the general theory 


[26] The non-denial of ether also applies to the suggestion of Lorentz transformations by Lorentz. 
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of relativity by the 1919 solar eclipse expedition of Eddington and his team. From that 
point in history, Lorentz mechanics took a different route of development where it is 
seen as the mechanics of special relativity theory and hence all other interpretations of 
Lorentz mechanics were abandoned and even suppressed and all efforts to investigate 
possibilities that were excluded by special relativity theory were ridiculed.?7 More- 
over, the whole credit for the emergence and development of Lorentz mechanics (which 
is a collective effort of many scientists before and after Einstein) was totally given to 
Einstein in a clear violation of all the historical facts and the ethical code of science. 
In fact, the role of several of these scientists (notably Lorentz and Poincare before and 
Minkowski after) is more important and pivotal than the role of Einstein. 

2. Discuss the claim by some special relativists that even Lorentz attributed the credit for 
Lorentz mechanics (under the label of special relativity) to Einstein in the quote that 
is attributed to Lorenz whose essence is that: the relativity theory belongs to Einstein. 
Answer: This is not an attribution of credit but it is a denial by Lorentz of his accep- 
tance to the special relativity interpretation of Lorentz mechanics. So, what Lorentz 
was essentially saying is that: I do not believe in the special relativity interpretation 
of Einstein because I have my own interpretation which is different from the special 
relativity interpretation. 


7] We mean in the mainstream physics. 


Chapter 3 
Introduction to Lorentz Mechanics 


3.1 Lorentz Mechanics versus Other Mechanics 


if 


Discuss the relation between classical mechanics on one hand and Lorentz mechanics 
and quantum mechanics on the other hand. 

Answer: In simple words, Lorentz mechanics was developed to rectify the defects of 
classical mechanics with regard to high speed, while quantum mechanics was developed 
to rectify the defects of classical mechanics with regard to small size. So, both Lorentz 
mechanics and quantum mechanics address limitations of classical mechanics related to 
speed and size respectively. 


. Discuss the difference between the relation of Lorentz mechanics to classical mechanics 


and the relation of Lorentz mechanics to quantum mechanics. 

Answer: As seen in the answer to the previous question, Lorentz mechanics was de- 
veloped to address the limitations of classical mechanics with regard to high speed,|?* 
while quantum mechanics was developed to address the limitations of classical mechan- 
ics with regard to small size. Accordingly, Lorentz mechanics was originally developed 
to address certain issues in classical mechanics, but Lorentz mechanics was not orig- 
inally developed to address certain issues in quantum mechanics. Consequently, the 
relation between Lorentz mechanics and classical mechanics is the relation between a 
general (or extended) theory and a special (or restricted) theory, while the relation be- 
tween Lorentz mechanics and quantum mechanics is the relation between two different 
theories that have common elements where these two theories meet in investigating 
small objects moving at high speeds. 


. Discuss the relation between the special theory of relativity (as a representative of 


Lorentz mechanics) and the general theory of relativity. 

Answer: This issue is controversial where some scholars claim that special relativity 
is a special or limiting case for general relativity while others claim that the two theo- 
ries are totally different and the only common feature between them is the “relativity” 
label which could be somewhat arbitrary. Our belief is that the latter opinion is more 
substantiated because of the following reasons: 

e The subjects of the two theories are very different. While special relativity is a theory 
of inertial frames,?° general relativity is a theory of gravitation and hence the distinc- 


[28] This, in a sense, should also include the limitation of classical physics to deal with electromagnetism. 
[29] We could say more accurately that Lorentz mechanics, as represented by special relativity, is essentially 


a theory of the mechanics of motion as seen from inertial frames where the transformations of space 
coordinates and time are the focus of the investigation since these transformations underlie the whole 
physics of motion in its wide sense and mechanics in general and even to the more extended subject 
of physics which includes for example electromagnetism due to the fact that the concepts of time and 
space and their transformations are fundamental ideas with far reaching consequences in all branches 
of physics. 
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tion between the two is obvious. Inertial frames cannot be a special case of gravity. 
Such a claim may be based on the equivalence principle where acceleration and gravi- 
tation are alleged to be equivalent. However, this principle may be contested; moreover 
there are restrictions on its validity and application. In fact, this principle is more of 
an assumption (or axiom or postulate) than an established fact. 

e The two theories have different sets of postulates, axioms and principles. 

e The formalism of the two theories is completely different. No one has shown that the 
formalism of special relativity (in the form of Lorentz spacetime coordinate transfor- 
mations and their derived consequences) can be obtained from the formalism of general 
relativity (in the form of field equations) as a special or limiting case as it is the case 
with classical mechanics in its relation to Lorentz mechanics where the formalism of 
the latter converges to the formalism of the former at low speeds (see § 4.5). 

e The formulation of the two theories in terms of the geometry of spacetime manifold 
where this manifold is considered flat in special relativity and curved in general relativ- 
ity (and hence the spacetime of special relativity is a special case to the spacetime of 
general relativity or the spacetime of general relativity is locally flat) is not sufficient to 
make special relativity a special case or an approximation to general relativity. What 
is required for being so is having similar domain of applicability and formalism. 


. Discuss the following statement about the equivalence principle: “According to the 


equivalence principle of general relativity, there is no experiment conducted in a small 
confined space that can distinguish between a uniform gravitational field and an equiv- 
alent uniform acceleration”. 

Answer: We note the following restrictions: 

e Small confined space (what about large open space?). 

e Uniform gravitational field (what about non-uniform gravitational field’). 

e Uniform acceleration (what about non-uniform acceleration’). 

Other extensions and generalizations of the equivalence principle can be similarly ques- 
tioned. 


3.2 Restrictions and Conditions on Lorentz Mechanics 


t 


What we mean by “speed” when we say: classical mechanics is a good approximation 
at low speeds? Also what we mean by “low”? 
Answer: As explained before, the “speed” in this context means the relative speed 


between the frame of the observer and the frame of another observer or of the observed 


phenomenon, as symbolized typically by v in the expression of 6 and y (ie. 8 = 2 
=. 1 [30] 1 6 ” . spas 
and ¥ Sop” while “low” means very small fraction of the characteristic speed 


[301 Tn fact, v in the expression of 8 and ¥ is the main parameter, but not the only parameter, of speed 


in Lorentz mechanics as we will see in the discussion of velocity transformation and composition. 
In brief, for the validity of classical mechanics as a good approximation to Lorentz mechanics, the 
combined effect of any speed factor or factors that distinguish the formalism of Lorentz mechanics 
from the formalism of classical mechanics should become negligible compared to c and hence the 
Lorentz formulation will practically reduce to the classical formulation. 
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of light (i.e. uv < c) that virtually makes 6 ~ 0 and y ~ 1 for the intended purpose 
and this depends on the case and context. So, low speeds in one case or context could 
mean v < 0.05c while in another case or context it could mean v < 0.1c. 

2. Explain how the reduction of the Lorentzian formulation to the classical formulation 
at low speeds can be used as a validation test for the derived formulation of Lorentz 
mechanics. 

Answer: As discussed earlier, all the formulae of Lorentz mechanics should reduce to 
the formulae of classical mechanics when 3 tends to zero which is equivalent to very low 
speed v compared to c (i.e. u<c). Accordingly, this can be used as a test to validate 
the formalism of Lorentz mechanics where all the principal and subsidiary formulae of 
Lorentz mechanics should be validated by complying with this criterion, and hence any 
Lorentzian formula that does not pass this test should be rejected. This is based on the 
fact that classical mechanics is a trustworthy physical theory that has passed many tests 
in its domain of validity and hence if the postulated or derived Lorentz formulation is 
correct, it should converge to the classical mechanical limit at low speeds (i.e. v < c). 

3. Analyze the expression that is used by some authors that classical mechanics is a good 

approximation to Lorentz mechanics (labeled as special relativity) when c tends to 
infinity. 
Answer: This expression should not be understood literally. In fact, 1 << cand c > oo 
are totally different conditions. What these authors mean is that if we consider c as 
infinite compared to our speed v (because the value of c is very large in comparison to 
the value of v) then classical mechanics is a good approximation to Lorentz mechanics. 
This is no more than another expression (which maybe distorted) for the condition that 
v <c (or 8 +0 and 7 = 1) and hence it should not be understood literally. We should 
also express our reservation on the use of c in this context since c should be used as a 
symbol for the characteristic speed of light which is a constant and hence c + oo seems 
meaningless. 

4. Assess the “sacred” rule of modern physics that c is a speed restricted to light and it is 
the ultimate speed for any physical object. 

Answer: The proclaimed generality of this rule is based on the special relativity theory 
and its epistemological framework. This sacred rule is based on the sacred state of 
light in this theory. However, if the speed of light (although at a lower value than 
c) can be reached and exceeded in material media (which no one seems to dispute) 
then there is nothing in principle that prevents this from happening in free space. 
The current formulation of Lorentz mechanics that is restricted in its validity to this 
condition does not mean this is a universal fact but it means this is a condition that 
should be observed within the domain of validity of this mechanics and according to 
its current formulation.24] So, outside the domain of validity of Lorentz mechanics or 
under certain extensions and modifications to this mechanics that could take place in 


[31] Hence, we may say: this is a restriction on the current formalism rather than the speed, i.e. the current 
formalism is not valid beyond this restriction (due to a deficiency in this formalism) but the physical 
speeds beyond this restriction are not necessarily impossible. Accordingly, this restriction can be lifted 
by an extended or novel theory. 


3.3 Space Coordination yw: 


the future, it may be possible to reach and even exceed the characteristic speed of light c 
by some physical entities. In brief, having physical speeds v > c should not be excluded 
automatically and dogmatically because of the requirement of a particular theory and 
its epistemological framework or because of the restriction on the Lorentz factor in the 
current formulation of Lorentz mechanics which can be lifted or modified in the future. 


3.3 Space Coordination 


1 


Why space coordination is necessary in mechanics? 

Answer: Because mechanics is essentially the science of describing motion and follow- 
ing its development in space and time. So, a coordinate system is needed to identify 
the trajectory of motion and describe the development of physical phenomena in space 
and time. 


. List the main requirements of a coordinate system. What is the purpose of these 


requirements? 

Answer: The main requirements are: 

e The number of coordinates of the system should be equal to the number of dimensions 
of the space. 

e The coordinates should be mutually independent. 

The purpose of these requirements is to ensure that the employed space coordination 
is thorough and unique so that each point in the space is uniquely identified by a 
single set of coordinates, i.e. no point has no identification, no point has more than 
one identification, and each identification belongs to a single point and hence it is not 
shared with another point. 


. What will happen if the requirements of the previous question are violated? 


Answer: We investigate in the following points what will happen in the main cases of 
violation: 

e If the number of coordinates is less than the number of dimensions of the space then 
the coordination will not be thorough, i.e. the coordination will identify a subspace of 
the space rather than the whole space. 

e If the number of coordinates is equal to the number of dimensions of the space but 
these coordinates are not mutually independent then this will be equivalent to the 
previous case and hence the coordination will not be thorough. 

e If the number of coordinates is more than the number of dimensions of the space and 
these coordinates are mutually independent then we will have redundant coordinates 
that belong to a super-space and hence the coordination is not unique since each point 
in the space will have more than one set of coordinates due to the presence of extra 
coordinates which are free parameters. For example, if we employ three mutually 
independent coordinates in the coordination of the xy plane then the third coordinate 
is a free parameter and hence each point in the plane will be given the identification 
(x,y, Zz) with z being a free parameter that can take multiple values. 

e If the number of coordinates is more than the number of dimensions of the space 
and these coordinates are not mutually independent then this could result in having 
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non-unique identification, or redundancy in the set of coordinates, or even having non- 
thorough coordination. 


. What are the advantages of using rectangular Cartesian coordinate systems in space 


coordination? 

Answer: The main advantages of using rectangular Cartesian coordinate systems in 
space coordination are: 

e They are intuitive and hence they are easy to understand and manage. 

e They usually result in more simple mathematical formulation and manipulation. 


. What is the justification of the common use of rectangular Cartesian coordinate systems 


in the setting and formulation of Lorentz mechanics? 

Answer: The justification is that the space of Lorentz mechanics is flat and hence 
the rectangular Cartesian coordinate systems, which are intuitive and easy to use, are 
sufficient for achieving the required objectives. 


3.4 Time Measurement and Synchronization 


t. 


Try to make a deep analysis and criticism to the concept of synchronization. 

Answer: The definition of synchronization is, in fact, rather ambiguous and may 
even be circular. When we say “read the same time at any instant” what we mean 
by this particular instant as long as the observer in practice cannot be present in 
more than one location at any “given instant”? We believe this is deeply based on 
a hypothetical “global observer” who can observe all the times at all the points of 
space simultaneously. This may also necessitate not only the concept of global or 
universal time in the frame but even the concept of absolute time across all frames. 
No synchronization procedure can break the barrier of the confined presence of any 
real observer to make the time universal so that the synchronization concept becomes 
sensible and unambiguous. Anyway, we can regard these synchronization procedures 
as conventions for the definition of the concept of synchronization which accordingly 
is another convention that relies on a number of assumptions most of which are of 
philosophical rather than scientific nature. The reader can contemplate more about 
these issues which are fundamental to philosophy and science. 


. Discuss the validity of the first method of time synchronization in classical mechanics 


and in Lorentz mechanics. 

Answer: In classical mechanics, time flow is independent of the motion of the frame 
and hence all we need to ensure is that the time counting mechanism of the clock is not 
affected inadvertently by the motion (whether uniform or accelerated) due for example 
to mechanical vibration. We should also presume other assumptions such as the time 
counting mechanism of the clock is independent of the location in space (due for example 
to different ambient physical conditions) and the time counting mechanism of all clocks 
counts at the same rate. All these assumptions (whose essence is the uniformity of time 
counting) should be obvious and acceptable in classical mechanics and in general. The 
method should also need to be based on assuming that the synchronization procedure 
belongs to an inertial frame where the laws of physics (which are needed to justify and 
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validate the synchronization procedure) are known to apply.!! 

Regarding Lorentz mechanics, the time in a given frame is potentially dependent on 
the movement of the frame regardless of the nature of this movement (e.g. relative to 
an absolute frame or relative to the frame of observation) and regardless of the nature 
of time dilation effect (e.g. real or apparent and in what sense). Accordingly, the first 
time synchronization method may seem difficult to justify. Yes, if we assume that the 
time counting mechanism is independent of the flow of time in the frame of mechanism 
and it can be fully controlled regardless of uniform and accelerated motion then this 
method can be justified. However, the common opinion is that all the physical processes 
(including all types of time counting mechanism) will follow the flow of time and hence 
they will slow down by the same rate of the time dilation effect. This means that it is 
not possible to find a physical process whose physical clock is independent of time flow 
where this process can be used in a time counting mechanism that universally applies to 
all clocks in the frame with the master clock at the origin of coordinates (which will stay 
at rest) providing a universal reference clock over the whole frame and for all clocks. 
But in our view it is still possible to regulate this physical clock (i.e. non-master) in a 
way to make it read time in a “wrong” way (e.g. by regulating its counting rate to be 
correlated with its speed) so that it always reads an “apparent” time that keeps in pace 
with the master clock, which is at rest, rather than with the time of the moving frame. 
In brief, as long as we can assume that we can find a clock that can keep in pace with 
the time of a frame other than its own frame, the first method of time synchronization 
should also be valid in Lorentz mechanics. We believe that even if regulating the time 
rate of basic physical processes (like atomic transitions in what we can call intrinsic 
time) to be out of pace with the time of the frame is impossible, it is possible to create 
and use synthetic (or composite) time counting mechanisms (like the mechanisms used 
in ordinary clocks) that can run out of pace with the time of the frame. This should be 
obvious when we see that it is easy for us to make a clock that runs twice the rate of 
ordinary clocks which “accurately” measure time flow. Such a synthetic mechanism can 
then be easily automated and regulated to have a count rate that potentially depends 
on the speed of the frame relative to the rest frame of the master clock so that both 
clocks will remain synchronized during the motion.!3! We should also note that not 
all fundamental physical processes should necessarily be affected by motion unless they 
depend on or correlated to the concept! that is used for defining, calibrating and 
measuring time, as indicated before and will be discussed further next.2*l 


(321To be more accurate and general, the condition should be: “the laws on which the synchronization 
procedure is based are known to apply in the synchronized frame” regardless of being inertial or not. 
However, in Lorentz mechanics inertial frames is the focus of interest and this should justify the 
restriction to inertial frames. 

331Tn fact, the purpose of this potential dependency of the counting mechanism on speed is to correct 
for the dependency of the time flow in the frame of mechanism on speed so that the mechanism will 
ultimately become independent of speed. 

34l This concept (according to Lorentz mechanics) is the speed of light. 

[35] We should remark that creating a faulty clock that follows the time flow of another frame is easy to 
imagine if the synchronized clock is adjusted continuously (manually or automatically) to be in pace 
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3. Make a more fundamental distinction between the physical processes whose time rate 

should be intrinsically affected by the motion and those which should not. 
Answer: Logically, the time rate of any physical process that is based on or related 
to the physical concept that is used to define, calibrate and measure time should be 
intrinsically affected by the process of the defining concept, while the other physical 
processes should not. Now, since the definition, calibration and measurement of time 
(and space) in Lorentz mechanics are based on the speed of light, then the time rate 
of any physical process that is based on or related to the speed of light should be 
intrinsically affected by the motion (since motion affects time flow according to the 
defining concept of Lorentz mechanics), while the other physical processes should not. 
Accordingly, even the basic physical processes (let alone synthetic processes) that are 
not based on or related to the defining concept should not be affected by the factors 
that affect the process of the defining concept. 

4. Apart from the universality of the speed of the employed signal within the given frame, 

there is another fundamental condition for the validity of the Poincare synchronization 
procedure. What is this? 
Answer: It is the inertiality of the synchronized frame (i.e. being inertial) since non- 
inertial frames are not guaranteed to follow the rules of physics which the synchroniza- 
tion procedure is based upon. In fact, this condition should apply to any synchronization 
procedure not only to Poincare procedure since any procedure is based on a number 
of laws and principles of physics that are needed to validate the procedure within the 
framework of the given mechanics. 

5. Discuss if the invariance of the speed of light across all inertial frames (i.e. the second 
postulate of special relativity) is needed in the Poincare time synchronization procedure. 
Answer: The second postulate of special relativity is not required for the validity of 
the Poincare time synchronization procedure. What is needed is the universality? of 
the speed of light all over the given frame. Hence, even if the speed of light is frame 
dependent (i.e. not invariant across frames), the procedure is still valid as long as the 
speed of light is universal in each frame although it is not invariant across different 
frames.8"1 Accordingly, light has no special status or particular significance in the 
Poincare procedure and hence any type of synchronization signal (e.g. sound) can be 


with the clocks of another frame that is in relative motion with the frame of the synchronized clock 
(e.g. by continuously watching the clocks in the other frame and updating the synchronized clock 
accordingly). However, although this may be useful for demonstrating the possibility of creating such 
a faulty clock, it may not be useful for the purpose of synchronization since the clocks in the other 
frame should already be synchronized and hence we need a prime synchronization method that does 
not depend on a preceding synchronization procedure. 

36] Universality here means invariance (or constancy) of speed over a given frame (i.e. being independent 
of direction, location, time, etc.). We prefer to use universality instead of invariance to distinguish it 
from the invariance across different frames and hence avoid possible confusion. 

371 This may be envisaged, for example, in a classical projectile propagation model (not classical wave 
propagation model) with the validity of the Galilean transformations where the speed of light is uni- 
versal in each frame (since it takes its characteristic value due to the relative rest. between the clocks) 
although it varies across different frames since it transforms by the Galilean transformations. 
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used in this procedure as long as the condition of the universality of speed over the 
given frame and the condition of being in an inertial frame are satisfied. In fact, even 
the condition of universality of speed over the given frame is not needed if we assume 
that a correction mechanism, for the dependency on direction for example, can be found 
to account for the dependency of speed in the given frame. 

6. Assess a Poincare-like time synchronization procedure that is based on the use of sound, 

instead of light, where the source of sound is in the rest frame of the medium of prop- 
agation, e.g. air or water. 
Answer: Since the source of sound (i.e. the master clock at the origin of coordinates) 
is at rest with respect to the medium of propagation (which should also be at rest with 
respect to this coordinate system), then there should be no direction dependency (at 
least due to the motion of medium) of the speed of synchronization signal and hence 
the procedure should be as valid as the procedure that is based on using light signal. 
Obviously, the other assumptions about the constancy of the speed of the synchroniza- 
tion signal over the whole frame regardless of location, time, etc.*! similarly apply for 
the same reasons. The condition of being in an inertial frame should also be assumed 
in this synchronization procedure to ensure that the laws of physics that underlie the 
synchronization procedure hold true in the synchronized frame. 

7. Is the Poincare method of synchronization proprietary to Lorentz mechanics or it can 
also be used in classical mechanics? 

Answer: As long as the above conditions of universality of speed and inertiality of 
frame are met, the method is valid in classical mechanics as in Lorentz mechanics and 
hence it is not proprietary to Lorentz mechanics. 

8. Discuss the validity of the Poincare time synchronization procedure according to clas- 
sical mechanics. 

Answer: If we adopt the view of classical mechanics that the characteristic speed of 
light c belongs to a privileged frame (whether absolute space or ether) then in any frame 
that is not at rest with respect to the absolute frame the speed of light will be depen- 
dent on the direction of propagation and hence the condition of universality of speed 
will be violated.!“°! Yes, a modified version of this procedure in which the dependence 
on direction is taken in the calculation of the offset time can still be used although it 
will be more complicated and may be practically prohibitive even if it is fundamentally 
viable. 

We should remark that the proposition of this time synchronization method by Poincare 


[38] This should also include potential direction dependency due to factors other than the motion of medium 
such as the presence of external fields or inhomogeneity or anisotropy of medium. 

39] As indicated before, the important thing is that the laws which the synchronization procedure depends 
upon are guaranteed to hold in the synchronized frame. Being inertial is simply inline with the fact 
that we are dealing with Lorentz mechanics where the frames should be inertial and hence the laws 
are required to hold in inertial frames. 

[40] As indicated earlier, this applies for a classical wave model for the propagation of light (and this should 
be inferred from “privileged frame”). Accordingly the Poincare time synchronization procedure should 
be classically valid if we adopt a projectile propagation model because the source and receiver are in 
relative rest. 
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10. 


should suggest his rejection to the classical Galilean models for the propagation of 
light! and this (among other indications that we suggested earlier) could be the ori- 
gin and basis for the second postulate of special relativity (although the procedure in 
itself does not require this postulate according to our analysis and consideration of 
various propagation models). 


. A clock that is at r, = (0.la, —1.3a,8.4a) where a = 3 x 10° is to be synchronized by 


the Poincare procedure. If the master clock is at rj, = (—0.35a, 3.4a,0.4a) what is the 
offset time of the clock assuming that the speed of light in that frame is c. 
Answer: The distance d between the two clocks is given by: 


d= (An)? + (Ay)? + (Az)? 


= ay/(0.1 + 0.35)? + (-1.3 — 3.4)? + (8.4- 0.4)? 
~ 9.28944 


Hence, the offset time should be: 


At = — ~ 9.28945 


ola 


What sort of symmetry the offset time of clocks in the Poincare procedure should have? 
Also, where is the location of the center of symmetry? 

Answer: The offset time of the clocks should have spherical symmetry centered at the 
master clock because it is assumed that the light speed is the same in all directions 
and hence the light signal, which is emitted by the master clock, will reach at the same 
time to all the points on the surface of any sphere of a given radius with that center. 
This situation of spherical symmetry will be violated if the speed is not the same in 
all directions and hence a modified version of the Poincare procedure, that is based on 
using a method to correct for direction-dependency, is employed. 


3.5 Calibration of Space and Time Measurement 


3.6 Reference Frame 


3.6.1 Construction of Reference Frame 


t. 


Describe in detail how to construct a simple and tidy frame of reference using the 
Poincare synchronization procedure. 

Answer: To construct a frame of reference we follow the following procedure assuming 
that we have access to length- and time-measuring equipment (e.g. measuring sticks 
and clocks): 


[41] At least the wave propagation model; the projectile propagation model can then be excluded because 


it was not considered as a possibility by the overwhelming majority of the scientific community at that 
time due to the overwhelming acceptance of the wave propagation model. 


[42] We should also need equipment to identify directions (or angles) in space. 
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e We start by introducing a 3D rectangular Cartesian coordinate system that envelops 
the whole space. 
e We then introduce to the space a 3D array of clocks positioned equidistantly in each 
one of the three spatial directions. These clocks are normally assumed to be evenly- 
spaced in each direction although the spacing does not need to be the same in all 
directions (e.g. 1 meter spacing in the x-direction, 1.5 meter in the y-direction and 0.75 
meter in the z-direction) or even in any direction. Although being evenly spaced is not a 
necessary condition, it is needed if we want to have a tidy reference frame. These clocks, 
which are initially in a state of stand still, have an automatic initialization mechanism 
that makes them start running as soon as they receive a light signal from the origin of 
coordinates. 431 
e The master clock at the origin of coordinates is set to read zero time (00:00) while 
each one of the other clocks is set to read the time required for a light signal sent from 
the origin of coordinates to reach that clock.!4! 
e A light signal is then sent from the origin of coordinates in all directions with the 
start of the master clock at the origin. As soon as any one of the other clocks receives 
the light signal, it starts running and because of the time offset of that clock, its reading 
will be identical to the reading of the master clock at the origin. Hence, eventually all 
these clocks in this 3D array will read the same time at any instant. 
By following this procedure, we create a reference frame that can be used to assign 
unique and well defined spatial and temporal coordinates to any event that occurs in 
the event space. We can also identify the world line of any object or correlated series 
of events. 

2. Discuss and assess the frame construction procedure that you described in the previous 
exercise. 
Answer: Considering the answer that we provided in the previous exercise, we note 
the following points: 
e The spatial coordinate system of the frame can be non-Cartesian, as well as Carte- 
sian, which is a simple generalization to the above-described procedure. We chose in 
the answer a Cartesian system to have a simple frame. 
e The described construction procedure is based (following the instructions of the previ- 
ous exercise) on using Poincare synchronization method, as discussed in the text. This 
method is the one that is commonly used in the literature of Lorentz mechanics. As 
discussed earlier, the validity of this synchronization method is based on the assump- 
tion of the universality of the speed of light within that frame (or on the assumption of 
viability of employing direction-dependency corrections)!*! and on the assumption of 


[43] The purpose of this elaborate description (as if the construction is a real process) is to have precise and 
tidy concepts and procedures. This should also help in training on organized thinking and developing 
methodical ideas. This may also help in demonstrating the practicality of constructing a reference 
frame and ruling out any doubt or skepticism about its physical sensibility and viability. 

[44] Tn fact, what is really needed is that the clocks are set with the above offset time difference regardless 
of the initial time of the master clock as being zero or not. We also note that the master clock is not 
required to be at the origin of coordinates although this will make the procedure more tidy and simple. 

I45lIn fact, if we follow the above statement (i.e. “each one of the other clocks is set to read the time 
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inertiality of the frame. 
e Other synchronization methods can also be used in the frame construction procedure 
if their working principle is accepted and validated. The construction procedure should 
then be modified to accommodate such changes in the synchronization method. 

3. Explain how an observer can assign spacetime coordinates to events that occur in a 
given frame. 
Answer: With the above-described reference frame (refer to the answers of the previous 
exercises), an observer (whether in that frame or in another frame) can assign spacetime 
coordinates to each event in the given frame by simply recording the spatial coordinates 
of the array point nearest to the event and reading the clock placed at that point. Any 
degree of accuracy can be achieved by employing a sufficiently resolved densely-packed 
array to fulfill the required accuracy. We note that although the observer can be in 
that frame or in another frame, the assigned spacetime coordinates belong to the given 
frame, i.e. not to the frame of the observer unless the observer is in the given frame. 


3.6.2 Inertial and non-Inertial Frames 


1. Define inertial frame in a memorable way. 

Answer: Jnertial frame is a frame of reference in which the law of inertia holds true. 
This definition sheds light on the origin of this label. 

2. Compare between the procedural definition (i.e. the one based on Newton’s laws) and 
the fundamental definition (i.e. the one based on the state of motion relative to absolute 
frame) of inertial frame. 

Answer: Some valid comparison points are: 

e The procedural is purely physical (or scientific) while the fundamental is not so 
because it has epistemological content by referring to the absolute frame.|*4 

e The procedural can be circular or redundant if the objective is to identify the frames 
in which the laws of classical mechanics hold true while the fundamental cannot. 

e The procedural is based on the symptoms while the fundamental is based on the 
cause. 

Accordingly, the procedural may be seen as superior from the perspective of the first 
point while the fundamental may be seen as superior from the perspective of the second 
and third points. 

3. Characterize inertial and non-inertial frames in terms of their velocity and acceleration 
in space. 

Answer: Inertial frames are characterized by having constant translational velocity 
(i.e. constant in magnitude and direction) in space. Accordingly, non-inertial frames 


required for a light signal sent from the origin of coordinates to reach that clock”) then this condition 
is redundant. However, we stated it in this way assuming a simple formula like t, = d/s is used to 
calculate the offset time. This may also apply (partially at least) to the condition of inertiality. 

[46] Tn fact, absolute frame may be defined physically (rather than epistemologically) as the frame that is 
based on the actual distribution of matter and energy in the Universe on astronomical and cosmological 
scales. However, this should be based on actual observational and experimental evidence which may 
be difficult to establish although it should be valid as an approximation at least. 


3.6.2 Inertial and non-Inertial Frames 80 


are characterized by having variable velocity. This may arise because of variation in 
magnitude or in direction or in both. In terms of acceleration, the acceleration of inertial 
frames is zero while the acceleration of non-inertial frames is non-zero. The acceleration 
can be translational or/and rotational where each can be constant or variable. We 
therefore have translational acceleration where the accelerated motion is taking place 
in a fixed direction and rotational acceleration where the accelerated motion is taking 
place with a constant translational speed.!47] We may also have a more general type of 
acceleration where both the magnitude and direction of velocity vary. We note that all 
forms of rotational motion relative to an inertial frame represent a state of acceleration, 
while only non-uniform translational motions represent a state of acceleration. 

4. Assess and criticize the use of concepts like velocity and acceleration in the definition of 

inertial and non-inertial frames where these concepts may require a “master reference 
frame” to which these concepts are referred. 
Answer: From the answer to the previous question, we see that we need an underlying 
spacetime if the definition and characterization of inertial and non-inertial frames should 
have any meaning because having constant or variable velocity or being accelerated or 
non-accelerated requires a space with well defined length scale, time scale and directions 
so that having constant or variable velocity or zero or non-zero acceleration have sensible 
meaning. This leads us to the issue of absolute space and absolute time where the 
physical difference (which is real and observable) between inertial frames that hold 
Newton’s laws and non-inertial frames that do not hold Newton’s laws is difficult to 
explain and justify in the absence of absolute space and absolute time (or absolute 
frame) because real physical effects cannot originate from differences that are based on 
our definitions and conventions where we arbitrarily consider one frame to be inertial 
because it is in uniform motion with respect to an arbitrarily selected frame while we 
arbitrarily consider another frame as non-inertial because it is accelerating with respect 
to an arbitrarily selected frame. In fact, basing our definitions on such arbitrary choices 
should lead to contradictions because the same frame can be inertial and non-inertial 
when it is referred to different frames, and this obviously violates the rules of reality 
and truth. 

5. Show that a frame which is in a state of acceleration relative to a non-inertial frame 
can be inertial or non-inertial and hence its inertiality cannot be easily identified from 
simple observations. Demonstrate this graphically. 

Answer: Let demonstrate this by an example. If one frame O, is moving (say relative 
to absolute space in a 1D motion along the x direction) with an equation of motion 
x, = 10¢ and another frame Op, is moving with an equation of motion x2 = 5t? then they 
are in a state of relative acceleration where the first frame is inertial while the second 
frame is not. But if we have a third frame O3 that is moving with an equation of 
motion x3 = t? then it is in a state of relative acceleration with respect to both O; and 
Oz (since the second time derivative of its velocity is not vanishing while the second 


47] This type of accelerated motion by having constant speed with changing direction is more general than 
rotational motion around a circle or around a regular helix and hence it should be understood in this 
sense. 
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Figure 3: The plot of x versus t for the three frames (O,, O2 and O3) of exercise 5 where 
it is seen that the slopes of O, and O3 relative to the slope of O2 are varying (i.e. time 
dependent) and hence O; and O3 are seen by Op» to be in a state of acceleration although 
O, is inertial while O3 is non-inertial. 


time derivative of the velocity of O,; and O, are both vanishing) and it is obviously 
accelerating or non-inertial. Hence, relative to Og both O; and O3 are accelerating but 
while Oj, is inertial O3 is non-inertial. Accordingly, the frame O2 cannot determine 
by simple observations of the relative motion of O, and O3 the state of these frames 
and if they are inertial or not. This example is graphically demonstrated in Figure 3 
where we see the slopes (which represent the 1D velocity) of the curves of O, and O3 
varying in time relative to the slope of Og and hence both O; and O3 are seen by Op» 
as accelerating frames although O, is inertial while O3 is non-inertial. 

6. Use a graphical argument, similar to the one in the previous exercise, to show that the 

state of inertiality of any frame can be easily identified from simple observations from 
any given inertial frame. 
Answer: In Figure 4, we re-plot Figure 3 where we replace Oj with O, which is an 
inertial frame whose equation of motion is given by x4 = 50t. As we see, the slope of 
O, relative to the slope of O, is constant (since the angle between the tangent vectors 
of two straight lines is constant and hence the tangent of this angle which represents 
the relative velocity is also constant) while the slope of O3 relative to the slope of O4 is 
time-dependent variable. Accordingly, from frame O, (whose observer knows that his 
frame is inertial) the inertiality status of O; and O3 can be easily determined by simple 
observations, i.e. by measuring the relative velocity to see if it is constant or variable. 

7. Show, using a simple non-rigorous argument, that in the definition of inertial frames the 
condition of holding Newton’s first law and the condition of holding all three Newton’s 
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Figure 4: The plot of x versus t for the three frames (O,, O4 and O3) of exercise 6 where 
it is seen that the slope of O, relative to the slope of O, is constant in time and hence O4 
can conclude from simple observations that O, is inertial, while the slope of O3 relative 
to the slope of O, is varying in time and hence O, can conclude from simple observations 
that O3 is non-inertial. 


laws are equivalent. 

Answer: It is obvious that if the three Newton’s laws of motion hold true then Newton’s 
first law should also hold true because it is one of these laws. We need then to show 
that if Newton’s first law holds true then the second and third laws also hold true. So, 
let assume that Newton’s first law holds true in an inertial frame but Newton’s second 
law does not hold true. Now, if we interpret Newton’s second law as a statement of the 
fact that force is a necessary and sufficient condition for accelerated motion then these 
two premises (i.e. “Newton’s first law holds true” and “Newton’s second law does not 
hold true”) are obviously inconsistent because Newton’s first law means that force is 
a necessary and sufficient condition for acceleration and hence in the absence of force 
there is no acceleration (and vice versa) as stated by this law.!48] Regarding Newton’s 
third law, it is less obvious that if Newton’s first law holds true then the third law 
should also hold true. However, we can argue that if we interpret Newton’s second law 
this time as a statement about characterizing the nature of force, then if Newton’s third 
law does not hold true (and hence the symmetry of forces between the two interacting 


[48] We note that the premise “force is a necessary and sufficient condition for accelerated motion” which is 
attributed to both Newton’s first and second laws does not mean that the two laws are the same since 
the second law is distinguished by the quantification of force and its relation to momentum where this 
quantification is not involved in this comparison between the two laws. However, this could be a valid 
challenge to this argument. 
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objects is broken) then the force as characterized by Newton’s second law is not well 
defined and this means a violation to Newton’s second law as a law.'*9! Now, since 
Newton’s first law is a special case of Newton’s second law then this also implies a 
violation to Newton’s first law.°! Hence we cannot have a situation in which Newton’s 
first law holds true but Newton’s second law or third law does not hold true. We 
should emphasize that this argument is provided for pedagogical purposes and hence it 
is not rigorous or conclusive and can be easily challenged. Anyway, the implication of 
Newton’s first law to Newton’s second and third laws can be established as an empirical 
fact based on experiment and observation, i.e. any frame in which Newton’s first law 
is observed to hold true Newton’s second and third laws are also observed to hold true. 
8. A camera is installed on a rotating platform, and another camera is installed on the 
ground. Assess how the two cameras will record the events that occur in their sur- 
roundings. 
Answer: The camera on the ground represents the eye of an inertial observer (where 
the Earth approximates an inertial frame) while the camera on the rotating platform 
represents the eye of a non-inertial observer. For example, a ball moving freely on a 
flat ground will be seen by the platform camera in a state of accelerated motion (since 
it follows a curved path) but with no external force, while it will be seen by the ground 
camera in a state of uniform motion. Accordingly, Newton’s laws are seen invalid by 
the platform camera and valid by the ground camera. 


3.6.3. Difference between Inertial and non-Inertial Frames 


1. Discuss the necessity for the existence of an absolute frame for the reality of the physical 
difference between uniformly moving frames and accelerating frames as being inertial 
and non-inertial. 

Answer: From observing the physical world, we see that we have two categories of 
reference frames: a category in which Newton’s laws hold and another category in 
which these laws do not hold. We also see that all the frames in the first category 
are characterized by being in a state of uniform motion relative to each other while all 
the frames in the second category are characterized by being in a state of acceleration 
with respect to the frames in the first category. As the frames in each category vary in 
all aspects, and hence from conventional viewpoint they are not distinguished from the 
frames in the other category more than they are distinguished from each other, then the 
only logical explanation is that the frames in the first category are in a state of uniform 
motion with respect to an absolute frame (and hence they are in uniform motion with 
respect to each other) while the frames in the second category are accelerating with 
respect to this absolute frame (and hence they are accelerating with respect to the 
frames in the first category) and that is why the two categories differ and the difference 


[491 This part of the argument may also be established tentatively by the link between the second and 
third laws and the conservation of momentum as an established fact although this logic may also be 
challenged. 

[50] This can also be challenged. 
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in their physical characteristics is real. 


. Discuss the suggestion that what discriminates between inertial and non-inertial frames 


is not the existence of absolute space (or rather absolute frame) but the actual large 
scale distribution of matter and energy in our space that produces these different effects 
and makes some frames behave as inertial while others as non-inertial. 

Answer: In our view, this does not make any real difference. The suggestion should 
be regarded as a diversion from the important physical question to a distracting philo- 
sophical contemplation. What we mean by absolute space (or absolute frame) is the 
space that we live in, i.e. the space of the physical world whose laws and rules are the 
primary interest for science. Whether the properties of this space arise because of the 
intrinsic nature of this space or because of the large scale distribution of matter and 
energy inside this space is irrelevant. What is important to physics is the actual 
space (not an abstract hypothetical space) and its ability to provide an absolute frame 
of reference to justify the physical difference between inertial and non-inertial frames 
which is real and observable. 


3.7 Causal Relations 


t, 


Assess Newton’s law of gravitation and Coulomb’s law of electrostatic force in the light 
of the concept of action at a distance. 

Answer: Despite the criticism to these laws that they presume or imply action at 
a distance, since the speed of communication between masses or charges should be 
infinite in the absence of any temporal parameter in the equations of these laws, they 
are not so. In fact, they principally can represent steady state situations following a 
communication during transient states. They can also represent interaction between 
objects that are separated by rather short distances so practically all communications 
appear as if the speed of signals is infinite. It is obvious that in our answer we are 
assuming that such communications by signals of finite speed are required to establish 
causal relations to avoid the allegedly impossible action at a distance. We note that 
this issue should also be linked to other issues, like the issue of quantum non-locality 
which is a controversial issue that is thoroughly investigated in quantum mechanics, 
and hence the alleged impossibility of the presumed “action at a distance” should not 
be considered an undisputed fact. 


. Based on the nature of causal relations, what is the relation between two simultaneous 


events? 

Answer: If we rule out the possibility of action at a distance, then two simultaneous 
events (refer to § 1.3 for definition) cannot be linked by a causal relation unless they 
are at the same location in space (i.e. they are co-positional as well and hence they are 
identical) because no signal can have an infinite speed so that it communicates between 
the two events in a zero time duration.!?! 


[51] This should be true at least from a practical viewpoint because our space cannot be stripped of mater 


and energy. 


[52] As indicated earlier, we need to sensibly envisage the type of communication signal (if it is needed at 
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3.8 Speed of Light 


1. Discuss and assess the main possibilities about the speed of light in inertial frames of 
reference. 
Answer: There are several possibilities for the speed of light in inertial frames which 
are the domain of Lorentz mechanics: 
e The characteristic speed of light c belongs to a privileged absolute frame (say the 
absolute space or ether frame) and hence the observed speed of light for any inertial 
observer will be c+v where v is the speed of the observer relative to the absolute 
frame and where + signs are chosen according to whether c and v are in the same 
direction or in opposite directions, i.e. c+ vu if the observer is moving towards the 
source of light and c — v if the observer is moving away from the source of light. This 
possibility, which follows the model of material waves in classical mechanics, is generally 
(but not necessarily) based on the ether theory which assumes the existence of ether 
as a propagation medium for light whose frame may be identified with the frame of 
absolute space. 
e The characteristic speed of light c is relative to its source and hence the observed 
speed of light for any inertial observer depends on the relative motion between the 
source and observer, i.e. the speed of light as measured by an observer moving with a 
speed v relative to the source is c+ v where +/— is used when the observer is moving 
towards /away from the source. Although this possibility, which treats light like material 
projectiles in classical mechanics (refer to § 1.13.1), does not need to assume an absolute 
frame, it is not based on denying the existence of absolute frame and hence it is neutral 
towards the possibility of the existence of an absolute frame. 
e The speed of light is frame independent and hence the observed speed of light takes 
the characteristic value c in all inertial frames, i.e. it is absolute and equally applies 
to all inertial observers. Now, although this possibility is normally associated with the 
theory of special relativity that denies the existence of absolute frame, the denial of 
the existence of absolute frame is not a logical requirement for this possibility. In fact, 
this potentially depends on the interpretation of being “universal” and “the same in all 
inertial frames” and whether this is real or apparent for example. So, if we interpret this 
universality in a certain sense then this can be consistent with the existence of absolute 
frame while it may not be so according to another interpretation (refer for example to 
§ 1.6 and § 11). 
We note that while the first two possibilities are consistent with the Galilean rule of 
velocity composition (although the interpretation of v differs in these possibilities), 
the third possibility is not. Accordingly, the first two possibilities should apply only 
within the framework of classical mechanics while the third possibility applies within 
the framework of Lorentz mechanics. We would like to emphasize on the fact that while 
the first possibility logically implies the existence of absolute frame, since it is based on 
the existence of such a frame, the second and third possibilities are logically consistent 


all) when the events are co-positional or identical. This may cast a shadow at least on the generality 
of the requirement of communication signal for establishing causal relations. 
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with both choices, i.e. existence and non-existence of absolute frame.>*) 


3.8.1 Speed of Light as Restricted and Ultimate Speed 


1. Summarize the stand of special relativity about the limits and restrictions on the speed 


of physical objects. 

Answer: According to special relativity, no massive object can reach or exceed the 
characteristic speed of light c. Moreover, all massless objects, such as light and other 
forms of electromagnetic radiation, must travel at this characteristic speed c. 

. Why we insist on the claim that reaching and exceeding the characteristic speed of light 
c is possible in principle if it is denied by the formalism of Lorentz mechanics? 
Answer: Our view about allowing this possibility despite the apparent clash with the 
current formalism of Lorentz mechanics is justified in part by the many claims of ob- 
serving superluminal speeds in experimental and astronomical studies and these claims 
should be given the opportunity for in-depth examination. Our view is more justified 
with regard to non-inertial frames where there is no restriction from the formalism of 
Lorentz mechanics due to the invalidity of this mechanics in these frames and hence its 
restrictions do not apply. 

. What are the main restrictions that should be imposed on the claim that no massive 
object can reach or exceed the speed of light? 

Answer: The following restrictions should be imposed on this claim: 

e This claim, if established, applies only to free space. Accordingly, massive particles 
can travel faster than light in material media such as water, and this is the basis for 
some interesting physical phenomena such as Cherenkov radiation. 

e This claim, if established, is within the domain of Lorentz mechanics, and hence it 
applies only to inertial frames. Any extension to non-inertial frames requires further 
evidence. 

e Even within the domain of Lorentz mechanics, this claim, if established, should be 
restricted to the current formalism of Lorentz mechanics. This is because the estab- 
lishment of this claim within the domain of Lorentz mechanics by the above arguments 
(e.g. singularity of Lorentz factor when v = c or becoming imaginary when v > c) or 
any similar arguments does not necessarily mean the establishment of this claim as an 
absolute fact because Lorentz mechanics can be a special theory that can represent a 
limiting or special case for a more general theory that can be developed in the future. In 
brief, we should allow for the possibility that Lorenz mechanics in its current formalism 
can be a restricted theory or an approximation to a more general theory as we found 
in the past that classical mechanics (which was once believed to be a general and final 
theory before the collapse of this belief with the emergence of modern physics) is not a 
general theory. 

. Explain how the lateral speed of light can exceed the constant c. 

Answer: Let have a rotating light beam where the light source is at the center of a 
circular screen that surrounds the light source (refer to Figure 5). The lateral speed of 


[53] However, the interpretation of the third possibility may casually introduce a logical inconsistency. 
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Figure 5: A light source LS at the center of a circular screen CS with radius r where the 
source is rotating at angular speed w and casting a light beam LB on the screen (in fact 
the beam LB should not be straight but it is drawn straight for simplicity). 


the projection of the light beam on the screen is given by: 
v=wur 


where w is the angular speed of the light source and r is the radius of the screen. Now, 
if we want v to be superluminal (i.e. v > c) then the following condition should apply: 


wr >c => Ww > - 
For example, if the radius r is numerically equal to 0.01c then the angular speed should 
be w > 100 (i.e. about 16 revolutions per second) which is a mechanically viable speed 
(also see § 10.4). 

5. It has been shown in the literature of special relativity that the speed restrictions are 
required for preserving causal relations between events. Can this be regarded as a proof 
for these restrictions? ‘I 
Answer: No. Assuming that all the technicalities of this “proof” are correct (some of 
which at least are certainly arguable especially those based on graphic demonstrations 
like light cone), it is based in the first place on the theoretical framework of Lorentz 
mechanics and hence within another theoretical framework (as a result of amendment 
or replacement of the current formalism of Lorentz mechanics) and outside its validity 


[541 Tt is claimed in the literature of special relativity that the desire to preserve causal relations is the 
basis for c being regarded as an ultimate speed. 
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domain it is quite possible for these restrictions to be lifted. We also note that it may 
be claimed that the formalism of Lorentz mechanics is based on the speed of light and 
hence even if these restrictions are established (by this argument or another argument) 
they should be related to this speed and not to any other speed of physical objects 
especially massless objects. More fundamentally, the premise that causal relations 
must be established by communicating physical signals that are subject to the speed 
restrictions of special relativity can be challenged (see § 3.7). The reader is referred, 
for example, to the literature of quantum mechanics about non-local reality of some 
quantum phenomena. 


3.8.2 Measuring the Speed of Light 


1. Assess the methods of one-way and two-way measurement of the speed of light consid- 

ering the issue of possible dependency of this speed on direction. 
Answer: For the one-way methods (if assumed possible), the measurement can be con- 
ducted in one way then the other way and hence a conclusion about the dependency of 
the speed of light on direction, which is a direct test to the frame dependency and the 
Galilean composition rule, can be reached. This may seem impossible in the two-way 
methods where only the average speed in the two directions can be measured. How- 
ever, the potential dependency on direction can still be examined by rotating the device 
similar to the procedure of the Michelson-Morley experiment (refer to § 2.6 and § 12.2) 
although we do not need to have interference between two beams. In fact, even the 
nature of the orientation dependency, the orientation of the relative speed and the value 
of the relative speed (assuming it is constant) can be concluded from examining the de- 
pendency of speed in different orientations if we follow the method of Michelson-Morley 
experiment and accept the working principles of its analysis (refer to the next exercise) 
which include adopting a wave propagation model (and hence a different approach is 
needed if a projectile propagation model, for example, is assumed). 

2. A scientist is trying to measure the “ether wind” that is caused by the Earth movement in 
space. He uses a device that measures the time of flight of light in different orientations 
by rotating the device and recording the time as a function of orientation. The device 
simply measures the time of the two-way trip of light over a length LZ = 15 meter in 
its forward-backward journey. The scientist observed a maximum two-way trip time of 
1.0001 x 10~" second in the east-west orientation and a minimum two-way trip time of 
1.00005 x 10~" second in the north-south orientation. Assume the validity of the Galilean 
velocity composition rule and use the Michelson-Morley analysis method (refer to § 2.6 
and § 12.2) which is based on classical mechanics to infer the speed of the ether wind 
and its orientation according to this method. 

Answer: According to the Michelson-Morley analysis the time of the two-way light 
trip in the parallel orientation to the ether wind is given by: 
L L 2cL QL? 


= = a 
c-v ctv =v Cc 


while the time of the two-way light trip in the perpendicular orientation to the ether 
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wind is given by: 
= 20 _ 2Ly 
= Ve—v c 
Because y > 1, it is obvious that t; > te, and hence the observed maximum time 
corresponds to the parallel orientation and the observed minimum time corresponds to 


the perpendicular orientation. On taking the ratio of t, to tg we obtain: 


<9 

ty 1.0001 x 10 ~ 1.00005 = 7 

tz 1.00005 x 10-7 
and hence the speed of the ether wind is v ~ 0.01c. From the above analysis, the 
maximum time of flight corresponds to the orientation that is parallel to the ether wind 
and hence the ether wind is in the east-west orientation. 
We should remark that this method is based on a classical wave propagation model 
because its objective is to measure the “ether wind”. Hence, if we want to test potential 
direction dependency of the speed of light in general, then we need to have a different 
approach that also considers propagation models other than the classical wave model 
(e.g. projectile model). 


3.9 Spacetime in Lorentz Mechanics 


1. 


Why we are forced to travel in time and only in forward direction but not in space? 
Does this break the symmetry (or equivalence) of the spacetime coordinates and hence 
space and time are still not completely merged in a spacetime manifold (which should 
usually have equivalent dimensions) even in Lorentz mechanics? 

Answer: Yes, even in Lorentz mechanics space and time are rather still distinct and the 
merge of these into spacetime is not complete. For example, we can travel freely in space 
but not in time. Also, we can travel forward and backward in space but we can travel 
only forward in time. This distinction is seen even in the mathematical formulation 
of the spacetime interval and the metric of Minkowski space where the spatial and 
temporal coordinates have opposite signs. We should also note that the merge of space 
and time (although in a lesser extent) can also be seen in classical mechanics where 
the spatial coordinate in the orientation of movement also contains a temporal factor 
according to the Galilean transformations (i.e. x’ = 7 — vt). So, Lorentz mechanics is 
not entirely novel or complete in this regard. 


. Discuss the issue of invariance of ds, dt and do in classical mechanics and in Lorentz 


mechanics and the implication of this on the underlying spaces of these mechanics. 
Answer: As indicated already in the text and will be discussed further later on, while 
ds and dt are separately invariant in classical mechanics but not their mix as represented 
by do, in Lorentz mechanics the opposite is true where do is invariant but not ds or 
dt. This indicates that what underlies classical mechanics is two separate manifolds: a 
1D temporal manifold and a 3D spatial manifold. In contrast, what underlies Lorentz 
mechanics is a single manifold which is the 4D spacetime manifold. This highlights the 
issue of the merge of space and time of classical mechanics into spacetime in Lorentz 
mechanics. 
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3.9.1 Spacetime Diagram and World Line 


1. Define the concept of “event” in spacetime. 

Answer: An event in spacetime is an occurrence that is fully identified by three spatial 
coordinates and one temporal coordinate and hence it is represented by a single point 
in the 4D spacetime manifold (or Minkowski space). 

2. Determine if the coordinates of spacetime, as represented by its “coordinate system”, 
have the same physical dimension or not. 

Answer: Because the convention is to represent the temporal dimension of the space- 
time by ct rather than t, all the coordinates of the spacetime “coordinate system” have 
the same physical dimension which is length. 

3. Plot a simple 2D spacetime diagram on which you draw the world lines of the following 
objects: (a) An object that moves in time but not in space. (b) An object that moves 
in space but not in time. (c) An object that moves in space and in time. (d) An object 
that moves neither in space nor in time. Comment on these objects. 

Answer: A plot may look like Figure 6 where: 

(a) This is represented by the vertical line labeled a. This is physically possible. How- 
ever, it should be impossible (according to the current state of physics) if the arrow is 
reversed and hence the object moves backward in time. 

(b) This is represented by the horizontal line labeled b. This is physically impossible 
(at least within the framework of Lorentz mechanics and the contemporary physics) 
because it requires infinite speed. 

(c) This is represented by the curve labeled c. This is physically possible in some parts 
and impossible in other parts. The parts that do not reach or exceed the speed of light 
or move backward in time should be unanimously physically possible while the other 
parts should be either out of reach of the formalism of Lorentz mechanics or physically 
impossible according to the contemporary theories of physics. This world line will be 
completely (or almost completely) impossible if we reverse the direction of traversing 
this path. 

(d) This is represented by the dot labeled d. This is physically impossible if it represents 
a continuously existing object since it does not move in time although it may represent 
an event that happened at an instant of time. 

Comment: from the results of this exercise, we can observe a fact about spacetime that 
is although Lorentz mechanics succeeded in mingling the space and time into a single 
spacetime manifold, they are still not totally equivalent because of this asymmetric situ- 
ation where we see that an object can “stop” in space (since it has the freedom to choose 
its location) but it cannot “stop” in time since it has no freedom to choose its position 
in time because the flow of time is out of our control. So, even in Lorentz mechanics 
this mingling is not perfect or complete (future and even some current physical theo- 
ries may improve and enhance this mingling). Another demonstration of asymmetry 
between space and time is that we can go in both directions (forward and backward) in 
space but we can only go forward in time; this may be based on the previous asymmetry 
(or it may be equivalent to it). In this regard, we may also note that while contraction 
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Figure 6: A 2D spacetime diagram on which we represent (a) the world line of an object 
that moves in time but not in space (at least in the x direction), (b) the world line of an 
object that moves in space but not in time, (c) the world line of an object that moves in 
space and in time, and (d) the “world line” of an object that moves neither in space nor 
in time. 


of spatial coordinates occurs only in the direction of motion, as we will discuss later, 
contraction of time coordinate occurs regardless of any direction since time is not sup- 
posed to be directional although it can be claimed that any motion should be in the 
direction of the temporal coordinate since any physical occurrence should take place in 
time. 

4. Based on your answer to the previous question, determine if moving at the speed of 
light means stopping in time as claimed by some special relativists. 
Answer: It should not be so (although it may look like this based on the current 
formulation of Lorentz mechanics). The reason should be obvious because the world 
line of a light signal is represented by the straight line x = ct (or x1 = x°) which is not 
a horizontal line and hence as long as there is a change in the space coordinate (which 
is obvious since light is moving in space) there should be a movement in time and hence 
a light signal will be detected at one location at a given time and at a different location 
in a later time. So, an object will stop in time only if it follows a horizontal line (or stay 
on a single point in spacetime which can be considered as a special case of horizontal 
line). However, stopping in time according to the above claim is based on the time 
dilation effect where time seems to stop as the moving object approaches the speed of 
light c. In brief, we should differentiate between the frames (i.e. frame of observer and 
frame of observed) in considering this claimed stopping in time. 

5. Briefly define world line. 
Answer: It is a path or trajectory in the spacetime or it is the representation (by a 
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10. 


jae 


line or curve) of this path on the spacetime diagram. Accordingly, it is a continuous 
series of connected events in spacetime, where each event is represented by a point on 
the world line, or the graphical representation of this series. 


. Describe the world line of a light signal. 


Answer: On a standard 2D spacetime diagram (where the temporal coordinate is 
represented by ct rather than t, the spatial coordinate is represented by x, and the 
length scale on the spatial and temporal axes is identical) the world line of a light signal 
is the straight line that makes an angle of +45° with the x axis. Algebraically, using 
the compact spacetime coordinate notation, this line is represented by the equation: 
x° = +21+C where C is a constant. 


. To which concept in the normal “spatial” space the world line concept corresponds? 


Answer: “World line” concept is the counterpart of the “trajectory” concept in normal 
“spatial” space. So, world line is the “spacetime trajectory” of an object in “spacetime 
space”, like the “spatial trajectory” of an object in “normal space”. 


. What is the world line of a free particle in the Minkowski spacetime? 


Answer: A free particle in the Minkowski spacetime will follow a geodesic path. This 
should be obvious since a free particle will follow a straight path which is a geodesic in 
this Euclidean flat space. We note that being a straight line in a Euclidean space is a 
necessary and sufficient condition for being a geodesic. 


. Compare the world line of a free massive particle with the world line of a light ray. 


Answer: The world line of a free massive particle is a geodesic in the Minkowski 
spacetime manifold, while the world line of a light ray is a null geodesic in the Minkowski 
spacetime manifold. Being a geodesic (in both cases) is justified by the answer of the 
previous question, while being a null geodesic (in the second case) can be inferred from 
the mathematical expression of spacetime interval where the temporal change is equal 
in magnitude and opposite in sign to the spatial change and hence they cancel each 
other resulting in a null interval (see § 3.9.3). 

Compare the concepts of “null geodesic” and “geodesic” in the Minkowski spacetime. 
Answer: In brief, null geodesic is a special case of geodesic in the Minkowski spacetime, 
because a geodesic can be the trajectory of light (and hence it is null) or the trajectory 
of a free massive object (and hence it is not null). 

What is the world line of a massive particle moving under the influence of an external 
force? 

Answer: Under the influence of an external force, a massive particle will move in the 
spacetime along a curve. Hence, its world line is not a geodesic in the flat space of 
Minkowski spacetime. In other terms, the motion under the influence of an external 
force is accelerated and hence the trajectory of the particle in the spacetime is not 
straight, i.e. it is not geodesic. 


3.9.2 Light Cone 


ie 


Make a simple sketch of a 3D (i.e. one temporal and two spatial) light cone diagram 
where the causal relations with the event of interest are considered in the labels: past, 
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Figure 7: A simple sketch of a 3D light cone diagram of a given event V with one temporal 
dimension represented by «°, and two spatial dimensions, represented by x! and x”, where 
causal relations are considered in the labels past, present and future. 


present and future. 

Answer: The required sketch is shown in Figure 7. As a matter of terminology about 
chronological order, all the events in the event space with x° < 0 belong to the past, 
all the events in the event space with x° > 0 belong to the future and all the events 
in the event space with «° = 0 belong to the present. However, only the events inside 
the lower part of the conel®*! can influence V, only the events inside the upper part 
of the cone can be influenced by V and only the events that are co-positional to V 
at the present can influence and be influenced by V. Accordingly, only those parts in 
the event space that can have a causal relation with V are labeled as past, present 
and future. This may be justified by the claim that “past”, “present” and “future” are 
meaningful only from the perspective of a given event and through causal interactions 
which may be considered as definition of these terms inline with the philosophical and 
epistemological framework of special relativity. 

2. What are the main characteristics of the light cone diagram and the relations between 
the events in the event space that are represented by the light cone diagram? 
Answer: The following are some of the characteristics of the light cone diagram and 
the nature of the relations between the events in its event space: 

e The light cone diagram belongs to a specific event V which is at the apex of the cone 
and hence it is meaningless to speak about light cone without specifying an event to 


[55] We note that “inside” in this context should include the surface of the cone if the speed c is viable for 
establishing communication. 
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which the light cone belongs. 
e The light cone itself (ie. the surface of the cone not the diagram) is formed of 
representation of light rays emitted in all spatial directions from the point of origin 
where the event V is located.©5 This can be caused by an event of a light flash set out 
in the event space at x = (0,0,0,0) where V took place with an expanding spherical 
wave front, where the frame of observation is supposed to be inertial. Accordingly, the 
light cone is made of null geodesics in the 4D flat space of Lorentz mechanics with the 
Minkowski spacetime metric (refer to § 6.3). 
e The equation of the surface of the light cone in any inertial frame takes the same 
form, that is:!7 

(2°)? — (x')? — (x)? — (2°)? = 0 
where the labels of the spacetime coordinates may be different, e.g. primed and un- 
primed for primed and unprimed frames. 
e All the events inside the two parts of the light cone are timelike with respect to the 
event of interest V which is at the apex of the cone. All the events outside the two 
parts of the light cone are spacelike with respect to V. All the events on the surface of 
the two parts of the light cone are lightlike with respect to V.®8 
e Causal accessibility can occur only by timelike and lightlike trips because in a space- 
like trip from V to another event V,, for example, where V is supposed to cause Vj, the 
signal will not arrive to the location of V; before the occurrence of V;, since the signal 
cannot exceed the speed of light c, and hence V cannot cause Vj. This is also the case 
when V is supposed to be caused by Vj. 
e The past, present and future in the event space in general are relative to the time of 
the event of interest which is represented by the point at the apex of the light cone. 
However, if causal relations with the event of interest are considered then only those 
parts of the event space which are inside or on the surface of the light cone can be 
described as past, present and future. Accordingly, the null cone divides only the part 
of the spacetime that is contained in the cone or on its surface into three mutually 
exclusive regions: past, present and future (refer to Figure 7) while the part of the 
spacetime that is outside the cone is labeled “elsewhere”. 
e If two events are positioned in one of the three regions (i.e. inside the lower part of 
the cone, or inside the upper part of the cone, or outside the cone) then they can be 
connected by a continuous curve that is totally contained inside that region with no 
common point with the cone. Moreover, if two events are located in the lower /upper 
part, then they can also be connected by a straight line segment that is completely 
contained in the lower/upper part with no common point with the cone. 
e If two events are located in two different regions of the above three regions (i.e. in- 
side lower part, inside upper part, and outside cone) then any continuous curve that 


[56] As indicated earlier, the lower part of the cone is just a reflection in the «° = 0 plane of the upper 
part which represents the actual propagation of this signal in spacetime. 

57I Tf the origin of the frame is not at the apex then a differential form (using A) is required. 

[58] In fact, these labels are usually attached to the trips or intervals that connect V to the points in these 
regions. 
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connects these events must cut the cone in one point at least. 
We should remark that the above characterization of the region outside the light cone 
as being representing events that are causally inaccessible to the event of interest, which 
is at the apex of the light cone, and hence they cannot influence or be influenced by 
that event is a consequence of the assumption that the characteristic speed of light c 
is the ultimate speed, and hence no signal that communicates between two events in 
the spacetime to establish a causal relation between them can travel faster than c. As 
indicated before, this limitation is subject to the limitations on the domain of Lorentz 
mechanics and potential limitations on its current formulation and hence it should 
not be understood as an implicit unconditional acceptance of the proposition that c 
is a restricted and ultimate physical speed. We should also assume the acceptance of 
the premise that causal relations are established by communication signals which are 
subject to the aforementioned speed restrictions. 

3. Outline the two main types of light cone diagram with regard to the number of dimen- 
sions. 
Answer: Any light cone diagram should have a temporal dimension. Moreover, it 
should have at least one spatial dimension and no more than two spatial dimensions 
due to the restriction on the number of dimensions that can be represented on a paper 
or screen (or indeed even on a 3D model if the dimensions of the model are supposed to 
independently represent all the four dimensions of the 4D spacetime). Accordingly, we 
have two main types of light cone diagram: a 2D diagram with one temporal dimension 
and one spatial dimension (i.e. x°x'), and a 3D diagram with one temporal dimension 
and two spatial dimensions (i.e. x°x'x?). In fact, the 2D light cone diagram is just a 
vertical cross section of the 3D light cone diagram created by the plane that contains 
the x° coordinate, i.e. the x°x! plane of the 2°x'x? space. Moreover, labeling the 2D 
diagram as light cone diagram may not be appropriate although it may be used in the 
literature. 

4. Discuss if the use of light cone diagram is dependent on accepting special relativity and 
its second postulate. 
Answer: No, it is not dependent although some of its interpretations and implications 
may depend. In particular, the invariance of light cone (i.e. taking the same conical 
shape in all inertial frames) is based on the invariance of spacetime interval which is 
based on the formalism of Lorentz mechanics in general regardless of any particular 
interpretation such as special relativity. However, any particular interpretation has cer- 
tain consequences and implications that should be inspected carefully and hence they 
are accepted or rejected based on the criteria of logical consistency, the principles of re- 
ality and truth and experimental evidence. It should be remarked that the consistency 
and aesthetic factors of any mathematical device, like light cone, cannot be used as 
evidence to support or dismiss a scientific theory (whether formalism or interpretation) 
without experimental evidence. These devices may be used as useful tools for demon- 
strating and conceptualizing a theory or even inferring some logical results from it but 
they cannot stand as independent evidence for or against any scientific theory. Scientific 
theories should be accepted or rejected according to real experimental evidence and not 
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according to mathematical artifacts although it is completely legitimate to create and 
use such mathematical artifacts to serve an established theory. 

5. What a cross section of the light cone made by a plane perpendicular to the x° axis at 

a given value of x° represents? 
Answer: It represents a cross section of the sphere representing the position of the 
wave front of the light in a 3D spatial space. This cross section is a great circle of the 
sphere and hence it is circular in shape and is centered at the spatial origin where the 
apex of the cone. For a 3D light cone diagram (i.e. xxx? like Figure 7), the plane 
represents the x!x? plane of the 3D spatial space and hence the circle represents the 
trace of the wave front on the xy plane at a given instant of time ¢ corresponding to 
the given value of the x° (= ct) coordinate. 

6. Put appropriate restrictions (according to the Lorentzian speed restrictions) on the 
world line of (A) a light ray passing through a given point in spacetime and (B) a 
massive object passing through such a point. 

Answer: 
(A) The world line of light ray should be on the light cone of that point. 
(B) The world line of massive object should be inside the light cone of that point. 


3.9.3 Spacetime Interval 


1. Define, descriptively and mathematically, the concept of spacetime interval using its 
infinitesimal form. 
Answer: Spacetime interval in its infinitesimal form do is the infinitesimal “line ele- 
ment” in spacetime and hence it is the equivalent of infinitesimal line element ds in 
ordinary “spatial” space. Both these represent the metric of their manifold, i.e. space- 
time for the first and space for the second. Now, since the line element ds in normal 
space is defined as: 
2 2 2 
(ds)? = (dx')” + (dx?) + (dr®) 
then the spacetime interval do should be defined as: 
(do)” = (dx°)’ — (dx')’ — (dx?)’ - (da?) * 
The spacetime interval may also be defined as spatial minus temporal, that is:!®°! 


(do)? = (du)? + (dx®)” + (dx*)” — (de®)? 


and this does not change the invariance property of the spacetime interval because the 
latter definition just alters the sign of the square of the interval across the frames. As 
we see, the space and time coordinates in the definition of the spacetime interval should 


[59] The difference in sign between the temporal and spatial coordinates is based on the requirement of the 
invariance of the spacetime interval which is ultimately based on the use of the characteristic speed of 
light for calibrating the measurements of the spacetime coordinates. This also reflects the metric of 
the Minkowski space. 


[60] Or rather: (do) = (dx')” + (da?)” + (da)? - (da*)”. 
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have opposite signs if the interval should be invariant (see § 3.9.4). This is in accord 
with the metric of the Minkowski space, as we will see in § 6.3. 

2. What differences you note between the space interval ds and the spacetime interval da? 
Also, what are the common features between ds and do? 
Answer: We note the following differences: 
e While ds belongs to a 3D manifold, do belongs to a 4D manifold. 
e While all the terms of ds are positive, do has a mix of positive and negative terms. 
e Based on the previous point, while ds is positive definite," do is not positive definite. 
In fact, do can even be imaginary, i.e. the spacetime interval is positive when its square 
is positive, zero when its square is zero, and imaginary when its square is negative. 
One of the common features between ds and do is that they both represent the metric 
of their spaces. Also, they are both invariant under the relevant transformations of 
their spaces. 

3. Is the spacetime of Lorentz mechanics flat or curved? Explain why. 
Answer: The spacetime of Lorentz mechanics is flat. The reason is that an nD space is 
flat aff it is possible to find a coordinate system for the space in which the line element 
ds is given by:|! 


(ds)? = Gi (dr!) + Golda)? + «+ Gu(de”)? = Glade’) 


where the indexed ¢ are +1 while the indexed x are the coordinates of the space. This 
condition is obviously satisfied by the spacetime interval do as given by its equation 
in the text and in the answer of a previous question. We note that this condition is 
equivalent to having a diagonal metric tensor with all its diagonal elements being +1. 
4. Discuss if the invariance of the spacetime interval across all inertial frames under the 
Lorentz transformations is based on accepting special relativity and its second postu- 
late. 
Answer: The invariance of spacetime interval under the Lorentz spacetime coordinate 
transformations is based on the formalism of Lorentz mechanics regardless of any partic- 
ular interpretation such as special relativity. As discussed earlier and will be discussed 
further, we approach Lorentz mechanics in its pure formalism where the Lorentz space- 
time coordinate transformations are the only postulates of this formalism regardless 
of any particular interpretation or philosophical or epistemological framework. How- 
ever, as indicated earlier and will be discussed further in the future, the invariance of 
spacetime interval under the Lorentz transformations is based on using the character- 
istic speed of light for calibrating the measurement of spacetime coordinates in this 
mechanics. In fact, the invariance of the speed of light across all inertial frames is 
also a consequence of this use and hence it is equivalent to the invariance of spacetime 
interval. 


[e4] Assuming it represents an interval between two distinct points in the space. 
[62] We note that ds here is used to symbolize the infinitesimal line element of any space and not necessarily 
the ordinary 3D space. 
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5. Write the expression of the lightlike interval in a way that makes it more sensible. 
Answer: If for notational simplicity we use x, y, z for the spatial variations and ct for 
the temporal variation in the expression of the spacetime interval, then the equation of 
the lightlike interval will make more sense if we write it in the following form: 


\/ x2 + y? + 2? 


Cc 


t= 


since it states that the time of the interval is equal to the distance traveled by light 
divided by the speed of light. We can similarly write it as: 


\/a2 + y? + 2? 


t 


which is a formal statement that the speed of light is equal to the distance traveled 
divided by the time of travel. Both these forms make full sense within the framework 
of Lorentz mechanics regardless of any particular interpretation. The invariance of 
the speed of light may be inferred from this but it is not necessarily in the sense of 
the second postulate of special relativity. More fundamentally, the above expressions 
(especially the first) indicate the use of c for calibrating the measurement of spacetime 
coordinates. More about this and the interpretation of the invariance of the speed of 
light and if it is real or apparent will be discussed in detail later in the book. 

6. List and describe the types of spacetime interval. 
Answer: The spacetime interval between two events, V;(x,) and V(x), in the event 
space is classified as: 
e Spacelike when distance exceeds time, that is: 


(Ax°)? < (Az!)* + (Ax?)’ + (Ac)? 
e Timelike when time exceeds distance, that is: 

(Az°)” > (Az!)* + (Aa?)’ + (Az?)? 
e Lightlike when time and distance are equal, that is: 

(Az®)? = (Az)? + (Ax?)’ + (Az?)? 


The above classification of the spacetime interval between two events (i.e. spacelike, 
timelike and lightlike) is independent of the frame, and hence the type of the spacetime 
interval is invariant under Lorentz transformations from one inertial frame to another 
inertial frame. This invariance of type is based on the invariance of the spacetime 
interval itself under Lorentz transformations, as will be shown in the future (see § 
3.9.4). 

7. Compare the terms: timelike, lightlike and spacelike with the terms: past, present, 
future and elsewhere. 
Answer: The first set of terms are usually used to label intervals in spacetime, while 
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10. 


the second set of terms are used to label regions in spacetime. However, some terms 
in these two sets may be used interchangeably where they match, e.g. elsewhere region 
may be called spacelike region since it is the region where the intervals (connecting the 
vertex of light cone to the points in that region) there are classified as spacelike. 


. Calculate the spacetime intervals between the following pairs of physical events: (a) V, 


and V2, (b) Vi and V3 and (c) V2 and V3 where Vj (13, —2,6,11), V2 (10,9,2,—1) and 
V3 (0,1, 2, —1) and the parenthesized numbers represent (x°, x1, x7, 2°). Also, determine 
the type of each interval. 

Answer: 

(a) Vi and Vs: 


(Ac)? = (13 — 10)? — (—2 — 9)? — (6 — 2)? — (114.1)? = -272 


This is a spacelike interval because (Ac)* < 0. 
(b) V, and V3: 


(Ac) = (13 — 0)? — (-2—1)? — (6-2)? — (11+. 1)? =0 


This is a lightlike interval because (Ac)” = 0. 
(c) V2 and V3: 


(Ac)? = (10 — 0)? — (9-1)? — (2-2)? — (-14 1)’ = 36 


This is a timelike interval because (Ao)? > 0. 


. What is the type of the spacetime interval between two simultaneous events and be- 


tween two co-positional events? 
Answer: The spacetime interval between two simultaneous events is spacelike because 
Ax® = 0 and hence (Ac)* < 0, while the spacetime interval between two co-positional 
events is timelike because Ar’Az’ = 0 (i = 1,2,3 with summation over 7) and hence 
(Ac)? > 0. We should remark that in this answer we consider the attributes “simulta- 
neous”, “co-positional” and “identical” (refer to § 1.3) as mutually exclusive and hence 
simultaneous should not be co-positional and co-positional should not be simultaneous. 
Two planets, A and B, are separated by a distance d = 9 x 10'° kilometers. Two teams 
of scientists are holding two conferences: the conference of the first team is on planet A 
which starts at 8:00 o’clock and lasts for 60 minutes, and the conference of the second 
team is on planet B which starts at 9:30 o’clock and lasts for 30 minutes. Is it possible 
for a member of the first team to fully attend both conferences? What about partial 
attendance? 
Answer: We need to determine if it is possible to travel from A to B in 30 minutes, 
i.e. from the end of the first conference at 9:00 to the start of the second conference at 
9:30. Now, the time for a light signal to go from A to B is: 
10 
ee ee ay 
eS els 
which is about 83.33 minutes. So according to the formalism of Lorentz mechanics, 
where physical speeds of massive objects are not allowed to reach or exceed c, it is 
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11. 


12. 


impossible to fully attend both conferences. However, it is possible to attend the start 
of the first conference and the entire second conference but this is partial attendance of 
both conferences. We also need to assume that for the case of partial attendance the 
concerned member has the transport to move at any required speed lower than c. 

In fact, this question in essence is about the type of the spacetime interval between two 
events: the end of the first conference and the start of the second conference (for full 
attendance) which is obviously a spacelike interval, or the start of the first conference 
and the start of the second conference (for partial attendance) which is obviously a 
timelike interval. 

Assuming that causal relations are subject to the speed restrictions, correlate the type 
of spacetime interval to the causal relation that potentially exist between the two events 
linked by the interval. 

Answer: Causal relation can exist between two events linked by a timelike or a lightlike 
interval but not by a spacelike interval. 

Analyze the significance of the sign of the square of spacetime interval (Ac)? between 
two events and its invariance across inertial frames. Also, try to demonstrate the 
analysis by using the light cone of an event. 

Answer: Since (Ac)” is invariant, its sign is also invariant and hence in all frames we 
should have either (Ac)? <0 or (Ac)? = 0 or (Ac)? > 0. Accordingly:|6! 

e If (Ac)* < 0 then there is no inertial frame in which the two events are identical or co- 
positional. Moreover, there should be a frame in which the two events are simultaneous. 
e If (Ac) = 0 then there is no inertial frame in which the two events are simultaneous 
or co-positional. Now, because being identical is invariant across frames (see § 7.5), then 
they should be either identical in all frames or anti-identical in all frames. However, 
if they are anti-identical then they should be communicated by a light signal for any 
causal relation (assuming speed restrictions), i.e. they are connected by a null geodesic. 
e If (Ao)? > 0 then there is no inertial frame in which the two events are identical 
or simultaneous. Moreover, there should be a frame in which the two events are co- 
positional. 

In brief: 

(a) (Ac)” < 0: simultaneous or anti-identical. 

(b) (Ac)” = 0: identical in all frames or anti-identical in all frames. 

(c) (Ac)? > 0: co-positional or anti-identical. 

The above classification can be demonstrated by the light cone x 
(which is at the apex) where we have: 

(A) (Ac)? < 0: this is represented by the region outside the light cone (spacelike) where 
the events are either simultaneous to V (represented by the xx? plane excluding the 
apex) or anti-identical to V (represented by the other parts of that region). 

(B) (Ac)? = 0: this is represented by the cone itself (lightlike) including the apex 
where the events are either identical to V (represented by the apex) or anti-identical 


[rl y? of an event V 


[63] The case of being anti-identical (refer to § 1.3) is not considered here because it is general and applies 


in all cases. Moreover, we consider these categories (i.e. simultaneous, co-positional, identical and 
anti-identical) as mutually exclusive. 
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to V (represented by the other parts of the cone) and this (i.e. being identical or anti- 
identical) should be true in all frames. 

(C) (Ac)? > 0: this is represented by the region inside the light cone (timelike) where 
the events are either co-positional to V (represented by the x° axis excluding the apex) 
or anti-identical to V (represented by the other parts of that region). 


3.9.4 Invariance of Spacetime Interval 


1. What is the essential condition for the invariance of spacetime interval between frames 
of reference? 
Answer: The frames should be inertial. This is a general assumption in all the formu- 
lations of Lorentz mechanics as well as classical mechanics. This invariance is obviously 
with respect to the Lorentz transformations, i.e. the spacetime interval is invariant 
across inertial frames under the Lorentz transformations of spacetime coordinates. 

2. What it means to say that the infinitesimal line element of a space is invariant? How 
this applies to the spacetime interval da? 
Answer: It means that the infinitesimal line element of the given space, which is usually 
symbolized by ds, will have the same length regardless of the employed coordinate 
system and hence we should have: 


ds = ds’ 


where the primed and unprimed symbols represent the line element in the primed and 
unprimed coordinate systems.!4! Now, since the spacetime interval is the line element 
of the spacetime manifold, it means that it will have the same value regardless of the 
employed reference frame and hence we should have: 


do = do’ 


where the primed and unprimed symbols represent the spacetime interval in the primed 
and unprimed reference frames of two inertial observers. This invariance is obviously 
under the Lorentz transformations of spacetime coordinates. 

3. What is the significance of the invariance of spacetime interval in Lorentz mechanics? 
Answer: The significance is that although two inertial observers may disagree on 
the spatial separation between two physical events or the size of the time interval 
between these events (as well as their disagreement on the spacetime coordinates of 
the events), they will agree on their spacetime separation which is represented by their 
spacetime interval. This means that according to Lorentz mechanics, the real space 
of the events is not the ordinary “spatial” space or the time continuum but it is this 
mix of “spacetime”. Hence, space coordinates and time are interwoven and mingled in 
this spacetime composition. Therefore, time and space interact with each other and 


[64] For classical mechanics, this invariance is under the Galilean transformations of space coordinates. 
As discussed in § 1.8 within the context of the invariance of physical laws, any invariance principle 
requires a domain of validity (e.g. inertial frames) and a set of transformation rules (e.g. the Galilean 
transformations of space and time). 
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the variation of one should result in a variation of the other to keep the invariance of 
spacetime interval. This is in contrast with the view of classical mechanics where space 
and time are two separate reciprocally-independent entities and hence the variation in 
space and the variation in time are independent of each other. We note that at the 
root of this invariance of spacetime interval are the effects of length contraction and 
time dilation where they vary in such a way that keeps the spacetime interval invariant. 
This issue is also linked to the invariance of the speed of light across inertial frames 
where this invariance is ultimately based on the use of the characteristic speed of light 
for calibrating spacetime measurements. These points will be clarified further in the 
future (see for example § 9.7.1 and § 11). 

4. Use the fact that the spacetime interval is invariant to analyze the movement through 
space and time. 
Answer: The invariance of spacetime interval in its finite form across frames may be 
expressed as:|® 


(Ac)? — (Act)? — (Aa?)? — (Aa)? = 0 


where A represents changes in time and space across different inertial frames which 
are in relative motion. This means that when a temporal change occurs, it will be 
compensated by an opposite spatial change to keep the total change zero and vice 
versa. So, moving at a higher rate in time means moving at a lower rate in space 
and vice versa.'®! Accordingly, standing still in space (i.e. zero spatial change) means 
maximum time change. Similarly, moving at the maximum rate in space (which is 
c according to the current formulation of Lorentz mechanics) means minimum time 
change. This may be linked to the length contraction and time dilation effects (as 
seen from an external inertial frame) where the first represents spatial change while 
the second represents temporal change. These changes originate from opposite physical 
effects since in the first the length contracts (or decreases) while in the second the time 
dilates (or increases). They can also be seen in the opposite sense where the length 
dilates (or expands) while the time contracts (or shrinks). As we will see later in the 
book, this is based on a difference in the proper-improper perspective and hence the 
two effects will be essentially the same (i.e. both contraction or both dilation) when we 
unify this perspective. These issues will be discussed in detail in the future. 

5. Show that ds and dt are separately invariant under the Galilean transformations. 
Answer: It was shown in the exercises of § 1.9.1 that the distance in the space of classi- 
cal mechanics is invariant under the Galilean transformations. However, we demonstrate 
it here again using a more general form although we still use standard setting to be 
able to use the Galilean transformations in the form given in the text noting that this 


[65] We are not using lightlike interval although the equation may suggest this. 
(661Tm other words, when the difference in time/space between two frames increases, the difference in 
space/time between these frames decreases. 
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does not affect the generality of the argument:!®7 


(ds’)” = (dx')’ + (dy’)? + (de’)’ 


In fact, this should be obvious without this formal demonstration because distance is 
invariant in the 3D Euclidean space of classical mechanics where the Galilean transfor- 
mations are based on such a space. Similarly, for dt: 


dt' = dt 


where the Galilean time transformation (i.e. t’/ = t), which is based on the universality 
of time, is used (refer to § 1.9.1). 
Therefore, we conclude that ds and dt are separately invariant under the Galilean 
transformations. This, added to the previous demonstration that the spacetime interval 
is not invariant under the Galilean transformations, means that space and time are two 
independent manifolds that underlie classical mechanics. 

6. Show that ds and dt are not invariant under Lorentz transformations. 
Answer: This should be obvious due to length contraction and time dilation effects 
in Lorentz mechanics, as we will see in the future. However, we show this formally 
as follows where we use the upcoming Lorentz spacetime coordinate transformations 
which are based on a state of standard setting (refer to § 4.2.1): 


(ds')” = (dx')’ + (dy’)’ + (dz')” 

= (x) - a) + (ya — yh)” + (2 — “Ay 
}— [er — vtl)? + (ye — 91)? + (2 — a)? 
? (@2 — 21)" + (y2 — 91)" + (22 - 21)" 


I 
ay 
i 
bo 
| 
isu 
is 


ae 

= 7 (dz)’ + (dy)’ + (dz)? 

# (ds) = (dx)* + (dy)? + (dz)? 

Also: 
ai = tt, 

= (o-3) 90%) 
= ¥(te—-t1) 
A dt =H 1, 


[67] We note that t is the same for the transformation of 2/, and a in the following equations because the 
spatial coordinates in the measurement of spatial separation between two locations in space should be 
measured at the same time. 
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This shows that ds and dt are identical in the two frames only if y = 1, i.e. the two 
frames are in a state of relative rest and hence they are essentially identical. This, 
added to the previous demonstration that the spacetime interval is invariant under the 
Lorentz transformations, means that, unlike classical mechanics where space and time 
are two independent manifolds that underlie this mechanics, in Lorentz mechanics space 
and time form parts of this merged composition of spacetime manifold whose interval 
is invariant while the intervals of its spatial and temporal parts are not. The reader 
should notice the difference by the y factor in the above expressions which originates 
from length contraction in the first and from time dilation in the second. We should 
also note that in the transformation of the x’ coordinates of the spatial interval ds’ the 
time t is fixed while in the transformation of the t’ coordinates of the temporal interval 
dt’ the spatial coordinate x is fixed. This should be obvious since spatial measurements 
should take place at the same time while temporal measurements should take place in 
the same location. 

7. Compare and discuss in general terms the issue of invariance in classical mechanics and 
in Lorentz mechanics. 
Answer: We outline this issue within some examples and cases as follows: 
e The invariance property of classical mechanics is with respect to the Galilean trans- 
formations while the invariance property of Lorentz mechanics is with respect to the 
Lorentz transformations. However, the domain of the invariance property, which is in- 
ertial frames, is the same in both mechanics. 
e While the space interval ds and the time interval dt are invariant separately in clas- 
sical mechanics, the spacetime interval do is invariant in Lorentz mechanics. On the 
other hand, do is not invariant in classical mechanics, and ds and dt are not separately 
invariant in Lorentz mechanics. 
e In both mechanics we have form invariance of physical laws and value invariance of 
physical quantities. However, the two mechanics agree about these invariances in some 
cases but not in all cases. For example, the two mechanics agree on the form invariance 
of the principle of conservation of momentum or Newton’s second law!®*! but they do 
not agree on the invariance of electromagnetic wave equation since this equation is form 
invariant only in Lorentz mechanics (refer to § 12.3.3). Similarly, the two mechanics 
agree on the value invariance of mass (considering the modern convention in Lorentz 
mechanics where mass is an inherent frame-independent quantity or considering rest 
mass) but they disagree on the value invariance of time interval or length which are 
invariant only in classical mechanics since in Lorentz mechanics they are subject to 
time dilation and length contraction effects. They also disagree on the value invariance 
of spacetime interval which is invariant only in Lorentz mechanics. 


[63] We note that certain amendments to the classical forms should be imposed for this invariance in 
Lorentz mechanics to apply. 


Chapter 4 


Formalism of Lorentz Mechanics 


4.1 Physical Quantities 
4.1.1 Length 


1. What is the physical origin of the relation between the proper and improper values of 


the length of a physical object according to Lorentz mechanics? What is the restriction 
on this relation? 

Answer: It is length contraction effect. This effect takes place only in the direction of 
motion and hence the dimensions of the object in the perpendicular directions to the 
motion will keep their proper values. 

. A moving object is observed to be contracted in the direction of motion by 40%. Find 
its relative speed. 

Answer: We should have = = 1-—0.4=0.6, that is: 


Io = YL 
is = as = 0.6 
“yf Lo 
J1—-6? = 0.6 
f= 62-036 
Bb? = 0.64 
B= 08 
v = 0.8¢ 


. A square whose proper area is 1 is seen by an inertial observer to have an area of 0.85. 
Assuming that the square is moving uniformly with two of its sides oriented along the 
direction of motion, what is its speed relative to the observer? Repeat the question 
assuming this time that one diagonal of the square is oriented along the direction of 
motion. 

Answer: If the proper area of the square is 1 then the proper length of its sides is 1. 
Now, since the length of the sides which are perpendicular to the direction of motion are 
not affected by length contraction then the sides which are in the direction of motion 
should have contracted to 0.85 of their proper length, that is: 


Loo = 9 
Bg * _ 085 
ay Lo 
J/1—62 = 0.85 
Les =. 07225 
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B? = 0.2775 
ee: B/D Tio 
v = cv0.2775 


Regarding the second part of the question, the proper length of the diagonal of the 
square is /2. Now, the length of the diagonal which is perpendicular to the direction 
of motion, dj), is not affected by the motion while the diagonal which is in the direction 
of motion, dz, is contracted by a certain factor to make the area shrinks to 0.85. So, 
instead of a square we now have a rhombus. As it is known, the area of a rhombus is 
half the product of its diagonals, that is: 


dds 
(eh. ss 
D) 
2 x 0.85 
do = See 
2 a 
Ha js 2 x 0.85 
: V2 
dg = 0.85V2 
dy 
=e £2019 85 
dy 


Now, d, is equal to the proper length of the contracted diagonal dz. Therefore, we can 
use the first part of the question to conclude that the speed is also v = cV 0.2775. In 
fact, this can be concluded from a simple argument that is the square of area 1 in the 
diagonal orientation is half a square whose sides are of length V2 and two of its sides are 
oriented along the direction of motion, and hence if we assume that the contraction is 
uniform and applies equally to each infinitesimal piece of the big square then the speed 
factor should be the same as in the first part of the question. In reality, this is based 
on the fact that since only one dimension of the moving object is affected by length 
contraction then the area, like the length, will also be scaled down (or contracted) by 
the y factor. 

4. O and O’ are two inertial frames in a state of standard setting. A stick which is in the 
xy plane of frame O makes an angle with the x axis of 7/4 in frame O and an angle of 
7/3 in frame O'. (a) What is the relative speed v between the two frames? (b) If the 
proper length of the stick is 1 in frame O what is its length in frame O'? 

Answer: 
(a) The motion is along the x direction and hence the y direction is not subject to 
length contraction. Therefore, we should have: 
1 bone 4 T 
5 | and 5 as ce 
where X,Y, X’,Y’ represent the projection of the stick length on the x and y axes in 
the unprimed and primed frames. Hence, we have: 


(Y/X) _ (V/X) _ X’_ tan(m/4)_ 1-1 


(YX) (Y/X) X ~~ tan(a/3) 4/3 
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that is: 
V1- 6 = 1/v3 
bao? 178 
aa: 
23. 4/8 
v = e/f2/3 
(b) We have: 
Le = eer ; 
‘ fama) + 
- [Bey] sere 
= sin* (7/4) (5+1) 
“30 
22 
3 
and hence: 


3 
i 3 0:8165 in 


5. A cube of sides s = 1 m in its rest frame is seen by an inertial observer O to be moving 
along one of its sides with speed v = 0.6c. What are the dimensions of this cube as 
measured by O? What is its volume? 

Answer: According to the length contraction formula, the length of each one of the 
four sides of the cube which are in the direction of motion will be measured as: 


2 
L===4/1-5 =v1—036 =08m 
“y C 


The sides of the cube in the other two directions (i.e. in the directions which are 
perpendicular to the motion) will not be affected. Hence, the length of four of the 
cube sides will be measured as 0.8 m, while the length of the remaining eight sides will 
remain 1 m as in their rest frame. 

Accordingly, the volume of the cube should be: 


V=1x1x08=0.8m? 
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This can also be easily inferred from the fact that since only one dimension of the 
moving object is affected by length contraction then the volume, like the length, will 
also be scaled down (or contracted) by the y factor. 

6. Repeat the previous question but this time the cube is seen to be moving along one of 
its face diagonals. 
Answer: The cube is schematically depicted in Figure 8 where it is supposed to move 
in the direction of its face diagonal AC (or ac). It should be obvious that its four sides 
Aa, Bb, Cc and Dd will not be affected because they are perpendicular to the direction 
of motion and hence they keep their length as in their rest frame, i.e. s; = 1. Now, 
the length of the face diagonals which are perpendicular to the direction of motion 
(ic. BD and bd) will not be affected by the motion and hence it is V2, while the 
face diagonals which are in the direction of motion will be shortened, according to the 
previous exercise, by a factor of 0.8 and hence they will be measured as 0.8/2. So, the 
length of each one of the remaining eight sides will be: 


2 2 
2 0.872 
S29 = (2) ( ”) = V70.5+4+ 0.32 ~ 0.9055 m 


2 


Regarding the volume, it is 0.8 as in the previous question. This can be obtained from 
calculation by using the dimensions of the contracted cube, that is: 


V2 x 0.8V2 _ 


5 0.8m? 


V=1 
It can also be obtained from the simple reasoning that since only one dimension of the 
cube is affected by length contraction then the volume, like the length, will also be 
scaled down (or contracted) by the y factor. 

7. The radius of a circle is measured in its rest frame to be 1. The area of this circle is 
measured to be 2 by a moving observer. What is the speed of the moving observer 
relative to the rest frame of the circle? 

Answer: The moving observer will see the circle as ellipse with a semi-major radius 
a = 1 and a semi-minor radius b. From the formula of the area A of ellipse we have: 


A = zab 
A 2 
b —— —_- — 
Ta 7 


Now, from the length contraction formula, applied to the radius in the direction of 
motion, we have: 


LS ae 
= yb 
b 
a 


2 lr os 
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b 


Figure 8: A cube in relative uniform motion along its face diagonal AC (or ac). 


2 
/1-62? = — 
T 
4 
a 
g = 1-5 
4 
B= 1-5 
v = 0.7712c 


4.1.2 Time Interval 


i 


What is the physical origin of the relation between the proper and improper values of 
the time interval between two events according to Lorentz mechanics? 

Answer: It is the time dilation effect. According to this effect, the time interval shrinks 
(like length in the length contraction effect) with the movement. This effect is seen by 
an external observer as dilation of time, as will be clarified later. 


. Describe in a few words the relation between the proper and improper values of length 


and time interval according to Lorentz mechanics. 

Answer: The proper length is greater than the improper length due to length con- 
traction, while the proper time interval is shorter than the improper time interval due 
to time dilation. This can be easily seen from the formulae of length contraction and 
time dilation (ie. Lo = yL and At = yAto) since the Lorentz factor y is greater than 
1 when v 4 0. As indicated before and will be clarified further, the proper-improper 
perspectives in these effects are different and hence they are labeled in this way. 


. Inertial observers O and O’ are in a state of relative motion with speed v = 0.8c. The 


4.1.2 Time Interval 110 


time interval between two events which are co-positional in the frame of O’ is measured 
by O’ to be At’ = 3. What is the time interval At as measured by O? 
Answer: Using the time dilation formula, we have: 


3 3 
/1—0:82 0.6 


4. A cosmonaut is planning to travel at a constant velocity to a planet that is 1 Ly (i.e. 
light year) away from the Earth in 5 years of his time (i.e. he ages five years during this 
journey). What is the required speed for this journey? Solve this problem once from 
the frame of the Earth and once from the frame of the cosmonaut to check if the two 
solutions are consistent and comment on the results. Assume in your answer that the 
Earth frame is inertial and it is in a state of rest relative to the distant planet. Also 
assume that the time dilation effect takes place in the frame of the cosmonaut. 
Answer: If we symbolize the distance with d and the time interval with At, then the 
speed (which is the same in both frames since it is the speed of each frame relative to 
the other frame) can be expressed as: 

dz d. 


eS Sa or U 


Atr ~ At, 


At = yAt' = = 5 


where the first relation represents the speed as seen from the frame of the Earth, while 
the second relation represents the speed as seen from the frame of the cosmonaut. Now, 
we are given dg = 1 Ly and At, = 5 years. 

From the frame of the Earth we use time dilation formula to obtain Atg which is 
unknown and hence we have: 


= dp dp - 1xec 
Atg yAt,. 7 oY 


where c (and hence v) is in units of length (say meters) per year and 1 stands for the 
time of one year. Hence: 


1 _ gs 
A 
J1-# = 56 
1 8? O58? 
2667 = 1 
B= 1/26 
v ~ 0.1961c 


From the frame of the cosmonaut we use length contraction formula to obtain d. which 
is unknown and hence we have: 
de _ (dz/y) _ de 


ec ee 7 ~ 0.1961 
"Big Ate Ate 
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as before. 

Comment: time dilation and length contraction produce effects on spacetime coordi- 
nates that are equivalent in essence. As well as supporting the conclusions that have 
been drawn from the previous exercises, this exercise should also shed light on the issue 
of the invariance of the spacetime interval in Lorentz mechanics which is linked to the 
invariance of the speed of light and its use in spacetime calibration. It also highlights 
the issue of the profound merge of space and time in the spacetime manifold where 
the dimensions of this manifold are subject to similar (or even identical) effects, i.e. 
contraction or dilation of spacetime, under the influence of motion. These issues will 
be investigated further in the future. 

5. An astronaut fired a rocket from the back of his inertial spaceship in the forward 
direction. In the frame of the astronaut the length of the spaceship is 100 m and the 
speed of the rocket is 0.5c. What is the time required by the rocket to reach the front 
of the spaceship (a) according to the frame of the astronaut and (b) according to an 
inertial frame O in which the spaceship is moving along the direction of the rocket with 
a speed of 0.7c? Comment on this question. 

Answer: We label the frame of the spaceship with O’ and assume that O and O’ are 
in a state of standard setting where all the motions are taking place along the common 
x-x' direction. We also symbolize the speed of the rocket relative to the spaceship with 
u and the speed of O’ relative to O with v, and we use the subscripts b and f to refer 
to the back and front of the spaceship. 
(a) From frame O’ we have: 

v—a, 100 


= es = oS -7 
At =t,-—t = TD De = 9:6667 x 107"s 


(b) From frame O we should use the basic Lorenz transformations of spacetime coordi- 
nates (refer to § 4.2.1) and hence we have: 


A = Bay 


! UE’ ! UL, 
. vet SF) -7 (4+) 
(t,— #5) + 5 (ey— 21) 
Oe 
6.6667 x 10-7 + % x 100 


J/1 — 0.72 
~ 1.2603 x 10°°s 


r 


Comment: if we compare At’ and At we find that they do not satisfy the time dilation 
formula (i.e. At # yAt'). This exercise highlights the fact that the time dilation 
formula applies when the two events are in the same location in the transformed frame, 
i.e. they are co-positional. The reason is that if they are not co-positional then there 
is a change in both time and space and hence the time dilation formula, which is based 
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on having a change in time only, is not suitable to tackle the problem. In this exercise, 
the two events are at different locations since one is at the back and the other is at the 
front. Hence, this type of problems should not be solved by the time dilation formula 
but by the basic Lorentz spacetime coordinate transformations which take into account 
both the spatial and temporal changes as done above. In brief, time dilation formula 
applies to co-positional events (i.e. assuming change in time only in the transformed 
frame) while length contraction formula applies to simultaneous events (i.e. assuming 
change in space only in the transformed frame). 

6. Two inertial observers are in a state of relative motion. The time interval between 

events as measured by one of these observers scales by a factor of 0.8 by the other 
observer. What is the relative speed between these observers? 
Answer: We should note first that “The time interval between events...etc.” in the 
question is a hint that this is a relation between the proper and improper values because 
if this is not the case then the scaling will not be the same due to the involvement of 
the spatial separation which depends on the spatial coordinates of the two events and 
hence it will not be the same for all pairs of events that are considered in this question 
(refer to the previous question). Now, the proper and improper time intervals scale 
between two frames that are in relative motion either by y (i.e. At = yAtg) or by its 
reciprocal (i.e. Atp = At/y). Since y > 1, 0.8 should be the reciprocal of y, that is: 


y2 
2, 
0.64 = 1-5 
Cc 
2) 
— = 1-0.64 
Cc 
v? = 0.36 
v = 0.6c 


7. The lifetime of an elementary particle in its rest frame is At. In frame O, which is 
moving at v; = 0.4c relative to the particle rest frame, its lifetime is measured to be 
3 ps. What is its lifetime in a frame O’ which is moving at v2 = 0.5c relative to the 
particle rest frame? 
Answer: At is the proper lifetime since it is the time of the rest frame of the particle. 
Hence, we have:!®! 


3 
At = — = 3v1 — 0.4? ~ 2.7495 ps 
1 


[69] We note that in exercises like this we seemingly follow (for the purpose of diversity and to simplify 
the presentation) the general approach in the literature of Lorentz mechanics which is generally based 
on the special relativistic framework and hence it may not be consistent with other interpretations 
(see for example § 11). As explained earlier (see § 1.5), in the presentation of formalism we are not 
assuming or embracing or suggesting any particular interpretation, although the language or the tone 
may suggest a particular interpretation, and hence the interpretative aspects should be obtained from 
those parts of the book that are dedicated to the interpretation or explicit about it. 
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Hence, its lifetime as measured in O’ is: 


3/1 — 0.4? 

V1 — 0.5? 

8. Discuss the claim that time dilation effect extends to include even the “biological clock” 
in the body of living organisms and hence traveling creatures age less. 
Answer: First, there is no reliable evidence of such an extension to include biological 
clocks and hence this claim is unfounded. Time dilation effect which is concluded 
and derived from very simple physical systems does not extend automatically to the 
highly complex biological systems. This should be linked to the issue that we discussed 
previously (see § 3.4) that even if the time rate of fundamental physical processes 
follows the rate of time flow, this does not necessarily apply to synthetic and composite 
processes whose clocks may not follow the time flow pattern of the fundamental physical 
processes.!°l_ Moreover, even if the time of fundamental physical processes and the 
time of biological processes are correlated they are not necessarily the same.!7!] Hence, 
any claim of “travelers age less’ should be based on independent experimental and 
observational evidence not by just extending the physical effect of time dilation to 
biological systems. In fact, even the possibility of “travelers age more” can be true 
because the high speed motion can affect the biological tissue in such a way that makes 
it age faster. In other words, there is a possibility that even if the physical effect of 
time dilation extends automatically to biological systems, it may still be untrue that 
“travelers age less” because there may be other biological factors that act in the opposite 
direction and hence counteract this “ageing less” physical effect and may even be more 
drastic that an overall (i.e. physical plus biological) “ageing more” effect will take place. 
So, in simple words biological and physical times are affected by different factors and 
that is why we see different species age at different rates although all the species on the 
Earth share the same physical time because they share the same frame. This obviously 
indicates that the biological aging of living tissue does not follow the physical aging 
which is common to all. In fact, even different individuals of the same species age at 
different rates especially in the extreme pathological cases where this difference is easily 
observable. So, the stories about a twin who traveled to a remote galaxy and returned 
to find himself younger than his stay-at-home brother (which are told like science facts) 
are no more than science fiction. At least, they need a solid proof to be accepted and 
classified as science facts.|”2] 


At! =o5At = ~ 3.1749 ps 


4.1.3. Mass 


1. Discuss the issue of mass as an intrinsic or extrinsic property according to classical 


[70] We should also refer to another issue that we discussed previously in § 3.4, ie. the relation between the 
time rate of the physical process on which the clock is based and the process of the defining concept. 

[711Tn fact, we may even claim that the profound meaning of “time” in “physical time” and “biological 
time” is different. 

[72] We mean by science fiction and science fact from the perspective of ageing less; otherwise these stories 
are obviously science fiction. 
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mechanics and according to Lorentz mechanics. 
Answer: According to classical mechanics mass in general is an intrinsic property. 
According to Lorentz mechanics, the rest mass is also an intrinsic property. However, 
the non-rest mass according to the old formalism in defining the mass as m = ymp is an 
extrinsic property but according to the new formalism (in which the mass of a massive 
object does not depend on its state of rest or motion) it is an intrinsic property as in 
classical mechanics. 

2. What is the non-rest mass of an electron whose speed is u = 0.4c according to classical 
mechanics and according to Lorentz mechanics? 
Answer: According to classical mechanics and the modern formalism of Lorentz me- 
chanics, the non-rest mass is an intrinsic property and hence it is the same as its proper 
value, i.e. me. ~ 9.1094 x 1073! ke. However, according to the old formalism of Lorentz 
mechanics, the non-rest mass is an extrinsic property which is given by: 


9.1094 x 10731 


A=0e ~ 9.9392 x 107° kg 


m= Mo = Me ~ 


3. Let assume that we follow the old formalism of Lorentz mechanics about the variability 
of mass with speed. A massive object is observed to have an improper mass ™, at 
speed u,; = 0.05c and to have an improper mass m2 = 1.25m, at speed uy. What is ug? 
Answer: We have: 


mg = 1.25m, 
yoMg = 1.259;m™m09 
yo = 125y 


1-62 = 0.8,/1—- 6? 
1-63 = 0.64(1- 7) 
2 = 1-0.64+ 0.648? 
> = 1-0.64+ (0.64 x 0.057) 
Bo ~ 0.6013 
uu. ~ 0.6013c 


4.1.4 Velocity 


1. What is the definition of velocity in classical mechanics and in Lorentz mechanics? 
What is the reason for the difference between the two mechanics in the formulation of 
velocity? 

Answer: The basic definition of velocity, as the rate of change of position with respect 
to time (i.e. u= *), is the same in classical mechanics and in Lorentz mechanics. The 
difference in the mathematical formulation of velocity in the two mechanics is caused 
by the difference in the rules of spacetime coordinate transformations where classical 
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mechanics is based on the Galilean transformations while Lorentz mechanics is based on 
the Lorentz transformations. This causes differences in the velocity transformation rules 
in the two mechanics when the physical setting involves more than one observer and 
hence the velocity is measured from more than one frame. Accordingly, the quantitative 
value of velocity in the two mechanics will differ. In brief, although the basic definition 
of velocity is the same in both mechanics, the transformation rules are different and 
hence the values are generally different. 

2. Given the fact that in classical mechanics the 1D linear momentum of an object of mass 
m and velocity u is given by p = mu while in Lorentz mechanics it is given by p = ymu, 
what is the velocity of a massive object whose mass is m = 1 and whose momentum is 
p = 10° according to these mechanics? What is the percentage difference between the 
velocities in these mechanics? Comment on the results. 

Answer: 
In classical mechanics we have: 


D 10° 
p= = = mys 
In Lorentz mechanics we have: 
= ymu 
7 mu 
PS = 2) 
ie t= ee 
10'? [1 — (u?/c?) | = vv 
u?+10% (u?/c?) = 10” 
u? [1+ (10'7/c*)] 10” 
, 10? 
"= TE CORT 
10° 
a ~ 999994.44 m/s 
1 + (10!2/c?) 


where only the positive root is taken because p is given as positive. 
The relative difference between the classical and Lorentzian velocities, uw. and wy, is: 


Kips Ue He 10° — 999994.44 ~ 0.000056 
Ue 106 

and hence the percentage difference between the velocities in these mechanics is about 
0.00056% which is very tiny. 

Comment: even at this very high velocity according to the classical standards, the 
difference is extremely small. This should be appreciated if we note that this velocity 
(whether 10° or 999994.44) is a very tiny fraction of the speed of light (about 0.33% of 
c) and hence 8 ~ 0.0033 which is very close to zero and y ~ 1.0000056 which is very 
close to unity. 
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4.1.5 Acceleration 


1. Discuss the concept and mathematical formulation of acceleration in classical mechanics 
and in Lorentz mechanics. 
Answer: The basic definition of acceleration, as the rate of change of velocity with 
respect to time, is the same in both mechanics, that is: 


dus d’r 


Oe dt dB 


However, there is a difference in the mathematical formulation of acceleration as seen 
by different observers in the two mechanics. This difference is caused by the difference 
in the rules of spacetime coordinate transformations where classical mechanics is based 
on the Galilean transformations while Lorentz mechanics is based on the Lorentz trans- 
formations. Accordingly, while in classical mechanics the acceleration of an object is 
invariant and hence it is the same for all inertial observers (refer to § 1.9.4), in Lorentz 
mechanics it is not so and hence it is frame dependent (refer to § 4.2.4). However, we 
will see in § 4.2.4 that this does not affect the inertiality status of frames in classical 
and Lorentz mechanics and hence any frame should be inertial in both mechanics or 
non-inertial in both mechanics because even in Lorentz mechanics if the acceleration 
vanished in one frame it will vanish in all other inertial frames (and hence if it did not 
it will not). 


4.1.6 Momentum 


1. Find the momentum of a proton whose velocity is uw = 0.35c according to classical 
mechanics and according to Lorentz mechanics. 
Answer: 
Classical momentum: 


Do = Mpt. & 1.6726 x 107?” x 0.35 x 3 x 108 ~ 1.7563 x 107? kg.m/s 


Lorentzian momentum: 


1.6726 x 107-2" x 0.35 x 3 x 108 


Di =YMpu ~ as ~ 1.8748 x 107 kg.m/s 


2. What is the mass of an object whose momentum is p = 10° and whose velocity is 
u = 10° according to classical mechanics and according to Lorentz mechanics? Also, 
find the percentage error in the classical value. 

Answer: 
According to classical mechanics: 
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According to Lorentz mechanics: 


D 108 
= — = —~1/1 —- (10!4/c?) ~ 9.9944k 
My vu 107 ( ye ) & 


Relative error: 


Mie eh er) <2 = 1 — T= OTE) ~ 0.000856 


Me p/u 


Hence, the percentage error is about 0.056%. 


3. Given that the mass of neutron is m, ~ 939.57 MeV/c’, find the Lorentzian momentum 
of a neutron whose velocity is u = 0.55c in units of MeV/c. 
Answer: We have: 
p = YMnu 
= 7 (939.57 MeV/c’) u 
= (939.57 MeV/c) (u/c) 
= (939.57 MeV/c) 8 
(939.57 MeV/c) x 0.55 
V1 — 0.552 
~ 618.76 MeV/c 
4.1.7 Force 
1. What is the assumption about the mass in the following Lorentzian form of Newton’s 
second law: 
f=may" 
Answer: The assumption is that the mass of the physical object is constant, i.e. 
the mass does not vary due to exchange between the object and its environment that 
results in loss or gain such as by ejection of gases from a rocket or attachment of snow 
to a rolling snow ball. We remark that in the above equation we follow the modern 
formalism of Lorentz mechanics about mass where it is considered an invariant (i.e. 
frame independent) property. This can be judged from the expression of momentum 
from which this equation is obtained, as shown in the text. 
2. What is the force that acts on an object whose mass is m = 1 and whose trajectory 


along the x axis is described by the following equation: 
z= 3t+12 


where ¢ is time? Comment on your answer. 
Answer: We have: 


u=—=3 and a= —=-—0 


4.1.8 Energy 118 


and hence f = may? = 0. 

Comment: it is obvious that the velocity of the object is constant and hence the accel- 
eration and force vanish. This shows that Newton’s first law is also valid in Lorenz me- 
chanics as in classical mechanics. This can also be inferred from the equation f = may? 


since f = 0 iff a= 0 (since m 4 0 and y £0). 


. Repeat the previous question but the equation of motion is given this time by: 


x = cos At 

where A is a constant and t is time. 
Answer: We have: 

d d 

i aa Ae and Gi SE 

dt dt 

Hence: 
F 4 —A? cos At 
=m — 
oe (1 A? sin? At) es 
— Asin 


4.1.8 Energy 


ti, 


Provide more clarification about the term “total energy”. 

Answer: The term “total energy”, which is symbolized by E; and is given by E; = ymc?, 
represents the sum of rest and kinetic energy of a massive object. Hence, if this term 
should really represent the total energy of the object, all forms of non-kinetic energy 
(e.g. thermal and potential) should be included in the rest energy due to the equivalence 
between mass and energy. 


. Classify the rest energy, the kinetic energy and the total energy as intrinsic or extrinsic 


properties. 

Answer: While the rest energy is an intrinsic property since it depends only on the rest 
mass of the object (which should include all forms of non-kinetic energy), the kinetic 
and total energies are frame dependent since they depend on the speed of the object 
relative to the observer and hence they are extrinsic properties. 


. Discuss the impact of the Poincare mass-energy equivalence relation (see § 4.3.2 and § 


5.3.2) on the use of the mass and energy units. 

Answer: Because of the mass-energy equivalence according to the Poincare relation 
Eo = mc’, energy units like MeV are commonly used (especially in particle physics) as 
mass units with 1/c? being a scale factor, e.g. the mass of electron is given as 0.511 
MeV/c?. Conversely, mass units (e.g. atomic mass unit which is abbreviated as amu) 
may be used as energy units in some applications with c? being a scale factor. 


. A mother particle of mass mn = 400 MeV/c’, which is at rest in the laboratory frame, 


decays into two daughter particles each of mass mg = 150 MeV/c?. What is the kinetic 
energy of each one of the daughter particles? 
Answer: It is obvious that the rest energy of the mother particle is E,, = 400 MeV 
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while the rest energy of each one of the daughter particles is Eg = 150MeV. So, 
according to the conservation of total energy we have: 
Em = 2Eg+ Ey 
300 + Ex 
Ex, = 100MeV 


a 
S&S 
S 
II 


where FE; is the sum of the kinetic energies of the daughter particles. Now, due to 
the conservation of momentum, the total momentum of the daughter particles should 
be zero because the mother particle is at rest, and hence if we note that the mass of 
the two daughter particles is identical, then the two daughter particles should have 
velocities that are equal in magnitude and opposite in direction. Therefore, the two 
daughter particles should have identical kinetic energy because they have identical mass 
and identical speed. This means that the kinetic energy of each daughter particle is 
50 MeV. 

5. Find a general relation between the Lorentzian momentum and the Lorentzian to- 
tal energy. Also, find a general relation between the Lorentzian momentum and the 
Lorentzian rest and kinetic energies. 

Answer: We have: 


B 


Cc 


u u 
p=ymu = ye’ = Ana = 


From this relation, we obtain: 
u u B 
p=lig = (Eo + Ex) 3 = (Eo + Ex) — 
6. The momentum of a proton is p = 100 MeV/c. What is its kinetic energy? 
Answer: The mass of proton is m, ~ 938.27 MeV/c?. Hence: 


p = ymu 
yu = 2 
m 
100 MeV/c 
U = 
q 938.27 MeV/c 
_ 100c 
ye 938.27 
100 
Y= 93897 
100 
F293) 3s oe 
7 938.27 


100 \? 
= — 1~l. A 
: (es) Aicuaeiens 


where in the sixth step we used the identity yG = \/y? — 1 which was proved in § 1.4. 
Hence, the kinetic energy of the proton is: 


Ex = myc? (y — 1) & (938.27 MeV/c?) x c? x (1.005664 — 1) ~ 5.31 MeV 
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7. What is the speed, according to classical and Lorentz mechanics, of an electron whose 
kinetic energy is 10 MeV? Comment on the results. 
Answer: The mass of electron is m. ~ 0.511 MeV/c? and hence its rest energy is 
Eo ~ 0.511 MeV. 
According to classical mechanics:!"3! 


1 
Ej, = mee 
2Ey 
U = 
Me 
2x 10 MeV 
“us —— 
0.511 MeV/c? 
= a 6.256 
oo <\ Olt y ee 


According to Lorentz mechanics: 


Ex = mec?(y-1) 
Ey = Eo (y — 1) 


= a 
He =n 
ap? ss aaa 
Pp G ) 


= 
= (Fs) | ~ 0.9988 
0 


u ~ 0.9988e 


Comment: while the classical speed exceeds c, the Lorentzian speed stays below c 
although it becomes very close to c as it approaches c asymptotically from below. 

8. Given that the mass of electron, proton and neutron in kilogram are: m,. ~ 9.109384 x 
10-31, my & 1.672622 x 10-7” and m,, © 1.674929 x 10-2, find their rest energies in 
joules. 

Answer: 


Eve = mec? ~ 9.109384 x 1078" x (3 x 108)” ~ 8.198446 x 107 J 


[73] Some of the following steps (which may also be found in similar exercises) are based on the mass-energy 
equivalence which may be seen as inappropriate to use in this classical context. However, as we will 
see the mass-energy equivalence may be classically obtained (see for example § 5.3.2). Moreover, this 
can be considered as a mathematical technique with no physical implication. 
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Epp = Myc? & 1.672622 x 10-7” x (3 x 10°)” ~ 1.505360 x 107° J 
Eon = Mn? & 1.674929 x 10-7” x (3 x 108)* ~ 1.507436 x 1071 J 
9. Find the Lorentzian speed of a massive object whose kinetic energy is half its rest 


energy. 
Answer: We have: 


E, = Eo/2 
Eo(y-1) = £Ep/2 
y = 3/2 
J1— 6 = 2/3 
BP = 5/9 


B58 
_ vd 
U = tes 
10. Find the Lorentzian speed of a massive object whose classical speed is equal to the 
characteristic speed of light c. Solve the question by equating the classical kinetic 
energy to the Lorentzian kinetic energy. Comment on the result. 
Answer: The classical kinetic energy F;,. is given by: 
1 


1 
Ee = sre = sme = fo 


while the Lorentzian kinetic energy Ej, is given by: 
Ex = Eo (y — 1) 


So, if we equate the classical kinetic energy to the Lorentzian kinetic energy we obtain: 


Ex = Eke 
Eo(y-1) = 5B 
3 
LS 
“u= We 


where the last step is obtained from the answer of the previous question. 

Comment: the results of this question and the previous question show that an object 
whose classical speed is equal to the characteristic speed of light c has a Lorentzian 
kinetic energy that is half its rest energy, i.e. its total energy is 3 times its rest energy. 
This should be obvious from the classical formula for kinetic energy Ey. = smu? when 
CSc: 
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11. What is the condition that should be imposed on the speed if the maximum allowed 
relative error in the kinetic energy between the Lorentzian and classical formulae should 
be less than 1%? 
Answer: If we label the classical and Lorentzian kinetic energy as Ey, and Ex, then 
we should have: 


a et 
—— < 0.01 
Ei 
0.99 Fri < Eke 
0.99mc? (y-—1) < 0.5mu? 
50 
See oe 
ey 99° 
1 50 
Bag a 


,/1— B? 99 
1 50 9 : 
—_—_. — 1 
ce < (e+) 
On solving this inequality analytically or numerically we obtain the condition u < 
0.1154c. 


12. What is the momentum of a neutron whose kinetic energy is 100 MeV? 
Answer: From the definition of kinetic energy we have: 


x 


Ex = Eo (y - 1) 


Ex 
SY 
Se 
_ 100 
Y = 939.57 


From the definition of momentum we have: 


p = ymu 
cymp 


ae er 


100 
57M 2 Ee Ay ead 
c x 939.57 MeV/c” x i (sm, ah ) 


I2 


~ 444.88MeV/c 
where the identity y3 = \/7? — 1 is used in the third step (see § 1.4). 


4.1.9 Work 


1. Find the amount of work required to accelerate an object of mass m = 10~° kg from 
uz, = 0.2¢ to U2 = 0.5. 
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Answer: We have: 


1 a] 
V1—0.52 V1—0.2? 


W = me? (y2 — 71) © 107° x (3 x 10°)” x ( ) ~ 1.2067 x 10° J 


4.2 Physical Transformations 


di 


The given formulation of Lorentz transformations is based on a state of standard setting 
between the involved reference frames. What this means? 

Answer: According to the standard setting of reference frames which are in a state 
of relative motion, we have two inertial frames, O and O’, with underlying rectangular 
Cartesian coordinate systems where O’ is moving with a constant velocity v relative 
to O along the common z-2’ axis. The main characteristics of the standard setting of 
inertial frames are: 

e The x-x’ coordinate axes of the two frames remain coincident during the motion along 
the common z-2’ dimension while the y-y’ and z-z’ coordinate axes remain parallel at 
all times. 

e The corresponding spatial axes (i.e. x-a’, y-y’ and z-z’) of the two frames have the 
same sense of orientation, i.e. their positive and negative directions are identical. 

e There is no relative motion between the two systems along the orientation of the y-y/’ 
and 2-2’ coordinate axes and hence these coordinate axes remain parallel! in the two 
systems at all times. Accordingly, the second and third spatial coordinates of any event 
will be identical in both frames at all times. 

e The origins of the two coordinate systems coincide at the origin of time, that is 
x=x2' =0att=t' =0. Accordingly, the two frames become identical at this instant 
of time since all the spatial and temporal coordinates of the two frames coincide. 


. The Lorentz spacetime coordinate transformations were proposed to replace which 


transformations? What is the original motive for this proposal? 

Answer: The Lorentz spacetime coordinate transformations were proposed to replace 
the Galilean transformations of classical mechanics. The original motive was the failure 
of the Michelson-Morley experiment to detect the hypothesized ether wind. This fail- 
ure highlighted a number of problematic issues in classical physics such as the nature 
of the characteristic speed of light c and to which frame it belongs, and the failure of 
Maxwell’s equations to be form invariant under the Galilean transformations. 


. Make a brief comparison between the Lorentzian and Galilean transformations of spatial 


and temporal coordinates highlighting their common features as well as their differences. 
Answer: The following are some comparison points between these sets of transforma- 
tions: 

e Both sets transform spatial and temporal coordinates from one frame of reference to 
another frame of reference. 

e Both sets apply to inertial frames. 


(741 Or rather: remain identical (due to lack of displacement along the y and z orientations) apart from 


the displacement along the x orientation. 
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e The Galilean transformations keep the invariance of space interval and time interval 
separately but not the spacetime interval, while the Lorentzian transformations keep 
the invariance of spacetime interval but not the space interval or the time interval. 
e Both sets keep the invariance of the laws of classical mechanics. However, only the 
Lorentzian transformations keep the invariance of the laws of electromagnetism as rep- 
resented by Maxwell’s equations and their derived consequences like the electromagnetic 
wave equation. 
e The Lorentzian transformations converge to the Galilean transformations at low 
speeds relative to c, ie. vu < c. Hence, the two sets become practically identical 
at this low-speed limit. 
e The Lorentzian transformations are limited to speeds below the characteristic speed 
of light c, while the Galilean transformations are not restricted by any speed limit. 

4. What is the significance of the convergence of Lorentz transformations to the Galilean 
transformations at low speeds? 
Answer: The significance is that: classical mechanics is a valid approximation to 
Lorentz mechanics at low speeds. This is also an endorsement to the Galilean transfor- 
mations as valid transformations within the limits of classical mechanics. 


4.2.1 Lorentz Spacetime Coordinate Transformations 


1. Write the Lorentz spacetime coordinate transformations between two inertial frames, 
O and O’, which are in a state of standard setting with a relative velocity v = —0.6c. 
Answer: 

Transformations from O to O': 


: t) x + 0.6ct 
—— xz —vt) = ———— 
zs JR 086 
/ —< 
ae: 
et ( ue) _ t+ (0.62/c) 
Sie 1 — 0.36 


Transformations from O’ to O: 
7 z' — 0.6ct’ 


£ = ze’ + vt') = ——— 
7 > 06 


a (« | =) 2 =(062'fc) 
pe ee Vi —0.36 


2. O and O’ are two inertial frames in a state of standard setting with v = —0.4c. An 
event V; is observed from O to occur at x7, = 33.9 and t; = 2 x 107%. What are x, and 
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t,? If another event V2 occurred at x4 = 60 and t, = 8 x 107°, what are x2 and ty? 
Answer: Using the Lorentz transformations from frame O to frame O' we obtain: 


33.9 + 0.4c x 2 x 107° 
t= Yh Soh) = wees Ae ST 25m 


V1 — 0.16 
( ee _ 2x 1079+ 0.4 x (33.9/c) 
eS eae V1 —0.16 
For the second part of the question, we use the Lorentz transformations from frame O' 
to frame O and hence we obtain: 


t; ~ 5.15 x 10's 


60 — 0.4c x 8 x 1078 
(x5 + uth) = Tr = = ~ 54.99m 


ae 4 U2 _ 8x 10-5 —0.4 x (60/c) _ 
ee Ce V1 —0.16 7 


3. An event is observed from two inertial frames O and O’, which are in a state of standard 
setting, to be at x = (12,6, —21,3) and x’ = (10.4745, 1.3093, —21, 3) respectively where 
the temporal coordinates ct and ct’ are the first. What is the relative speed between 
the two frames? 

Answer: Taking the ratio of the Lorentz transformation of the temporal coordinate to 
the Lorentz transformation of the x spatial coordinate, we obtain: 


XQ 


ad y(c— Px) 
a (x — Bet) 
10.4745  12—68 
1.3093 6-126 
12 —66 are 
6 — 126 
12-68 ~ 48-968 
36 
Bo es 90 
v x OAc 


4. V, is an event seen in an inertial frame O to take place at x; = €, y, = z,; = 0 and 
ct; = €, and V2 is another event seen in O to take place at rg = 3€, yo = z2 = O and 
ctz = 2€ where € is a positive number. However, V; and V2 are seen in another inertial 
frame O' to take place at the same time. Assuming that O and O’ are in a state of 
standard setting, what is the speed of O’ relative to O? Comment on the significance 
of this exercise. 

Answer: The temporal coordinates of the two events in frame O’ are given by: 


ct} = y(cti — Bx) 
cts 7 (cto — Bre) 


4.2.1 Lorentz Spacetime Coordinate Transformations 126 


If these two temporal coordinates are to be equal then we should have: 
a rs a 
y(cti — Bai) = (clo — Bae) 
(isp = cle =Ciq 


8 = cty — ct 
v2 — Ly 
Sy eS 
lear 4 
1 
oS 
v = 0.5c 


Comment: this is an example of the relativity of simultaneity (see § 7.4) where V, and 
V, are simultaneous in frame O’ but not in frame O. 

5. O and O’ are two inertial observers in a state of standard setting with v = —0.45c. Two 
events, V; and V2, are seen by O to be co-positional, while they are seen by O’ to be 
separated by a time interval of 0.002. What is the spatial separation between V, and 
V2 according to O’? Comment on the significance of this exercise. 

Answer: The x coordinates of the two events in frame O are given by: 


By = (at Oe) 


v2 = (x5 + vty) 


If these two x coordinates are to be equal, because V, and V2 are co-positional in frame 
O, then we should have: 


t= 

y(e, +t) = ¥ (x) + vty) 
@— 2, = v(ty—th) 
v,—2% = —0.45c x 0.002 
t= 2, = 27 K10'm 


Comment: this is an example of the relativity of co-positionality (see § 7.5) where V; 
and V5 are co-positional in frame O but not in frame O’. 

6. O and O’ are two inertial frames in a state of standard setting with v = 0.3c. An 
object moves in the xz plane of frame O with a constant velocity u = 0.4c where its 
straight path makes an angle 0 = 7/6 with the positive x axis. What are the equations 
of motion of the object in frame O’ (i.e. x’ and 2’ as functions of t’)? 

Answer: The equations of motion in frame O are given by: 


3 
U (cos ~) t= Bu = V0.12ct 


= (si mi = 5 t =0.2ct 
oe er Prager ele 


& 
| 
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On applying the Lorentz transformations to the x equation, we obtain for 2’: 


ye = Byes 


y(a2' +t") = V0.124 (ct + Br’) 


xv + vt! 


2 =03 


V0.12ct’ + V0.1262' 


0.127’ = v0.12ct’ — 0.3ct’ 


V0.12-0.3 


where A = 0-12-03 Similarly, we obtain for 2’: 


1-0.3V/0.12" 


a — 
1 — 0.37V0.12 

zg = Act’ 

0.2ct 

0.2y (ct' + Br’) 


0.2 (ct’ + B Act’) 

0.24 (ct’ + 0.3.Act’) 
0.2 (1 + 0.3A) yet’ 
0.2+0.06A_, 


C 
V/0.91 
Bet’ 


where B = 0 aE We note that y’ = y = 0. 
7. An inertial observer O measures the spatial separation between two events, V; and V3, 
to be x2 — 2; = 10° and the time interval to be t2 — t; = 1. What is the proper time 


interval between V; and Vs? 


Answer: Because the spatial separation between V; and V2 in O frame is not zero, 
then his time interval is not proper. Hence, the proper time interval belongs to another 
inertial observer O' who moves with a velocity v relative to O where in O’ frame the 
two events are observed co-positional (i.e. x — x, = 0), that is: 


/ 


t= ay 


0 
0 


U 


7 (a2 — vt2) — y (41 — vty) 
¥ (@2 — 41) — v (te — t1)| 
(v2 — 21) — v (te — th) 
a— 21 _ 498 

to — ty 


Accordingly, the proper time interval (i.e. t, — t/,) is given by: 


UX UX 
i) th) 


a (t2 ae aed 5 (x2 — n)| 


ty — ty 


I2 


1 


— (108/c?) x 108 


1 — (108/c)? 


0.9428 s 
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The proper time interval can also be obtained more easily from the time dilation for- 


mula, that is: 
tg —t 
th, —¢t, = 2 =1 x 4/1 — (108/c)? ~ 0.94288 
Y 


4.2.2 Velocity Transformations 


i 


An Object is seen by an inertial observer O to have a velocity u = (Uz, Uy,Uz) = 
(0.3c, 0.1¢,0.4c). What is the speed of the object as seen by another inertial observer 
O’ who is in a state of standard setting with O where v = 0.2c? 

Answer: Using the Lorentzian velocity transformation formulae from O to O', we have: 


; Ug—v — 0.38¢ — 0.2¢ 
* Levee L020 
} Uy = 0.1leV/1 — 0.22 
a ya-%) 1-02x08 
F Uz = 0.4ce/1 — 0.22 


uU, = mK — Bp) ~ = 00305 ~ 0.4169c 


~ 0.1064c 


~ 0.1042c 


Hence, the speed of the object as seen by O’ is: 


“= Vu? -- (ui) + (ul)? ~ 0.4427 


. An elementary (mother) particle decays into two (daughter) particles of equal speed. 


In the rest frame of the mother particle, the speed of each one of the daughter particles 
is 0.75c. What are the velocities of the daughter particles in a frame in which the 
mother particle is moving at a speed of 0.5c? Assume in your answer that the daughter 
particles move along the same orientation as the motion of the mother particle. 

Answer: We label with O the frame from which the mother particle is seen to have a 
speed of 0.5c, while we label with O’ the frame in which the mother particle is at rest. 
Moreover, we assume that all motions are oriented along the x axis. So, we have two 
inertial frames, O and O’, which are in a state of standard setting with v = 0.5c where 
in frame O' the two daughter particles have ui, = +0.75c and wu, = u, = 0. Accordingly, 


we have: 
u,,+u _, SEOe Ope. RO 0.9 


l vu, == 1 eee Uae — 1+0.375 & 


re c 


x 


while u, = uz = 0. So, the velocities of the daughter particles are: 
Uri & 0.9091c and Uz = —0.4c 


i.e. one of the daughter particles will be seen from O to be moving with a speed of 
about 0.9091c in the positive x direction while the other daughter particle will be seen 
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to be moving with a speed of 0.4c in the negative x direction. If the mother particle is 
moving in the negative x direction (i.e. v = —0.5c) then the signs of the velocities of 
the daughter particles should be reversed. 

3. Repeat the previous exercise but this time assume that the daughter particles, as seen 
from the rest frame of the mother particle, move in a perpendicular direction to the 
direction of the relative motion between the two frames. 

Answer: Everything is the same as in the answer of the previous exercise, except that 
we now assume that the motion of the daughter particles are in the orientation of the 
y’ axis and hence we have u/, = u, = 0 and uw, = +0.75c. Accordingly, we have: 

u.tu 0+0.5¢ 


Ue, = - = = 0.5¢ 
ees 1+0 


ee Uy _ £0.75ceV1 — 0.52 
7] =, / ~~ 


u, = O 


= +0.75cevV 1 — 0.5? ~ +0.6495c 


So, the daughter particles move in the xy plane with a speed u given by: 


U= Ug) + (Uy) + (uz)> & c4/ 0.5% + (0. + 0° ~ 0. Cc 
V( )? + (uy)? + (uz)? (0.52 (40.6495)? + 02 ~ 0.8197 


and their straight paths make angles +0@ with the positive x axis of the O frame where 
§ is given by: 
6 = arctan [tyl ~ 0.9147 rad ~ 52.41° 
x 

4. O and O’ are two inertial observers in a state of standard setting with v = 0.7c. An 
object moves in the xy plane of O frame with a constant speed u = 0.15c where its 
straight path makes an angle 6 = 7/3 with the positive x axis, ie. the x and y 
components of its constant velocity are positive. What is the velocity of the object in 
O’ frame? Find this velocity once as components along the coordinate axes and once 
as speed and direction. 
Answer: In O frame we have: 


= Ta (tee 2g G7 
Un = aaa ha ‘ Cc a ‘ Cc 


3 
Uy = usin S = 0.15¢ x vs = V0.016875c 


u,. = 0 


Using the Lorentzian velocity transformations, the velocity components in O’ frame are: 


; Ug —UV 0.075c — 0.7c 
= _ ~ —0.6596 
We * [=e ~ 1-07 x 0.075) : 


0.016875cvV'1 — 0.7? 
Uy = vy = us ov ~ 0.0979c 
7 (1 - 4) 1 — (0.7 x 0.075) 
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Hence, the velocity of the object in O’ frame in terms of components is: 
uw’ = (ul, ui, u,) & (—0.6596, 0.0979, 0) c 


Accordingly, the speed of the object in O’ frame is: 


z 


i= Vu.) + (ul)? + (uy? cy/ (-0.6596)? + 0.0979? + 0? ~ 0.6669¢ 


and it moves in the z’y’ plane where the angle 0’ that its straight path makes with the 
positive x’ axis in O’ frame is: 


/ 


6’ = arctan “y ~ 2.9942 rad ~ 171.56° 
5. The observed speed of light in transparent material media, like air and water, is given 
by c/n where c is the characteristic speed of light in free space and n is the refractive 
index of the particular medium which is assumed to be in a standstill state. According 
to the Fizeau formula, which he derived!) from his experiments in which he measured 
the speed of light in running water, the observed speed of light c,, in a medium that is 
moving uniformly with speed u,, relative to the observer is given by: 


= o + kum 
n 

where k is the dragging coefficient which is a medium-dependent parameter. In the 
mid 19" century, Fizeau found that the dragging coefficient of water is k,, ~ 0.44. Try 
to justify this finding (both formula and k,, ~ 0.44) by using the Lorentzian velocity 
transformations. Also, comment on the implication of this finding. 

Answer: If we label the laboratory frame with O and the water frame with O’ and 
consider all the motions to be along the x axis, then we have two inertial frames, O and 
O’, which are in a state of standard setting with v = u,, and accordingly u/, = c/n and 
Ux = Cm Where Cy is the velocity of light as seen from frame O. Using the Lorentzian 
velocity transformation from frame O’ to frame O, we obtain: 


tee (ef) ti, _ (6/1) + ti, = (: | um) (oe 


14% 14 Gh) 1+ cn 


Now, since n > 1 and hence u;, < cn, we use the power series expansion approximation 


to obtain: ms 
(1 Ea =) Ag sae 
cn 
where the quadratic and higher terms in “ are discarded because they are negligible. 
Hence, we obtain: 


Cc Um C Um tie te 1 us, 
m= (G4) (1-8) -$- Bone BL (12 8)“ 
n n n 


cn 


75] We should also refer to Fresnel in this regard (see § 2.6). 
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Again, since u2, < cn, we discard the last term and hence we obtain: 


1 
en £ + tim (1-5) =~ + ktm 
n n n 


which is the Fizeau formula with k = (1—1/n?). For water we have n ~ 4/3 and 
hence: 


which justifies the value found by Fizeau for ky. 

Comment: the results of Fizeau are considered as support to Lorentz mechanics in 
general and to the Lorentzian velocity transformations in particular. These findings 
may also be used to support the proposition that light behaves like material waves 
in classical mechanics where its characteristic speed is determined with respect to the 
medium of propagation (whether ether or water).!| In the Fizeau experiment, the light 
source was at rest in the laboratory frame. However, the physical laws of propagation 
of light in free space and in transparent material media may be fundamentally different. 
Since our primary interest in Lorentz mechanics is the speed of light in free space, we 
do not discuss this issue further. 

6. O and O’ are two inertial observers in a state of standard setting with v = 0.5c. O' sent 
a light ray in the positive y’ direction. What is the speed and direction of this signal 
as seen from O frame? 

Answer: According to the given information, we have u’, = u, = 0 and u, = c. Using 
the Lorentz velocity transformations, the velocity components of the light signal in O 
frame are: 


WoO. 0 Oe. _ 


Ue = ; 0.5¢ 
1+ La-0 
ul V1 — 0.52 
lg = ian =e = cV0.75 
(1+ 34) ee 
uz, = O 


Hence, the speed in O frame is: 


u=4/u2+u2 + u2 =cv0.25+ 0.75 +0=c 


[76] We note that according to the drift theory of Fresnel, which the Fizeau experiment is based upon, it 
is conjectured that in the propagation of light (which is supposed to be facilitated by ether even in 
material media) through a moving material medium the medium will drag the ether with it. Therefore, 
the Fizeau experiment was originally seen as verification to the drift theory and hence the existence 
of ether. However, there are many debates about these issues with no argument that can be seen as 
completely conclusive as they generally rely upon incompatible theoretical frameworks and interpre- 
tations. Therefore, it is not very useful to go through these details. The interested reader is referred 
to the wider literature of this subject although we strongly advise against spending valuable time and 
effort on pursuing such irresolvable controversies instead of focusing on the big issues. 
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and the angle that this light ray makes with the positive x axis of O frame is: 


6 = arctan —Y = “rad = 60° 
x 
7. O and O’ are two inertial observers in a state of standard setting with v = 0.3c. A light 
signal is emitted by O’ in a direction that makes an angle 6’ = 45° with the positive 2’ 
axis where this signal is contained in the x’y’ plane. Find the velocity components of 
this signal and its speed and direction as seen from O frame. Comment on the result. 
Answer: In O’ frame we have: 


16 7 wT . 6 
C= GOR a 

; ; _ C 
uy = SL aes, 
u. = 0 


From the Lorenz velocity transformations, the velocity components in O frame are: 


uty — (e/v2)+03e  (1/v2) +0.3 


eee a 7 c ~ 0.8309¢ 
1+ EE 1 4 08ex(/v3) ~ 140.3 (1/V2) 
ti: 2 = Uy, _ (e/ v2) VI 0.3? _ (/v2) V1 0.37 | scan. 
y y : nes _ 
v4) 14 GET 140307) 
ig = 0 


Hence, the speed of the signal in O frame is: 


u=/w+tut+w=/a+atP=c 


and it makes an angle 6 with the positive x axis which is given by: 


6 = arctan 7 = arctan ~ 0.5902 rad ~ 33.81° 

Comment: in both frames, the signal has the same observed speed which is the char- 
acteristic speed of light c. However, the direction of the signal, as seen by O and O' 
relative to their x-«’ axis, is different. Accordingly, although the observed speed of light 
is the same in both frames, the velocity of light is different. 

8. Referring to the previous question, justify the relation 6 < 6’ with some graphic illus- 
tration. 
Answer: The x component of the velocity of light in O frame has increased, due to the 
relative motion of O’ frame with speed v, and hence the y component of the velocity 
of light in O frame should be reduced from its value in O’ frame to keep the speed of 
light (which is the magnitude of its velocity) constant. This explains why @ is smaller 
than 6’. The situation is illustrated in Figure 9 where the velocity of light in O frame is 
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Figure 9: The velocity of light signal as seen from two inertial frames O and O’ which are 
in a state of standard setting with relative velocity v. 


represented by the vector AB while the velocity of light in O’ frame is represented by 
the vector AB’. Both these vectors are radii of the shown circle and hence they have 
the same magnitude, which is the characteristic speed of light c, although they have 
different directions. This means that although the spacetime of Lorentz mechanics is 
distorted due to the motion, the speed of light keeps its value as a universal constant. 
In fact, the invariance of the speed of light can be explained by this distortion (i.e. the 
contraction of spacetime under the influence of motion), although other factors (i.e. the 
added velocity component and using c for calibration) also contribute to this invariance. 
More clarifications about these issues will come later. 

9. Discuss the implications of the previous exercises about the speed and velocity of light 
in inertial frames. 
Answer: The obvious implication of the previous exercises about the propagation of 
light signals in inertial frames is that while the velocity of light is frame dependent 
since its direction depends on the observer, the speed of light (i.e. the magnitude of 
the velocity of light) is frame independent since it keeps its characteristic value c in 
all inertial frames and hence it is value-invariant under the Lorentz transformations 
across all inertial frames. However, this invariance should be linked to the spacetime 
contraction by the motion and other factors that determine the interpretation and 
justification of this invariance. The previous exercises also indicate that the propagation 
of light in free space does not follow a classical wave propagation model (see § 1.13.2 and 
§ 1.14) but it follows a projectile propagation model (see § 1.13.1 and § 1.14) where the 
velocity of light has a component from the velocity of its source and hence it depends 
on the motion of the source. However, we should describe this model as Lorentzian 
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projectile propagation model rather than classical projectile model because unlike the 
classical projectile model where the speed is frame dependent the Lorentzian model 
keeps the invariance of speed across frames. These issues will be detailed later. 


4.2.3. Velocity Composition 


1. Make a comparison between the velocity transformation formulae and the velocity com- 

position formulae. 

Answer: Some valid points in this comparison could be: 

e The two sets are essentially the same and hence they represent rules for transforming 
velocity between inertial frames. However, as indicated earlier the velocity transforma- 
tion formulae are conceptually more appropriate for transforming one velocity from one 
inertial frame to another inertial frame while the composition formulae are conceptually 
more appropriate for composing the velocity of two objects from a given inertial frame 
where one of the objects is seen as an inertial frame. 

e Both sets are based on a state of standard setting between the frames of observation. 
e Each set has its advantages and disadvantages and hence one or the other may be 
more suitable to use in particular cases or contexts. For example, the velocity com- 
position formulae may have more complex symbolic structure but they are more clear 
and intuitive and hence they are generally easier to automate and use. Also there is 
no primed and unprimed symbols in the composition formulae and hence the situation 
between frames is more symmetric and the symbols are generally less confusing. On 
the other hand, the velocity transformation formulae are more clear about the relative 
velocity between the two frames of observation, which is symbolized distinctively with 
v, whereas in the composition formulae special care is needed to distinguish this velocity 
when the situation involves motions in more than one dimension (i.e. when the y or z 
formulae are needed). 

2. We have two persons: person A who is standing on the street and watching a bus 
moving along a straight line with a constant velocity vg = 10, and person C' who is on 
the bus where C, according to A, is moving in the same direction as the bus. According 
to the bus rest frame, C’ is moving with a constant velocity vg = 2. What is the velocity 
of C in the frame of A according to (a) classical mechanics and (b) Lorentz mechanics? 
Answer: All the motions are in a single direction and hence the x velocity composition 
formula should be used. If we refer to A, bus and C’ by the subscript indices 1, 2 and 3 
then we have: Uz21 = 10, uz32 = 2 and uyz3; is the required velocity of C' relative to A. 
Accordingly: 

(a) Using the Galilean velocity composition formula, we have: 


Uz31 = Ur32 + Uzi = 2+10= 12 
(b) Using the Lorentzian velocity composition formula, we have: 


Ug32 1 Ur21 2+ 10 
Usa ] + Mes2teri >? 1 + 2x10 ~ 12.0 


C2 
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3. Repeat the previous question but now vg = 0.5¢c and vg = 0.2c. Compare your results 
with the results of the previous question and comment. 
Answer: We use the same labeling as in the answer of the previous question and hence 
Ug21 = 0.5¢ and uz32 = 0.2c. Accordingly: 
(a) Using the Galilean velocity composition formula, we have: 


Ug31 = Ug32 + Uz] = 0.2c + 0.5¢ = 0.7¢ 


(b) Using the Lorentzian velocity composition formula, we have: 


= - ~ 0.6364 
Ug31 |} wanatlaa 14+0.1 3 


Comment: we see that at low speeds (i.e. Uz32U221 < c?), as in the previous question, 
the Galilean formula is very good approximation to the Lorentzian formula and hence 
the Galilean and Lorentzian results are virtually identical, while at high speeds (i.e. 
where tz32Uz21 is a significant fraction of c?), as in the present question, the Galilean 
result departs significantly from the Lorentzian result where the percentage relative 
difference between the Galilean and Lorentzian results is about 9.1%. 

4. Repeat the last question but now vg and vg are in opposite directions. 
Answer: We use the same labeling as in the answer of the previous questions. The 
only difference will be that wz2; is opposite in sign to uz32 and hence either uz21 = —0.5c 
and Ug32 = 0.2¢ or Uz21 = 0.5c and ug32 = —0.2c, that is: 
(a) The Galilean velocity: 


U¢31 = U¢32 7 Ue21 = +0.2c¢ — 0.5c = —0.3¢ 
Uxr31 = Ug32 1 Uz21 = —0.2c + 0.5¢ = +0.3¢ 


(b) The Lorentzian velocity: 


Ua32 + Ug21 +0.2c — 0.5¢ 


Uesl = Ta DETTE = Spee —0.3333c¢ 
Gig, athe tee aa 
| Masaan 1-01 


The magnitude of the percentage relative difference between the Galilean and Lorentzian 
results is about 11.1% where, unlike the previous exercise, the Galilean is now smaller 
in magnitude than the Lorentzian. 

5. Show that when w,z2; or/and w,z32 in the Lorentz velocity composition formula for the x 
dimension approach c, Uz31 also approaches c. What are the regions on the Lorentzian 
counter plot of wz31 that represent these cases? 

Answer: We have three cases: only uz213 > c, only Uz32 > c, and both uz21; > c and 
Ux32 —? C, that is: 
Ue32 TF User | Uex2 tC _ Us32 FC 


Uz31 = 1 waster ~ | 4 Maze 6 4 vay ae 
c Cc 
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4  Megpacr Uger  2-Oor Uaar Cur Ugel eee 
231 = = = = 
1 oe 1 =a C Ur21 
_ Unset Ue ete 2 | 
Oat, <= 1 ues2te21 1 ce 9° =e 
ce Te 


So, in all three cases uz3; also approaches c. 
The regions on the Lorentzian counter plot of u,3; that represent these cases are re- 
spectively: the right edge, the upper edge, and the upper right corner. 

6. Show that when w,2; or/and u,32 in the Lorentz velocity composition formula for the y 
dimension approach c, then uy3; should approach zero. Comment on the results. 
Answer: We have three cases: 

(a) Only uz21 approaches c, and hence we have: 


2 2 
Uya2 _ Uysxyfl— (Werle) Uysal (c/o) uy VT — 1 
~ (1 sh Heslts| > ieee tle av 1+ a a | a = 


Uy31 = 


Comment: this result is a consequence of the issue that no physical speed should exceed 
c according to the formalism of Lorentz mechanics.'7"1 The reason is that when u,21 > ¢ 
then uz3; — ¢ as we found in the previous exercise and hence the other components of 
the velocity uz; should approach zero to avoid |ug;| exceeding the speed of light. More 
formally, we have: 


jugi| =  (wa31)” ae (uyar)* + (uz31)” 
2 + (tye)? + (esi)? 
ey +f (uy3i/c)” + (uzai/e)” 


So, if |ugi] + c then we should have uy3; — 0 and u,3; + 0. We note that this case is 
represented by the right edge of the Lorentzian counter plot of uyg; assuming Uz32 = 0. 
(b) Only uz32 approaches c. In this case uy32 + 0 and hence we have: 


Uy32 Uy32 1- (Ux21/¢)? 0 x \/ 1- (Uy21/c)" 


Ug21 Ua232 Ug21Ur32 a Uge21C 
Y (1 le C2 ) 1+ c 1+ rer) 


I 


Uy31 = 


Comment: again, this result is a consequence of the issue that no speed should exceed 
c according to Lorentz mechanics. The reason is that when uz32 — c then the other 
components of the velocity uz should approach zero to avoid |u32| exceeding c. More 
formally, we have: 


|uz2| = ) (ttas0)” = (uy32)* + (ue32)° 


[77] We mean within the given conditions that we discussed earlier and will be discussed further in the 
future. 
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Ve + (Uys) ar (wz32)° 
= V1 + (uys2/¢)” + (uza2/¢)” 


So, if |us2| + c then we should have uy32 + 0 and uz32 > 0 and hence uy3; will vanish 
according to its formula. 
(c) Both uz21 and uz32 approach c and hence we have: 


Uy32 Uy32 1 —_ (tg21/c)” 0 x 1 _ (c/c)? ; 


7 (1 vit a21 Has2 ) = 14 Maal tse = Lae es 


C2 


I2 


Uy31 = 


Comment: this result should be obvious because we have two reasons for uy3; to ap- 
proach zero. 

We note that all these results equally apply to the Lorentz velocity composition formula 
for the z dimension because the formulae for u,3; and uz31 are identical apart from the 
y and z subscripts. 

7. Show that when uy,z2 in the Lorentz velocity composition formula for the y dimension 
approaches c, then u,3; can take any value between zero and c (ie. 0 < uysi < c) [78] 
Answer: When the velocity uyg2 > c then uz32 > 0 because |ug2| cannot exceed c as 
demonstrated in the previous exercises. Hence, the uy3; formula becomes: 


ta Vinten? 

vat = Sp mene) ~~ pg OV ET Marne) 
Now, since 0 < uz21 < c because it is independent from uz32 and uy32 then 4/1 — (Ux21/c)? 
will be between 1 (corresponding to u,2; = 0) and 0 (corresponding to uz21 = c) and 
hence Uyg; will be between c and 0. 

8. Build a table showing wz3; as a function of the velocities uz21 and uz32 at and between 
the two limits of these velocities: zero and c. 


Answer: 
U732 = 0 O< U732 < C U732 = C 
Ug21 = O 0 Ux32 
U732+U 
0 < Ura <C Ug21 Ty wasteT 
c 
Uyx21 = C C Cc Cc 


9. Build a table showing uy; as a function of the velocities uz2; and uz32 at and between 
the two limits of these velocities: zero and c. 
Answer: 


[78] We note that in contexts like this, symbols like Uy32 and Uy31 May represent the magnitude of velocity. 
This is inline with our previously stated convention (see § 1.5) that symbols like these may represent 
1D velocity and may represent speed. 
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Uz32 = 0 0 < Uz32 <€ Ug32 = C 
Ug21 = 0 Uy32 Uy32 0 
2 uy320/ 1—(ue21/c)? 
O < Uga << Cc | Uy324/1 — (ux21/C) aE RRR) 0 
7] 1+ Se2iyes2 
U7r21 = C 0 0 0 
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10. Build a table showing uy3; as a function of the velocities uz2; and Uy32 at and between 
the two limits of these velocities: zero and c. 


ae 


i. 


Answer: 
Uy32 = 0 O0< Uy32 <C Uy32 = C 
Ur21 = 0 0 Uy32 Cc 
0 0 Uy32 1—(uz21/c)” 1 2 
< Ug21 < € Tp wana cy/ 1 — (ue21/C) 
C 
U721 = C 0 0 0 


Build a table showing uy3i as a function of the velocities uz32 and uy32 at and between 
the two limits of these velocities: zero and c. 


Answer: (NA = Not Applicable) 


Up32 = 0 0 < Uy32 <C U732 = C 
Uy32 = 0 0 0 0 
2 u 1—(ue21/c)? 
O < Uyg2 << c€ | Uy324/1 — (Ux21/C) ae PRIS REEY NA 
ian —C c4/1— (tp21/¢)° NA NA 


Having three objects or observers (O,O, and O2), the formula: 


Ug32 + Uz21 


Ux31 = Ae Urge? 
Cc 


may be simplified as: U3 = ae 

C2 
where wu is the velocity of O; relative to O, uz is the velocity of O2 relative to O,, and 
ug is the velocity of O2 relative to O. What are the advantages and disadvantages of 
each form? 
Answer: The second form is obviously simpler. However, the first form contains more 
information and it is more systematic and rigorous since the x subscript indicates that 
all the motions are occurring along the same orientation and hence it excludes the cases 
where the motions are in two different directions, i.e. x and y or x and z. Moreover, 
each double-numeric subscript in the first form (i.e. 31, 32 and 21) indicates exactly 
which object /observer the velocity belongs to and which object /observer the velocity 
is relative to, e.g. 31 means the velocity of 3 relative to 1. We therefore prefer to use 
the first form. 
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13. 


14. 


Compose two equal velocities to obtain a composite velocity that is 0.8c where all these 
velocities have the same orientation.!7! 

Answer: Since all the velocities have the same orientation then the appropriate formula 
to use is the x velocity composition formula where the composite velocity is uz3; = 0.8¢ 
while the composed velocities (assumed to be in the positive direction) are uz21 = 
Ug32 = u, that is: 


_ Ug32 + Ue21 
ce! ] 4 Me32Ue21 
C2 

Uutu 

Us31 = 1,2 

Te 

ue 
Ug31 + Ux31 79 = 2u 


ue 
0.8c—5 -2u+08¢ = 0 
Cc 


0.8u? — 2cu+0.8c? = 0 


This can be solved by the quadratic formula to obtain: 


_ 2e+ VIZ =F 08X08 
ai 2x08 


so u = 0.5¢c or u = 2c. Although both solutions are acceptable mathematically, the 
second solution should be rejected because it is non-physical according to the formalism 
of Lorentz mechanics where no velocity can exceed c (at least for massive objects) and 
hence the solution is u = 0.5c.!8°! If the composite velocity in the question was —0.8c 
then we similarly define uz21 = Ur32 = u (where wu is understood to be negative since 
the composite velocity is in the negative direction) and hence we have: 


—2c+ V4c? — 4 x 0.8 x 0.8¢? 
U= 


0.8u? + 2cu + 0.8c? = 0 and Pa 


so we obtain wu = —0.5c or u = —2c where the accepted solution is u = —0.5c. So, in 
both cases we obtain the same composed speed. We note that if the composed velocities 
have opposite directions (i.e. they have the same magnitude but opposite signs) then 
the composite velocity will be zero (which should be obvious) and that is why in the 
question we stated “equal velocities” not “equal speeds”. 

Using the velocity composition formula, show that the composition of two velocities 
which are less than c is less than c. Assume that both velocities are in the positive x 
direction. 


'791Tn questions like this (which may be seen as ambiguous) it should be obvious that the orientation is 


determined by a primary inertial observer. Also, “equal velocities” should be sufficient to remove any 
ambiguity. 


{801 Tn fact, this is also based on common sense since the composed speeds should not exceed the composite 


speed where all these speeds are in the same direction. 
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Answer: Let have uz32 = ac and uz2; = bc where 0 < a,b < 1. Using the x velocity 
composition formula we have: 


Uy32 + Usa  actbe a+b 


1+ “ae ~ Tab 1+ab- 


Uz31 = 


Now, for 0 < a,b < 1 we have: 
a+b 


l+ab 


<l 


and hence tx31 < c. 


4.2.4 Acceleration Transformations 


1. O and O’ are two inertial observers in a state of standard setting with relative velocity 
v = 0.3c. Observer O measures the velocity and acceleration of an object at a given 
instant of time to be 0.2c and 6 in the x direction and 0.1c and 4 in the z direction. 
What is the acceleration of this object at that time according to observer O’ in these 
directions? 

Answer: Using the Lorentz acceleration transformations from O frame to O’ frame, 
we have: v = 0.3c, uz = 0.2c, a, = 6, u, = 0.le and a, = 4. Hence: 


: 6 (1 — 0.32)?” 
i. = s 3 = ( ) 3 & 6.2709 m/s” 
e(1—- ey” (1-03 x 0.2) 
; CA, — UUgAz + UU Oy 


a —s 


tee 


_ [de® = (0.3 x 0.2¢ x 4) + (0.3¢ x jie x 6)] (1 = 0.3") 4.3167 m/s? 
CO x {1 = 0.3: « 0:2) 


2. As stated in the text, while in classical mechanics the acceleration is value-invariant 
across inertial frames, in Lorentz mechanics the acceleration is frame dependent. Does 
this mean that the inertiality status (i.e. being inertial or non-inertial) of a frame 
could be different between these mechanics, i.e. a frame can be inertial in one of these 
mechanics but non-inertial in the other mechanics? If not, show that according to 
Lorentz mechanics if the acceleration vanishes in an inertial frame, it should vanish in 
all inertial frames.|°4) 

Answer: No, and hence a frame is either inertial in classical and Lorentz mechanics or 
non-inertial in both mechanics. The reason is that if the acceleration vanishes in a frame, 
then it will vanish in any other frame according to the definition of both mechanics. 
Hence, if we start from a known inertial frame (say the absolute frame), then the 
inertiality status of all other frames will be the same in both mechanics because both 
mechanics will agree that the transformed acceleration is either zero or not although 


[81] The acceleration in this question belongs to a frame of reference rather than an object. 
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they may disagree on the value of acceleration if it is not zero. 

More technically, from the given Lorentz acceleration transformations we see that if 
the acceleration in O/O' frame vanishes (i.e. a, = dy = a, = 0 or a, = a, = a’, = 0) 
then it will also vanish in O’/O frame. Now, since O and O’ are arbitrary inertial 
frames, then we can conclude that if the acceleration vanishes in an inertial frame 
it will vanish in all inertial frames (and if not it will not). This may be used to 
conclude that the inertiality status of a frame is the same in both classical mechanics 
and Lorentz mechanics although the transformation rules of acceleration (and hence the 
quantitative values) in these mechanics are different. So in brief, all inertial frames are 
the same in both mechanics because the two mechanics agree on vanishing acceleration, 
and similarly all non-inertial frames are the same in both mechanics because the two 
mechanics agree on non-vanishing acceleration although the two mechanics may disagree 
on the value of the non-vanishing acceleration of a given non-inertial frame. 

3. What other conclusion can be drawn from the argument in the previous question? 
Answer: Since all inertial frames agree on vanishing acceleration of physical objects, 
then in Lorentz mechanics, like in classical mechanics, Newton’s first law is invariant 
across all inertial frames. In fact, the validity of this argument also requires the pre- 
sumption of the objectivity of force and hence if force is observed (or not observed) in 
a given frame then it should be observed (or not observed) in all other frames. 


4.2.5 Length Transformation 
4.2.6 Time Interval Transformation 
4.2.7 Mass Transformation 


1. Discuss mass transformation in Lorentz mechanics. 

Answer: According to the old view, the mass of a massive object is frame dependent 
and hence it is an extrinsic property although the proper mass is an intrinsic property. 
So, according to the old view, the mass is transformed between its rest frame and a 
moving frame by the formula: 

m = ym 
while according to the modern view the mass is an invariant property, and hence we 
have: 

m' =m 


We note that the symbols m and m’ belong to the rest frame and moving frame. 


4.2.8 Frequency Transformation and Doppler Shift 


1. A light source of frequency vp = 6.6 x 10‘ is located at the origin of coordinates of an 
inertial frame S. An inertial observer O is receding from the light source with speed 
v = 10°. What is the frequency v and the wavelength 2 of the signal as observed by O? 
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Answer: Since O is receding from the source then we have: 


C— Uv 3 x 108 — 108 
= ~ 6.6 x 10!4 ——_____s~ 4.6669 x 10!4H 
ee ON aay San Vas aos an i(s . 7 
) = ~~ 642.82nm 
V 


i.e. the signal is red shifted as it should be. 

2. An electromagnetic transmitter of wavelength Ay = 107° is located at the origin of 
coordinates of an inertial frame S$. An inertial observer O observed that the transmitted 
signal has a constant wavelength \ = 9 x 1079. What are the speed v and the angle @ 
of the relative motion between the observer and the transmitter? 

Answer: Since \ < Ap then the signal is obviously blue shifted. Moreover, since the 
observed wavelength A is constant and the frames are inertial then the observer should 
be heading towards the transmitter with a constant speed, and hence we should have: 


C+UvU 
C—Uv 


Y=TV) 9 


Accordingly: 


(Apo? = 
(A/Ao)”€ a (A/Ao)” v Cae 
vt (A/ro)2v = c—(A/do)*€ 
_ 1L= Qo)” 
TEO/ a? 
_. F=09? 
> angie” 
v ~ 0.1050c 


Moreover, since the observer is heading towards the transmitter then we have: 
6=0 


3. An electromagnetic transmitter of wavelength Ay = 10~" is located at the origin of 
coordinates of an inertial frame S. An observer O observed that the transmitted signal 
has a constant wavelength \ = 1.1 x 107’. What are the speed v and the angle 6 of 
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the relative motion between the observer and the transmitter? Assume that the speed 
of the observer is constant and 6 4 7. 

Answer: Since \ > Ao then the signal is obviously red shifted. Moreover, since the 
observed wavelength \ is constant and 6 4 7 then O should be moving transversely with 
a constant speed v around the source following a circular path that is centered at the 
source and hence O is not an inertial observer.'*?! If we assume that the stated formulae 
in the text equally apply to the instantaneous rest frame (see § 1.3) of a non-inertial 
observer like O then we should have: 


Vy =W/1-— f? 


Accordingly: 


LVlo 


Cc 
Yow 1- GB? 
Ye eee ee 


p> = 1-(do/d)? 
B = V1 (o/d)’ 


v = cy/1—(1/1.1)’ ~ 0.4166c 


Moreover, since the observer is following a circular path that is centered at the source 
then we should have: 
C= ay 2 

4. The sodium Dz, line of a star is observed from the Earth to be red shifted by 11 nm. 
What is the velocity of the star relative to the Earth? 
Answer: The sodium D, line has a proper wavelength Ag ~ 589 nm. Hence, the 
observed wavelength is \ ~ 589 + 11 ~ 600 nm. Also, because the line is red shifted 
then the star is receding from the Earth. Accordingly, we have: 


c—U 
VY = | 
c+v 
e  € Jeu 
7p Xo C+v 
i is c+v 
c—UvU 


(A/Xo)? (c-v) = ctv 


[821 Tn fact, this possibility (i.e. constant speed around the source following a circular path) is the simplest 
case but it is not the only one, and that is why we assumed in the question that the speed of the 
observer is constant. Other possibilities of variable translational or rotational acceleration should also 
be possible. The reader may consider these possibilities as other exercises. 
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(A/Ao-v tu = (Afro)? e—e 
_ (Afro)? = 1 
ISP aA 
(600/589) — 1 
‘ (600/589)? + ie 
v ~ 0.0185c 


So, the star is receding from the Earth along the line of sight with a speed of about 
0.0185c. 

5. A radio transmitter of frequency v9 = 10° is located at the origin of coordinates of 
an inertial frame S. An inertial observer O whose speed in S is v = 0.6c measured 
the frequency at t = 0 to be vy = 8 x 10’. What is the velocity of O relative to the 
transmitter at t = 0? 

Answer: The speed of O is given and hence it is known. So, to determine the velocity 
we need to know the direction of motion of O relative to the transmitter at t = 0, and 
this direction is determined by the angle @. Accordingly, we have: 


net ~y (1 = COs 0) 
1- e cost) = pal 
c vy 
cos@ = £ (1 - 2) 
v vy 
cose: = ee (: — ts x vi=08) 
0.6 8 x 10° 
cosp = os (: — i x 08) 
0.6 0.8 
cosé = 0 
60 a2 


Hence, at t = 0 the observer O is moving transversely relative to the transmitter with 
speed v = 0.6c.!83! 

6. An observer at the origin of coordinates of an inertial frame O measured the frequency 
of a radio signal coming from an inertial spaceship S$; to be v; = 10°. If S, is receding 
from the observer along the positive x direction with a speed v; = 0.5c relative to O, 
(a) What is the proper frequency v of the radio signal? (b) What is the frequency v2 
as measured by a second inertial spaceship Sz that recedes from the observer along the 
negative «x direction with a speed v2 = 0.4c relative to O? 

Answer: 


83] Tn fact, this is not a complete determination of velocity, but it should be enough for our purpose which 
may be guessed from “the velocity of O relative to the transmitter”. 
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(a) Because S$} is receding from O, the proper frequency vp of the radio signal should 
be obtained from the formula: 


0.5 
vy = 14y/ =" = 10" x ae = lo'va Hz 


(b) To find 12 we need to know the relative speed between 5S; and 52 by using the 
Lorentzian velocity composition formula for the x coordinate. Now, if we label Sj, O 
and 5S; with 1, 2 and 3 then we have uz,39 = 0.5¢, Uz21 = 0.4c and hence the required 
speed is uz31, that is: 


that is: 


4 = Ux32 + Ur21 = 0.5¢+ 0.4¢ =0'7he 
ooh 1 + Mesatest 14 (05x04) 


Hence, the frequency 12 is given by: 


/C — Ux31 9 /co — 0.75¢ 9 
ve mo c+ Ux31 v3 ‘s c+ 0.75¢ / 


7. The equation of classical Doppler frequency shift is given by: 


c+ U, 


Y= Vo 


c+ Us 


where v and v are the received (improper) and emitted (proper) frequency, while v, 
and v, are the velocity of the receiver and source relative to the medium of propaga- 
tion along the line of sight. The sign of v, is positive/negative when the receiver is 
approaching/receding from the source, while the sign of v, is positive/negative when 
the source is receding/approaching the receiver. Show that the Lorentzian Doppler fre- 
quency converges to this classical limit when (a) The receiver is stationary with respect 
to the medium and the source is receding from the receiver. (b) The source is stationary 
with respect to the medium and the receiver is receding from the source. 

Answer: 

(a) If the receiver is stationary relative to the medium then v, = 0 and hence the 
classical formula becomes: 7 


YS Vo 
C+ Us 


The Lorentzian formula for this case (ignoring the medium) is given by: 


/ 2 
c—v Vc2—ve € T= (/e) 
Y=TV) i = Vo 


Cc+v c+v 


where in the second equality we multiplied the numerator and denominator by c+ v. 
Now, in the classical limit v < c, (v/c)? becomes negligible and hence the Lorentzian 
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formula becomes identical to the classical formula when v, = v noting that v, is positive 
according to the sign convention that we stated in the question. 
(b) If the source is stationary relative to the medium then v, = 0 and hence the classical 
formula becomes: 

CaP a). 


vy = ——l 
Cc 


The Lorentzian formula for this case (ignoring the medium) is given by: 


C—Vv C—Vv 


ie—v 
c+u Vc? — y? ee (u/c)? 


40) 


where in the second equality we multiplied the numerator and denominator by /c — v. 
Now, in the classical limit v < c, (v/c)? becomes negligible and hence the Lorentzian 
formula becomes identical to the classical formula when v, = —v noting that v, is 
negative according to the sign convention that we stated in the question. 


4.2.9 Charge Density and Current Density Transformations 


1. A charged object whose charge density in its rest frame is pp = 6 is seen from an 
inertial frame O, to have a charge density p; = 10. What is the charge density p2 and 
the current density jg as seen from another inertial frame O2 which is moving uniformly 
relative to O, with a velocity of 0.2c? Assume that the motion of O; and Oy relative 
to the object is in the positive x direction. 

Answer: We label O;, O2 and the rest frame of the charged object with 1, 2 and 3. 
Accordingly, ux3; is the velocity of the object relative to O; and hence: 


Pl = YPo 


iy = Po 
1 — (letasil /e) 
1 = (|tesi|/c)” = (po/p1)? 


|ussil = c\/ I (po/p1)” 
= cvl—0.62 


|ur31| = 0.8c¢ 


xsi | 


Now, since O; is assumed to move in the positive x direction relative to the object, 
then uz3; = —0.8c. Moreover, uz21 = 0.2c. So, to find the velocity uz32 of the object 
relative to Oj, we use the Lorentzian velocity composition formula for the x direction, 


that is: oe ; 
_ Ugg1 — Ue — —0.8ce-02¢  -1l 
rae 1- Hest heat — te (0.8e) (0.2) a 116° 0.8621¢ 
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Therefore: 
6 
eo Po 5 ~ 11.8392 C/m® 
V1 = (tx32/¢)” yl a (—0.8621)° 
6 —0.8621c, 0,0 
jp pou _ x ( C,U, ) ay (—3.0619 x 10”, 0, 0) C/(m?.s) 


7 V1 — (tg32/c)? 7 Vl — (—0.8621)” 


4.3. Physical Relations 


4.3.1 Newton’s Second Law 


1. Show that all Newton’s laws of motion are valid in Lorentz mechanics. What you 
conclude? 

Answer: Newton’s second law in its Lorentzian form, as given in the text, is obviously 
valid in Lorentz mechanics. Newton’s first law is no more than a special case of Newton’s 
second law and hence it should also be valid in Lorentz mechanics (also refer to the 
exercises of § 4.1.7).84l The essence of Newton's third law is coupling of forces and 
hence if Newton’s second law (which may be regarded as a definition of force) is valid in 
Lorentz mechanics and Newton’s third law is valid in classical mechanics then Newton’s 
third law should also be valid in Lorentz mechanics if we use the Lorentzian form of 
Newton’s second law to define force.'°! 

Conclusion: all the laws of classical mechanics, which are based on Newton’s laws of 
motion, should also be valid in Lorentz mechanics if we use the Lorentzian forms and 
definitions of the involved quantities. 

2. Compare Newton’s second law in classical mechanics and in Lorentz mechanics. 
Answer: In classical mechanics, we have two forms of Newton’s second law. The 
first is “force equals time derivative of momentum” and the second is “force equals mass 
times acceleration”. Lorentz mechanics agrees with classical mechanics on the first form 
(considering the Lorentzian definition of momentum) but not on the second form since 
the Lorentzian force is given by f = may’ and hence, unlike classical mechanics, force 
is not proportional to acceleration. 


4.3.2 Mass-Energy Relation 


1. It is common in some branches of physics to use energy units as mass units (with proper 
conversion factors) and vice versa. Why? 
Answer: This is mainly for convenience because the conversion between mass and 
energy units becomes easier. For example, if we express a given mass in units of 
MeV/c? then we can obtain the equivalent energy of this mass easily by just dropping 


[841 Tn this regard, we refer to the following Lorentzian form of Newton’s second law: f = may? where 
force vanishes iff acceleration is zero noting that m 4 0 and y £ 0. 
[85] The reader is referred to the literature about the conditions for the validity of Newton’s third law. 
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c? from the denominator of the units and keeping the numerical value. So, knowing 
that the mass of electron is 0.511 MeV/c’, we immediately know that its rest energy is 
0.511 MeV with no need for calculations to convert mass to energy. This advantage is a 
dominant factor in some branches of physics, such as particle physics, where the mass- 
energy equivalence relation is in common use and hence the conversion is frequently 
needed. 

2. Find the equivalent energy of the mass of neutron (i.e. its rest energy) giving your 
answer in SI units. 
Answer: We have: 


Eon = Mn? & 1.6749 x 107?” kg x (3 x 108 m/s)” ~ 1.5074 x 1071° J 


where Eon is the rest energy (i.e. Eo) of neutron and m,, is its mass. 

3. Find the energy required to combine an electron with a proton to produce a neutron. 
Answer: We have m, ~ 0.511, m, ~ 938.27 and m,, ~ 939.57 where all these masses 
are in units of MeV/c”. Accordingly, the difference in mass, which represents the binding 
energy, is given by: 


Am = Mp — (Me + Mp) & 0.789 MeV/c? 


Hence, according to the Poincare mass-energy relation, the required binding energy 
(which may also be called the reaction energy according to the convention that we 
mentioned in the text) is: 


AE = Amc’ ~ 0.789 (MeV/c’) x c? = 0.789 MeV ~ 1.2641 x 10° J 


We can also work in standard SI units from the start where m, ~ 9.1094 x 107°! kg, 
M, & 1.6726 x 10-7" kg and m, ~ 1.6749 x 10~?" kg to get a similar final answer. 

4. A parent particle with mass mp decays, while being at rest, into two daughter particles: 
A with mass m, and B with mass mg. If the velocity of A is u4 = —O0.4c and the 
velocity of B is ug = 0.6c (where both velocities are along a single orientation), what 
is the mass of the parent particle in terms of m4 and mg? 

Answer: From the Poincare mass-energy relation plus the principle of conservation of 
total energy before and after the decay, we have: 


2 2 2 
MpC = MacCYa+ Mpc ys 
mp = MayaA+™MByYB 
MA MB 
mp = 


V1-042 V1—0.6 
mp ~ 1.0911lm,+1.25mp 


If we follow the old Lorentzian convention about mass, then the problem can be solved 
by using the conservation of mass (which we may call the Lorentzian mass) before and 
after decay where we start from the second line in the above sequence of equations. 
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5. The temperature of a block of aluminum of mass m, = 10 kg was increased by AT = 
1000 K. What is the relative increase in mass? 
Answer: The specific heat capacity of aluminum is C ~ 921.2 J/(kg.K) and hence the 
added heat is:'84 


E;, = m,CAT ~ 10 x 921.2 x 1000 = 9.212 x 10° J 


This energy is equivalent to a mass of about: 


E 
my = — ~ 1.0236 x 107" ke 


ey. 
Hence, the relative mass increase Am,. is about: 


Am, ~ “* ~ 1.0236 x 107! 


Mp 
6. The total energy of a particle of mass m is to be increased to 1.8 of its rest value. What 
is the required speed to realize this? 
Answer: We should have: 


EF; = 1.8 
yme? = 1.8mc’ 
Ap ie NS 


J/1—- 62 = 5/9 
1-6? = 25/81 
o> = 56/81 
u = cv56/9 


So, the required speed is about 0.8315c. 

7. Object A of mass m, and speed ug = 0.9c makes a perfectly inelastic collision with 
object B of mass mg = 2m, which is at rest. What is the mass m; of the single object 
that results from this collision in terms of m4? 

Answer: If we label the speed of the resulting single object with u, then from the 
conservation of total energy before and after collision plus mass-energy equivalence we 
have: 


mc Mac? 


= Imac 
Jf 1 —u?/c? V1 —0.9? = 
™M¢ mA 
= 2m 


1 — u?/c? V1 —0.9? 


[86] We are assuming that the specific heat capacity is independent of temperature; otherwise an integral 
is needed, ie. E;, = [ mpC dT where this integral is evaluated between the two temperature limits. 
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Also, from the conservation of momentum before and after collision we have: 
MU — ma0.9e 
af bexairyier 14/02 


On substituting from the second line of the energy equation into the momentum equa- 
tion and canceling m, we obtain: 


( MA 26 ) m,0.9c 
JE=0e2 se Jl =092 


( 0.9c ( 1 2) a 
Us 

V1 — 0.92 V1—0.92 

u ~ 0.4808c 


And hence from the second line of the energy equation we obtain: 


ma 
me = s/1 — u2/c? | ——— + 2m, ) ~ 3.7652m 
: / (= — 0.92 4) ‘i 


8. A radioactive nucleus of mass 109 amu (atomic mass unit) decays and releases EF, = 
7.4724 x 10-'! J of energy. What is the total mass that is left after the decay? 
Answer: The mass of 1 amu is Mamu & 1.6605 x 10-2” kg. Hence, the equivalent mass 
of the released energy is: 


E, 
Am = — & 8.3027 x 10°*% kg ~ 0.5 amu 
C 


So, the total mass that is left after the decay is about 108.5 amu. 

9. A proton at rest is accelerated through a potential difference AV = 10’ V. What is its 
speed? 
Answer: The charge of proton is identical in magnitude to the charge of electron. 
Hence, the kinetic energy of the proton Ex, is: 


Exp = eAV =1x 10’ = 10" eV = 10 MeV 
The rest energy of proton is Ep, ~ 938.27 MeV. Hence: 


Exp = myc’ (y—1) 
Exp = Eop (y— 1) 
10 = 938.27 (y—1) 


10 7 
PG eae) 


10 ve 
Lag? = fa = a 
P (sex ) 


4.3.3 Momentum-Energy Relation 151 


10 pe 
BS lis, ee eg, 
P (seat ) 


10 st 
pe i) 7 Ce 7 1) 


0.1448c¢ 


e 
I2 


4.3.3 Momentum-Energy Relation 


1. Some may argue that since we have E = ymc? and p = ymu, then from the relation 
E = pc for a massless particle we have: 


E = pe 
ym = ymuc 
C=, 


i.e. the speed of massless particles must be c. Assess this argument. 

Answer: This is not a valid argument because for massless particles m = 0 and hence 
both sides of the second equality should vanish which makes the conclusion of the third 
equality questionable. In fact, the use of the formula EF = pc which is for massless 
objects already assumes that the mass is zero and hence it is meaningless to use the 
equations E = ymc? and p = ymu which involve mass and hence they are specific to 
massive objects. 

2. Assess the following argument which may be found in some textbooks: for a massless 

object, such as a photon, that is supposed to move with a speed lower than c, the 
expressions for total energy (i.e. E = ymc?) and momentum (i.e. p = ymu) will vanish 
because m = 0, ie. EF =p =0. Now, since this is untrue because F and p are not 
zero, then this should indicate that no massless object can move with a speed lower 
than c to avoid this contradiction. 
Answer: This argument is not valid. Again, there is a contradiction between having 
a massless object and using the formulae E = ymc? and p = ymu which are specific 
to massive objects. Accordingly, the premise that “no massless object can move with a 
speed lower than c” should be established by a more reliable argument. 

3. Let assume that according to the formalism of Lorentz mechanics, no massive object 
can reach or exceed c and a massless object must not move with a speed less than c. 
What about massless objects moving with speeds greater than c? Is there a relation in 
Lorentz mechanics that implies the impossibility of exceeding c for massless objects? 
Answer: It seems that there is nothing in the current formalism of Lorentz mechanics 
that prevents this case, i.e. massless objects moving at speeds higher than c. For 
example, if we assume the validity!” of the velocity transformation (and composition) 
formulae for cases in which some velocities exceed c then the composite velocity (as well 


[871 This assumption is argumentative because the Lorentz spacetime coordinate transformations (from 
which the velocity transformations are derived) are limited by certain speed restrictions which can be 
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as the composed velocity) may exceed c in some cases, e.g. if we use the u,3; formula 
with uz; = 0.lc and uz32 = 1.5c then we have: 
Un32 + Us21 1.5¢+ 0.1le 


Mest = Temes ~T415x01 


which does not seem inconsistent. Accordingly, even if we accept (based on the formal- 
ism or something else) the propositions that the speed of massive objects cannot reach 
or exceed c and the speed of massless objects cannot be lower than c, we still need a 
valid argument to establish the proposition that the speed of massless objects cannot 
exceed c. We should remark that the argument against this case by the fact that + 
becomes imaginary when u > c is not valid since we should also reject (for a similar 
reason) the case u = c for this type of objects because y becomes singular when u = c. 
More discussion about this issue will follow. 

4. The total energy of an electron is 0.53 MeV. What is the magnitude of its momentum? 
Answer: The rest energy of electron is about 0.511 MeV. Hence, we have: 


FE? = pee +m? 

re = EP = Be 

pec? ~ (0.53MeV)? — (0.511 MeV)” 
pc? ~ 0.0198 MeV? 

0.1406 MeV 

0.1406 MeV /c 


3 
5 
I? 


3 
Q 


5. What is the total energy of a neutron whose momentum is p = 50 MeV/c? 
Answer: The rest energy of neutron is Ey ~ 939.57 MeV. We use the momentum- 
energy formula, that is: 


ar: 24 
EP Spe 6 


= 4/pc?+ EB 


= V (50 MeV/c)” x c? + (939.57 MeV)? 


V (50 MeV)* + (939.57 MeV)” 
~ 940.90 MeV 
L075 610-8 J 


maoee & & 
I 


6. Find the kinetic energy of a proton whose momentum is 150 MeV/c. 
Answer: The rest energy of proton is Ep ~ 938.27 MeV. We use the momentum-energy 


claimed to include even the massless objects. In fact, according to this the assumption that some of 
the composed velocities exceed c can be rejected in the first place. So, the purpose of this example 
and its alike is to explore possibilities more than to establish arguments. 
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relation, that is: 
Ee = pe + mic! 
(Eo+ Ex) = pe? + EG 
Ej+2Eok, +E = pee+R 
2EoE, + ER = pc? 
E2+2E)E,—-p’e = 0 
E? + 1876.54E, — 1507 = 0 


Using the quadratic formula, we obtain: 


—1876.54 + \/1876.542 — 4 x 1 x (—1502) 

2x1 
that is: EF, ~ —1888.45 MeV or FE; ~ 11.91 MeV. The negative root should be rejected 
because it is non-physical. 
This problem may also be solved by using the definition of momentum (i.e. p = ymu) 
plus the definition of kinetic energy, ie. Ex, = Eo (y—1). To ease the notation we use 
the following symbol: 


Exe 


Saeed, 2G 150 MeV/c 150 
~ CMp CX 938.27MeV/c2 938.27 
Hence: 
_ Mp 
p AP 
B oo oe 
ry ey oi CMp 
ee 
1— (6? 
Ps 
1+ A? 
A2 
V1—-6% = 1 — ——— 
7 1+ A? 
A2 —1/2 
ey fie ee 
¢ ( iz =) 
Therefore: 
A? —1/2 
E, = EB — 1) = 938.27 1 — ——— —1} ~ 11.91 MeV 
k 0 (7 ) x ( a} . 


7. What is the advantage of expressing the energy in terms of momentum rather than 
velocity? 
Answer: Because the momentum is conserved but the velocity is not. 
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4.3.4. Work-Energy Relation 


1; 


A force is given by: f = (x, y?, /z). What is the work done by this force in moving a 
particle from position r; = (1.2, —2.7,5.3) to position rg = (—3.4, 27, 3.9)? What is the 
change in the kinetic energy of the particle in moving between these positions? 
Answer: From the definition of work we have: 


r2 
W = / f-dr 


= [ Caalie Vz) - (dx, dy, dz) 


ri 


—3.4 20 3.9 
/ xdz + / ydy + Jzdz 
1 = 


2 2.7 5.3 


e Fe | ey | 3] 3.9 

2 1.2 3 —2.7 3 bes 
~ 5.06 + 89.2444 — 2.9998 
91.3046 J 


r 


I2 


From the work-energy relation we have: 


AE, = W ~ 91.3046 J 


4.4 Conservation Laws 


1. 


Discuss the conservation laws of mass and energy in classical and Lorentz mechanics. 
Answer: In classical mechanics, mass and energy are conserved as two independent 
physical quantities. But in Lorentz mechanics, the two are conserved as a single quan- 
tity because of the equivalence between mass and energy according to the Poincare 
relation and hence what is conserved is the combined mass-energy which may be seen 
as conservation of Lorentzian mass m = ymo (where all forms of non-kinetic energy are 
included in the rest mass) or conservation of total energy E;, = ymoc?. In more details, 
we have the following cases of conservation: 

e Conservation of mass where there is no conversion between mass and energy. 

e Conservation of energy where there is no conversion between mass and energy or 
between various forms of energy. 

e Conservation of energy where there is no conversion between mass and energy but 
there is a conversion from one form of energy to another form of energy with the total 
energy (in its classical sense) being conserved. 

e Conservation of mass-energy where there is a potential conversion between mass and 
energy and a potential conversion between different forms of energy.|** 


[88] The case of conservation of “mass and energy” rather than “mass-energy” (assuming that the system 


contains both) where there is no conversion between mass and energy (with or without conversion 
between different forms of energy) can be represented as a combination of the first three cases. 
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We note that these cases of conservation equally apply in classical and Lorentz me- 
chanics except the last case which applies only in Lorentz mechanics since there is no 
conversion between mass and energy in classical mechanics. Accordingly, the laws of 
classical mechanics of conservation of mass and conservation of energy can be consid- 
ered as special cases for the more general law of conservation of mass-energy in Lorentz 
mechanics (i.e. by excluding any potential conversion between mass and energy in the 
last case). 

However, we should remark that the equivalence between mass and energy, as expressed 
by the Poincare relation, may be established by purely classical arguments (refer to § 
5.3.2) and hence the conservation of mass-energy (instead of conservation of mass and 
conservation of energy) may not be proprietary to Lorentz mechanics since the classical 
framework can provide sufficient theoretical justification for this equivalence. If this is 
the case, then both mechanics have the same law of mass-energy conservation (although 
this law was not considered in the early history of classical mechanics) and hence they 
agree in all the aforementioned four cases of conservation. 

2. A bound electron captured a 2 MeV photon. Neglecting the recoil of the atom to 
which the electron is bound and assuming that the electron is initially at rest, find the 
speed of the electron after capture assuming that the external forces on the electron are 
negligible. 

Answer: If we label the energy of the photon with Ey», the rest energy of electron 
with Fo. and the total energy of the electron after capture with E;, then from the 
conservation of total energy we have: 


Et = MC T ph 
yee = mec? + bi 
Eve = ve ar Eon 

Eve te ras 
ry: = E 
Oe 
1 0.5114 2 


I2 


/1— B 0.511 
0.511\? 

8? = (= 
B (san) 


0.511\? 
a -GR) 


u 2 0.9791c 


3. A particle A of mass m and kinetic energy Ex4 = 2mc? collides with a stationary 
particle B of mass 1.5m and they coalesce. What are the mass, energy and momentum 
of the composite particle in terms of m and c assuming that there is no loss of mass or 
energy to the environment in this process? 

Answer: If we symbolize the speed of particle A with wu then from the definition of 
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kinetic energy we have: 


Exa = Egal(y—1) 


Eka 
CS ae 
Eoa 
Ime? 
ee ea 
mec 
ae ee 
u ~~ 0.9428c 


Now, if we label the mass and speed of the composite particle with M and v then from 
the conservation of momentum we have: 


ion Bre, 


and from the conservation of ie energy we have: 


\/1 — (u/c)? 1—(v/c) 


From the latter equation we obtain: 


m 


M = 4/1- (u/c)? + 1.5m 
1— (u/e)” 


On substituting this into the momentum equation we obtain: 


mu 


= lt Oy 


1 — (u/e)’ 1— (u/e)” 


-1 


a ae 


0.6285c¢ 


Therefore, the mass, energy and momentum of the composite particle are: 


I2 


U 


m 


M = \4/1-(v/c)? + 1.5m | = 3.5m 
1 — (u/c) 
M 2 
B= 2 =-45me 
1 — (u/c)? 
M 
p = 2 228284 


1 —(v/e)” 
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4.5 Restoring Classical Formulation at Low Speed 


1. Give examples (other than those given in the text) for the convergence of the Lorentzian 
formulation to the classical formulation at the low-speed limit, i.e. vu << c. 
Answer: Other examples include: 
e Transformations of space coordinates and time where the Lorentzian transformations 


reduce to their Galilean form at the limit of low speed:!°! 
zo = y(x-vt) > aeear-vt (y>1) 
a 7(t- =) > owes | (B>0,y¥7 1) 
Cc 
e Force: 
f =may’ > fx~ma (y > 1) 


2. Discuss the conditions for the validity of the classical formula of velocity transformation 
in the x direction. Also discuss the validity of the approximation in the y and z direction. 
Answer: The Lorentzian formula for the velocity transformation in the x direction is 
given by: 

u,,+u 
vul, 
C2 


hee 

Lap 
As we see, there are two velocities on the right hand side, i.e. u/, and v. In the text 
we considered only one of these velocities, i.e. v. However, u/,, like v, should also 
be subject to the same low speed restriction since its role in the formula is similar to 
the role of v as seen in the above equation. So, the condition for the applicability of 
the classical form is that the denominator of the Lorentzian form approaches 1, i.e. 


(2 + ue) ~ 1 or |vu',| < c*. The situation will be more clear if we use the formula of 


velocity composition, which is another form of the velocity transformation formula as 


shown in § 4.2.3, that is: 
Ug32 1 Us21 


bo in Ups2tle2d 
Cc 


where the symmetry of the formula in uz32 and uz21 is more obvious. 
The velocity transformation in the y direction, i.e. 


/ 
Uy 


8) 


also converges to the classical form (i.e. uy ~ u,) when v and u/, are very small compared 


Uy = 


to c and hence y ~ 1 and (1 + | ~ 1, ie. the denominator approaches 1. This also 


applies to the velocity transformation in the z direction since it is identical in form to 
the velocity transformation in the y direction. 


[89] We note that for the time transformation another condition should be imposed on 2, however this is 
not related to speed which is the matter of concern in this section. 
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3. 


Find the speed condition for which the relative difference between the Lorentzian and 
classical velocity transformation relations for the x dimension does not exceed 0.05. 
Comment on the question. 

Answer: The classical and Lorentzian velocity transformation relations for the x di- 
mension are given by: 


fo. q , _ Ug—v 
Ure = Uz — UV an Url [be 
c2 
Hence: 
i, UES e 
Ugl a 1 UUz 
c2 
/ 
a! 3 Urge 
vl Ula 
c2 
/ 
Ug 1 
/ VU. 
ae 1 a 
/ 
ae oe UUx 
i * c 
al 
/ 
fas Ure _ UUz 
w, OA 
al 
Proce ah 
jj 2 
Wel Cc 


So, the speed condition is: |vu,| < 0.05c?. 

Comment: this example provides a general method for setting the required limit where 
classical mechanics is a good approximation to Lorentz mechanics within a given allowed 
error margin. 


4.6 Restrictions at High Speed 


1. 


Give some examples for the speed restrictions on massive objects that are based on the 
current formalism of Lorentz mechanics. 

Answer: There are several examples; however we give only two obvious examples: 

e Momentum: when a massive object approaches the characteristic speed of light, the 
Lorentzian expression for momentum (i.e. p = ymu) tends to infinity. 

e Energy: when a massive object approaches the characteristic speed of light, the 
Lorentzian expression for energy (i.e. E = ymc’) tends to infinity. 

These examples, as well as other similar examples, may be seen as an indication that no 
massive object can reach the speed of light. By priority, no massive object can exceed 
the speed of light within the domain of Lorentz mechanics and according to its current 
formulation. 


. Discuss the issue of the speed of physical objects within the framework of Lorentz me- 


chanics and beyond. 
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Answer: Regarding the speed of physical objects, there are two main cases: massive 
objects and massless objects: 

e Within the domain of validity of Lorentz mechanics and within the current formu- 
lation, the speed of massive objects should not reach or exceed c, as can be inferred 
for example from the Lorentzian formulae for momentum and energy. However, this 
restriction may be lifted outside the validity domain or/and by future extension or 
modification to the current formulation. 

e The speed of massless objects can certainly reach c as it is the case with light. How- 
ever, should these objects strictly have this speed, i.e. is it impossible for a massless 
object to have a speed lower or higher than c? There seems to be no requirement of 
the current formulation of Lorentz mechanics and within its domain of validity for this 
restriction. Hence, further evidence is required to establish the generally accepted 
proposition that the speed of all massless objects should be c. Again, even if the case for 
this restriction is established within the framework of Lorentz mechanics, it is still pos- 
sible for this restriction to be lifted outside the domain of validity of Lorentz mechanics 
or/and by a future extension or modification to the current formulation.?!) 

3. An electron is seen from an inertial frame O, to have a momentum p,; = 2 MeV/c 
and from another inertial frame O2 to have a momentum p2 = 4MeV/c. What is the 
relative speed between O, and O2 assuming that O, and QO, are in a state of standard 
setting and the momenta are referred to their common x axis? Comment on the result. 


Answer: We label 'S as A and hence we have: 
| 


pic _ pic (2MeV/c) xc 


Mec? Eve 0.511 MeV 


From QO, we have: 


Pri = VMeUy 
P1 
MU = a 
Uy = Pi 
/1— B? Me 
By = pic 
Vi-B mee 
Fi —- A 
/1— p 
ony = A? 
1 — 6? 


199] We note that the case of light should be excluded due to the invariance of its speed according to the 
current formulation and within the validity domain of Lorentz mechanics. As discussed before and will 
be investigated further, this invariance is based on the use of the speed of light in spacetime calibration 
and hence it does not necessarily extend to all massless objects. 

191] This lift could include even the speed of light as discussed earlier. 
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A? 
2 = 
uy ~ 0.9689c 


where the negative root is discarded because p, is positive. Similarly, from O 2 we have: 
ug & 0.9919¢ 


Now, since the momenta are referred to the x axis we use the velocity composition 
formula for the x dimension where we label O,, O2 and electron with 1, 2 and 3. Hence, 
Ur31 = U1 & 0.9689c, Us32 = U2 Y 0.9919c, and the required speed is |uz21|, that is: 


Uz31 — Ux32 By 0.9689c — 0.9919c 


iy ~ —0.5923 
| — teu ~ 1 — (0.9689 x 0.9919) : 


Ur21 = 


and hence the relative speed between O; and Oy is |uz21| ~ 0.5923c. 

Comment: the Lorentzian velocity composition formulae may be seen to provide another 
example for the restriction on the speeds in Lorentz mechanics because as we saw in 
this example some of the composite relative speeds should exceed c if we follow the 
Galilean additive rule of velocity composition. However, the reader is referred to the 
next question about the nature of this restriction. 

4. Can we infer from the velocity composition and velocity transformation formulae that 
the speed of massless objects is restricted to c (i.e. the speed cannot be less than or 
greater than c)? What about the restriction on the speed of massive objects to be less 
than c? 

Answer: The velocity composition and velocity transformation formulae mean that the 
velocities are transformed between frames in this manner where there is a limit on the 
observed composite velocity to be less than or equal to c when the composed velocities 
are less than or equal to c. This does not mean that falling below c or exceeding c by 
massless objects is impossible in its own. In fact, having a speed less than c by massless 
objects cannot be ruled out because of these formulae since there is no restriction on 
this case from these formulae. Yes, for exceeding c there may be a legitimate argument 
for the restriction since these formulae produce results that are restricted to be less than 
or equal to c but this applies when the composed velocities are less than or equal to c. 
As shown earlier in an example (see § 4.3.3), if we assume that some of the composed 
velocities exceed c then these formulae legitimately yield a composite velocity that 
exceeds c. In brief, these formulae put a restriction on the composite velocity to be less 
than or equal to c when the composed velocities are assumed to be less than or equal 
to c, but these formulae do not put a restriction on the composed velocities to be less 
than or equal to c and hence when the composed velocities are assumed to exceed c 
the formulae yield sensible results where the composite velocity could also exceed c.|%! 


192] The point of this is not to assert that the composition formulae apply to the cases where the composed 
velocities exceed c and hence the composite velocity also exceeds c, but to reject the claim that 
these formulae impose a limit on the velocity. Yes, as indicated before (see § 4.3.3), the composition 
formulae are derived from the Lorentz spacetime coordinate transformations which are limited by 
certain speed restrictions that can be claimed to include even massless objects of all types. Accordingly, 
the restriction will ultimately rest on this tentative claim. 
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We should remark that the above deliberation is based on an implicit assumption that 
these formulae equally apply to all types of massless objects as to massive objects, and 
this assumption may be debated. 

With regard to massive objects, the speed restriction on massive objects to be less 
than c can be legitimately inferred from other Lorentzian formulae like the formula 
of momentum or the formula of energy. Hence, the velocity composition and velocity 
transformation formulae are not needed to establish this restriction regardless of being 
eligible to impose a speed restriction or not. 


Chapter 5 
Derivation of Formalism 


L, 


Can we consider the limitation that is imposed in Lorentz mechanics on the physical 
speeds (i.e. uv < c) as evidence for the proposal that c is a restricted speed to light and 
it is an ultimate speed for all physical objects? 

Answer: The Lorentzian limitation on physical speeds, i.e. v < c, does not imply that 
it is a universal fact. The reason is that the theory of Lorentz mechanics could be a 
limited theory representing a limiting case for a more general theory, as it is the case 
with classical mechanics which is a limiting case to Lorentz mechanics or the claim that 
Lorentz mechanics (as commonly represented by special relativity) is a limiting case 
to general relativity. So, although the formalism of Lorentz mechanics is restricted to 
uv <c, this does not represent an evidence that v < c is a universal fact. In fact, even 
within the domain of applicability of Lorentz mechanics (i.e. inertial frames) we can 
imagine that the condition v < c may not apply because the current formulation of 
this mechanics is not complete. For example, we can imagine that the Lorentz y factor 
includes terms in ( of higher order which are negligible in most experimental situations. 
We should remark that because the domain of validity of Lorentz mechanics is restricted 
to inertial frames, the restriction v < c does not extend automatically to non-inertial 
frames even if the premise about c as being restricted and ultimate speed is accepted 
as a universal fact within the domain and formalism of Lorentz mechanics. We should 
also point out to the fact which was indicated earlier that the case of massless objects 
should be treated differently from the case of massive objects with regard to speed. So, 
even if the restriction v < c is finally established on the speeds of massive objects by the 
Lorentzian formalism or by any other evidence, we still need an independent evidence for 
the restrictions that are commonly imposed within the framework of special relativity on 
the speed of massless objects!®*! where it is claimed that this speed is strictly restricted 
to c and hence it cannot fall below or exceed c. 


5.1 Physical Transformations 


ile 


Why we prefer to postulate the Lorentz spacetime coordinate transformations and de- 
rive the other transformations and formulations of Lorentz mechanics from these postu- 
lates instead of deriving the Lorentz spacetime coordinate transformations from other 
postulates as it is the case in special relativity where they are derived from the postulate 
of relativity and the postulate of constancy of speed of light in all inertial frames? 

Answer: The reason is that: basing the formulation of Lorentz mechanics on the 
Lorentz spacetime coordinate transformations as postulates makes this mechanics more 
objective and neutral to epistemological and philosophical interpretations and hence it 


193] As seen earlier, we should exclude light due to the invariance of its speed according to the current 


formalism of Lorentz mechanics. 
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will be open to various interpretations. On the other hand, basing the formulation of 
this mechanics on the postulates of special relativity or any other theory will bind this 
mechanics to the epistemological and philosophical framework of this theory and force 
the investigator to adopt views that may not be supported by scientific evidence. 


5.1.1 Lorentz Spacetime Coordinate Transformations 


1. What is the physical significance of the Lorentz spacetime coordinate transformations 
and to which physical phenomena they are related? 
Answer: Our belief is that the Lorentz spacetime coordinate transformations originate 
from the effects of length contraction and time dilation which are experienced under the 
influence of motion. As we will see in the forthcoming parts of the book, this connection 
can be demonstrated and presented in various forms with various justifications (refer 
for example to § 5.1.4, § 5.1.5 and § 12.4.2). 

2. Discuss the procedural aspects in solving the problems related to the Lorentz spacetime 
coordinate transformations. 
Answer: In brief, the Lorentz transformations have nine variables or parameters: four 
spacetime coordinates for each frame (i.e. x,y, 2,t, 2’, y’, 2’, t’) plus the relative velocity 
(i.e. uv assuming a state of standard setting) between the two frames. So, given suf- 
ficient information any problem can be solved either directly or by manipulating the 
given transformations or/and combining more than one transformation. Many of these 
methods and techniques have been demonstrated in § 4.2.1. Sometimes the space or 
time separation (or interval) between two events is required; in such cases the difference 
between the corresponding spacetime coordinates of the events should be considered, 
as demonstrated in the text and as will be seen in the next exercise. 

3. Write the expressions for the space and time intervals between two events V4 and Vg 
as measured by O’ knowing the spacetime coordinates of the events as measured by O 
where O and O’ are in a state of standard setting. 


Answer: 
tp—-2, = y(tp—vtp)—y(ra—vta) = 7[(ee — 2a) — (te — ta) 
YB -_ y's = YB-—YA 
zp— 2, = 2B-2ZA 


x UL A UV 


4. Discuss if the mingling of space and time into spacetime is a complete novelty of Lorentz 
mechanics. 
Answer: We can consider the intertwining of the space coordinates and time in the 
above Lorentz transformations as a distinctive feature of the Lorentz transformations 
and Lorentz mechanics and hence this mix of space and time into spacetime may be 
seen as something novel that has been introduced by Lorentz mechanics. However, we 
should also note that the Galilean transformation of x coordinate (i.e. x’ = x — vt) 
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also contains some sort of intertwining. In fact, the Galilean and Lorentzian transfor- 
mations of the x spatial coordinate are identical apart from the Lorentz y factor which 
does not include a spatial or temporal coordinate and it is dimensionless. So, what 
is entirely novel in the Lorentz transformations and Lorentz mechanics is the mixing 
in the time transformation, as can be seen by comparing the equation t’ = t of the 
Galilean transformation of time to the equation t’! = 7 ( — us) of the Lorentz transfor- 
mation of time. So, the mingling of space and time in Lorentz mechanics is obviously 
more extensive and fundamental and has certain novelty aspects (and this is reflected 
for example in the invariance of spacetime interval and non-invariance of space interval 


and time interval) although it is not entirely novel.“ 


5.1.2 Velocity Transformations 


1. Derive the Lorentz velocity transformations from the unprimed frame to the primed 
frame using this time the differential method instead of the chain rule of differentiation. 
Answer: Using the Lorentz transformations for x’ and t’ (i.e. av! = y(a#— vt) and 
tv’ = (t— 4)), we have: 


dx’ = y(dx —vdt) 
d 
di! = 4 (a = t) 
C 
Hence: 
, az’ vy (dx — vdt) fe _y Ur —U 
Uy = = vdx = V_ ax = UUx 
di qd rae), ae 


where we divided the numerator and denominator by dt in the third step and used the 
definition of velocity in the last step. Similarly, we have: 


wv a oe dy 2 dt _ ty 
WW i-) 0-se) 0-) 
a dz & tg 


5.1.3 Acceleration Transformations 


1. Derive the Lorentz acceleration transformations from the unprimed frame to the primed 
frame using this time the differential method instead of the chain rule of differentiation. 


Answer: Using the transformation equations for u/, and t’ (ie. ul, = jmp and 
ar 


Cc 


194] We should also refer to the effect of the speed of relative motion (as represented by the y factor) on 
the spacetime coordinates which is a total novelty of Lorentz mechanics. 
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t= (t— 4)), we have: 
v2 
a Mella) 8) eI E) 
‘ Ca) Eo a eo 
dt! = 4 (« = oe) 
Hence: 


du’, 
dt! 
dur 
9? (1 — Se) 7 (dt — 4) 
Ay 
US) =) 
Oy 
pS) 


where the third step is obtained by dividing the numerator and denominator by dt and 
using the definitions of acceleration and velocity. 


Similarly, from the transformation equation for uy, (i.e. w, = 2) we have: 
dul = duyy (1 — “#) — uy (—*3*) _ dy — diy" + Uy a 
y 2 2 
Vs) ee) 
Hence: 
, _ dy 
ay = dt’ 
duty — duly" + Uy elite 
= 2 
vile) Viet 
Ay ~ Oy Uy 
= 2 
ae) le) 
Ay — Ay + Uy 


ay (ee): 
C’dy — UUgAy + UUy Ay 
ey (ise) 


where the third step is obtained by dividing the numerator and denominator by dt and 
using the definitions of acceleration and velocity. The derivation of a’, is identical to 


the derivation of ay: 
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5.1.4 Length Transformation 


1. Find a general formula that correlates the total length of an object in one inertial 
frame O to its total length in another inertial frame O’ where O and O’ are in a state 
of standard setting and the object is arbitrarily oriented in any direction. 

Answer: We have: 


L=|L|=,/22+ 2+ 2 = (+ (4)? + (LP 


where L is the length of the object in frame O while (Lz, Ly, Lz) and (Li, Dp L!,) are 
its components in frames O and O’. 


5.1.5 Time Interval Transformation 


1. Use a single argument to derive both the Lorentzian length transformation and the 
Lorentzian time interval transformation. Comment on the results. 
Answer: Let have an inertial observer O with an object of length L in his rest frame and 
another inertial observer O’ that moves at speed v relative to O along the orientation 
of the object. According to O, O’ passes through L in time (of O'): 


A= = => L=vAt' 
v 


while according to O’ the object has length L’ and he passes through this length in time 
(of O): 

L’ 
Tg 


At => L'=vAt 


Now, if we assume only the time dilation effect, then we have: 


EL vAt' vyAt 
= — — oy. 


=> bsnl 
Ul wh OAe q 


which is the length contraction formula. Similarly, if we assume only the length con- 
traction effect, then we have: 


Ae. AE - a 
At) vAt Lo yl ¥ 


—s At' = yAt 


which is the time dilation formula. 

Comment: there are two things to note: 

e This derivation shows that time dilation and length contraction have a common origin, 
i.e. there is a single fundamental physical principle (i.e. the contraction of spacetime 
coordinates with motion) behind both of these effects and that is why we can find a 
single argument from which both effects can be obtained. 

e This confirms our explanation about the difference in perspective when we use the 
terms “length contraction” and “time dilation” (instead of “length contraction” and “time 
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contraction” or “length dilation” and “time dilation”) and that is why we write L = vAt' 
and L' = vAt (instead of L = vAt and L’ = vA’). 
The suspected reader who may think this argument is wrong should analyze the meaning 
of the used symbols carefully first, and should explain why we should use L = x2 — x; 
(which is based on using the transformation of space coordinates from the primed to 
the unprimed) to derive length contraction and At’ = t5 — t (which is based on using 
the transformation of time coordinates from the unprimed to the primed) to derive time 
dilation. He is also advised to read the answer to the next exercise. 

2. Repeat the previous question to show “time contraction” and “length dilation”. Also, 
comment on the results. 
Answer: Let have an inertial observer O with an object of length L in his rest frame 
and another inertial observer O’ that moves at speed v relative to O. According to O, 
O’ passes through L in time (of O): 


L 
Ata = => L=vAt 


Ss 


while according to O’ the object has length L’ and he passes through this length in time 
(of O’): 

L’ 
ye 
Now, if we assume only the time dilation effect, then we have: 


L vAt vAt 1 


LU’ vAt 


At => LU’ =vAt' 


vyAt bee ~y 


which is the “length dilation” formula. Similarly, if we assume only the length contrac- 
tion effect, then we have: 


At vAt CL I 

Ae ie Eh 
which is the “time contraction” formula. 
Comment: this reveals that the labels of the two effects are based on the above men- 
tioned difference in perspective. Hence, when we unified our perspectives we obtained 
time dilation and length dilation in one case and length contraction and time contraction 
in the other case. Accordingly, length contraction and time dilation effects represent 
in essence the same effect that is experienced by the spatial and temporal coordinates 
of spacetime where these coordinates are seen to contract (or dilate as seen from an 
opposite perspective) by the effect of motion. 

3. Considering the procedural aspect of time measurement, what distinguishes proper time 

interval from improper time interval? 
Answer: Proper time means the time as measured by a clock which is at rest relative 
to the observer while improper time means the time as measured by a clock which is 
in motion relative to the observer. Now, because proper time interval is measured at 
rest, the start and end of the proper time interval are measured by the same clock 


7 = At = yAt' 
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(or equivalently at the same location) in the frame to which this interval belongs. On 
the other hand, because improper time interval is measured in a state of motion, the 
start and end of the improper time interval are measured by two different clocks in the 
frame to which this interval belongs. To put it in another way, since the proper time 
interval represents the time as measured at the same location by a given observer, a 
single clock is needed to measure the interval. In contrast, since the improper time 
interval represents the time as measured at two different locations by a given observer, 
two different (but synchronized) clocks are needed to measure the interval. 

4. Provide more clarifications about the conditions that should be satisfied to justify using 

time dilation and length contraction formulae instead of the Lorentz spacetime trans- 
formations. 
Answer: For time dilation relation to apply, the two events should be co-positional to 
one observer. Similarly, for length contraction relation to apply, the two events should 
be simultaneous to one observer. So, if the events are not co-positional to any observer 
then the Lorentz time transformation should be used to find the temporal separation 
between the two events. Similarly, if the events are not simultaneous to any observer 
then the Lorentz space transformation should be used to find the spatial separation 
between the two events. This means that when time dilation effect applies then one 
observer needs a single clock while the other observer needs two synchronized clocks, 
so if both observers need two synchronized clocks (i.e. each in his own frame) to record 
the time of the events then the Lorentz time transformation should be used. 


5.1.6 Mass Transformation 


1. Clarify the issue of the invariance of mass according to the old and modern conventions 

of Lorentz mechanics. 
Answer: According to the modern convention “mass” is mass (i.e. it is the same 
whether at rest or in motion) and hence the invariance of mass and the invariance of 
rest mass are the same and they both hold according to this convention. However, 
according to the old convention the rest mass is different from the non-rest mass and 
hence while the invariance of rest mass holds the invariance of mass in general does not 
hold. In other words, while the invariance of rest mass is true in both conventions, the 
invariance of non-rest mass (and hence the invariance of mass in general) is true only 
in the modern convention. 

2. Following the old convention about mass, provide an argument based on the conserva- 
tion of momentum to show that the mass is transformed from its rest frame to a moving 
frame according to m = ympo. 

Answer: Let have two observers, O and O’, who are in a state of standard setting with 
relative speed v. Observer O fires a bullet in the y direction towards a block of wood 
which is in his rest frame and the bullet penetrates the block creating a hole of length 
L. Now, since O and O’ agree on the lengths in the y direction which is perpendicular 
to the direction of their relative motion they should agree on L. It is sensible to assume 
that the length of the hole is solely dependent on the momentum of the bullet in the 
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y direction. Accordingly, since O and O’ agree on the length of the hole they should 
agree on the momentum of the bullet in the y direction. Now, if we use the classical 
definition of momentum then we should have: 


Be DA IE _ 
Py =MUy = MUy = Py 


On transforming the y component of the velocity from O’ to O noting that u, = 0 we 
obtain (with y being a function of v): 


FO yy. Se Thy 
UE se Muy 
ze 
m'ty = Muy 
m = ym 


which is the required result with m and m’ being the rest and non-rest mass (i.e. corre- 
sponding to mp and m in the relation m = ymo which is given in the question).! We 
note that this “proof” is not sufficiently rigorous since it is based on several assumptions 
and approximations (e.g. using the classical definition of momentum and assuming that 
the y factor belongs exclusively to mass) some of which may not be obvious. We should 
also note that this type of argument may not fit well within a certain theoretical struc- 
ture due for example to circularity; so the purpose of bringing this sort of questions 
and answers is diversity rather than building a rigorous Lorentzian theory. 


5.1.7 Frequency Transformation and Doppler Shift 


5.1.8 Charge Density and Current Density Transformations 


if 


Provide more clarification about the transformation of electric current density. 
Answer: To be more clear, we have: j’ = p90 in frame O'. By transforming the two 
sides of this equation from O! to O, we obtain: j = ypou which is a combination of the 
transformations: j’ > j, po > Ypo and 0 > u. 


5.2 Physical Quantities 


5.2.1 Momentum 


a 


Make a simple argument to obtain the Lorentzian form of momentum with no need for 
formal derivation. 

Answer: Although the following argument is not rigorous, it should be useful for 
pedagogical purposes. Let follow the old formalism of Lorentz mechanics where mass 
is considered as a frame dependent quantity and hence we have m’ = my where m and 


195] The “rest” and “non-rest” here is with respect to the x orientation which is the orientation of the 


relative motion between O and O’. 
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m’ are the proper and improper mass of the object. The classical form of momentum 
(ie. p = m'u)9l will then apply even in Lorentz mechanics, that is: 


p=mu=ymu 


As indicated earlier, this definition satisfies all the aforementioned four requirements of 
a legitimate Lorentzian definition of momentum, and hence it is a legitimate form. 

2. Make a simple argument (based on the validity of conservation of momentum in clas- 

sical mechanics) to justify the third requirement of an acceptable Lorentzian definition 
of momentum. 
Answer: The third requirement can be simply established by the validity of the con- 
servation of momentum in classical mechanics plus the fact that the Lorentzian for- 
mulation should converge to the classical formulation in the classical limit (which the 
first requirement is based upon), and hence we need a Lorentzian principle that con- 
serves momentum in its classical domain and in the extended Lorentzian domain and 
this obviously requires a suitable definition of momentum that satisfies this demand. 
Accordingly, the third and first requirements may be seen to have a common basis. 

3. Make a simple argument (based on the validity of Newton’s second law in classical 

mechanics) to justify the fourth requirement of an acceptable Lorentzian definition of 
momentum. 
Answer: The argument should be very similar to the argument of the previous ques- 
tion. In brief, the necessity for the convergence of Lorentzian formulation to the classical 
formulation plus the validity of Newton’s second law in the classical domain requires a 
momentum formulation (or “definition”) that keeps the essential relation between force 
and momentum (and even the relation between force and acceleration considering the 
convergence) as expressed by the Newton’s second law. The alternative is to create a 
totally new formulation that replaces Newton’s second law even in its classical domain 
and this requires a fundamental change in physics which (assuming that such a change 
is possible) is not an attractive choice. Accordingly, Newton’s second law is kept as 
in classical mechanics while the definition of momentum is modified to adapt with the 
Newton’s second law both in the classical domain and in the extended Lorentzian do- 
main. Therefore, the fourth and first requirements may be seen to have a common basis 
(and hence if we except the second requirement then all the requirements have a com- 
mon basis which is the necessity for the convergence of Lorentz mechanics to classical 
mechanics at the classical limit). 

4. What is the implication of the following statement: “The components of momentum in 
the perpendicular directions to the direction of relative motion between the frames of 
observation are value invariant across these frames and hence only the component in 
the direction of relative motion is variant”. 

Answer: The implication is that the direction of momentum is not invariant across 
frames (where the direction is defined in terms of a common spatial coordinate system 
or by the relative size of the components). 


196] For convenience, we use here m! instead of m where this is justified by the fact that m = m/ according 
to classical mechanics. 
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5.2.2 Force 


1. Write down the mathematical form of Newton’s second law in Lorentz mechanics. 
Answer: The 1D version of the Lorentzian form of Newton’s second law is: 


f = may’ 


where f is force, m is mass, a is acceleration, and ¥y is the Lorentz factor as a function 
of the velocity u of the object and where we are assuming that f,a and wu are in the 
same direction in this 1D version. The above form is based on the constancy of mass 
(i.e. no exchange of mass between the object and its surrounding). The more general 
form of Newton’s second law is given by: 


where p is momentum and ¢ is time. 


5.2.3 Energy 


1. Evaluate the following integral analytically using a method other than the integration 
by parts which is used in the text (see § 1.4): 


t2 q 
[ 7 (ymu) dx 


«2 gq 2 g 
[ ay (Vine) de = m | ay (Vu) 


Answer: 
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te dB 
= me ——_#__| dt 
[ Fi = _ 
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\/1—(us/e)? 4/1 — (us /e)? 
where the limits of the integral in the 10-12" lines are justified by the fact that is a 
function of u. We should also note that we used some of the identities that we derived 
in § 1.4. 

2. Discuss the generalization (or extension) of the concept of mass in Lorentz mechanics. 
Answer: If we start from classical mechanics, then mass means the material content 
of the massive object and hence it does not include any form of energy since in classical 
mechanics matter and energy are totally different physical entities. When we come to 
Lorentz mechanics, we face two stages of generalization (or extension) to the concept 
of mass: 

e The first is based on extending the concept of rest mass to include all forms of non- 
kinetic energy where this extension is based on the Poincare mass-energy equivalence 
relation. This extension can be seen in the definition of total energy as the sum of rest 
energy (which is equivalent to the rest mass) and kinetic energy. 

e The second is based on extending the concept of mass to include even the kinetic 
energy, and hence we have rest mass (that excludes kinetic energy) and non-rest mass 
(that includes kinetic energy). This extension can be seen in the old convention of 
Lorentz mechanics in defining the non-rest mass (which we may call Lorentzian mass) 
as: m = ympo where mp is the rest mass. It may also be seen (as a possibility) in the 
definition of total energy: E;, = ymoc? which is based on the concept of non-rest mass 
since the difference between the two is a multiplicative constant (i.e. c’). 


5.3 Physical Relations 


5.3.1 Newton’s Second Law 


1. Starting from the generic expression of Newton’s second law in its vector form, develop 
and derive the Lorentzian version of Newton’s second law in its 1D form. 
Answer: The generic expression of Newton’s second law in its vector form is given by 
f = dp/dt. For a 1D motion along the zx direction, the velocity of the observed object 
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is u = u(t) = (uz,0,0). Now, since the motion is only one dimensional along the x 
direction, then the y and z components of the force should be zero. Accordingly, the 
above vector form of Newton’s second law will be given in components form by: 


— Dr ix 
fz = a (ymu,) = y°ma, 
ty = 0 
ie = 0 


where the Lorentzian definition of p, is used. Regarding the above expression for the x 
component of the force (i.e. f, = y?ma,), it can be easily derived as follows: 
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where the product rule of differentiation is used in the second line. We also used some 
identities that have been derived in § 1.4. As seen, u, and y (which is a function of u,) 
are treated as variable while m is treated as constant. 


5.3.2 Mass-Energy Relation 


1. Using a Lorentzian argument, justify the factors (1 + u/c) and (1 — u/c), which appear 
in the first method for deriving the mass-energy relation, as the blue and red shift 
factors. 

Answer: For an approaching observer-source, the Lorentzian Doppler frequency shift 
(see § 4.2.8) is given by: 


c+u U 
(t+) 
Cc 


ec+u c+u 
Y=T/V0 oS a 
cy/1— (u/c)? 


where the second step is obtained by multiplying the numerator and denominator with 
Vc+u and the approximation in the third step is based on the assumption that u < c. 
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Similarly, for a receding observer-source, the Lorentzian Doppler frequency shift (see § 
4.2.8) is given by: 


~ lo 


ES c—U =u. U 
ee ee a2) 
c+u C 1 — (u/c)? Cc Cc 


where the second step is obtained by multiplying the numerator and denominator with 
Vc — wand the approximation in the third step is based on the assumption that u < c. 
We note that the energy is proportional to the frequency according to Planck’s relation: 
E = hv where h is Planck’s constant. 

2. Using a classical argument, justify the factors (1+u/c), which appear in the first 
method for deriving the mass-energy relation, as the blue and red shift factors. 
Answer: As explained in the exercises of § 4.2.8, the equation of the classical Doppler 
frequency shift is given by: 

C+, 


vy = ——l% 
C+HUs 


If we now assume that v; = 0 and v, = +u (where the signs correspond to the approach- 
ing and receding receiver which is represented by the observer O in the mass-energy 
argument) then we have: 


ot 
ee “vp = 9 (1+ =) 
Cc Cc 


As we see, this is based on a stationary source and moving receiver relative to a presumed 
classical medium of propagation, and this is obviously arbitrary and inconsistent with 
the presumed physical situation of the problem. We note, as in the previous exercise, 
that the energy is proportional to the frequency. 

3. Show that 7 (1 ale uy. which appear in the second method for deriving the mass-energy 
relation, are the Lorentzian blue and red shift factors. 
Answer: For an approaching observer-source, the Lorentzian Doppler frequency shift 
(see § 4.2.8) is given by: 


c+u ct+u c+u U 
ea ea eae = oy Cc = (1+<) 
4/1 — (u/c)? 


where the second step is obtained by multiplying the numerator and denominator with 


VC+U. 
Similarly, for a receding observer-source, the Lorentzian Doppler frequency shift (see § 
4.2.8) is given by: 


C= c—U =U U 
vy =Vo0\4/ = = ly = oy (1- =) 
c+u C 1 — (u/c)? Cc Cc 


where the second step is obtained by multiplying the numerator and denominator with 
Vc—u. As indicated already, the energy is proportional to the frequency. 
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5.3.3 Momentum-Energy Relation 


1. Derive the momentum-energy relation of Lorentz mechanics by combining the momen- 


tum and total energy formulae. 
Answer: We have: 


E 
E=mey => ea 
MC 
= a 
p=muy => ye 
MC 


Hence: 


= 1 
ee eer 
R-pe = md 
B= pe+mid 


where the second line is based on one of the identities of § 1.4. 

. What you observe from a close inspection of the above three methods (two given in the 
text and one in the previous exercise) for deriving the momentum-energy relation? 
Answer: They use a combination of the total energy formula and the momentum 
formula of Lorentz mechanics where this combination is done in slightly different ways 
and at different stages. This should come as no surprise since the derived formula is the 
“momentum-energy” relation and hence the momentum relation and the energy relation 
are usually needed in these derivations. So, these methods of derivation are the same in 
essence although they follow different ways of mathematical casting and manipulation. 
Regarding the time dilation triangle method, it may be regarded as an independent 
method of derivation although it also uses the Lorentzian definition of momentum and 
energy to obtain the final form of the momentum-energy relation. This may also be 
claimed to be the case with the method of § 6.5.5 but this should be less justified due 
to its prime reliance on the Lorentzian definition of momentum and energy. 


5.3.4 Work-Energy Relation 


5.4 Conservation Laws 
1. Prove the relation: p = me which is given in the solved problems. 
Answer: This relation can be proved as follows: 
dt 
eS iF 
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dx _ dx dt 

YH ddr 
dx = dx 
ae. a eee 
U a, dx 
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MU = mee 
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a dt 


where in the first line we used the time dilation formula (see § 6.2) while in the third 


line we used the chain rule of differentiation. 


2. Prove the relation: a — a 5 which is given in the solved problems. 


Answer: This relation is no more than a combination of the time dilation formula (i.e. 
at! 


“ = 7) plus the total energy formula (i.e. E’ = mc*y and hence — = 7), that is: 


| a 
Pt i 


3. Show that the conservation of kinetic energy is Lorentz invariant across all inertial 
frames, i.e. if the kinetic energy is conserved in one inertial frame then it is conserved 
in all inertial frames (and if not it is not).7 
Answer: It was shown earlier that the conservation of total energy is Lorentz invariant 
across all inertial frames. Now, since the rest energy (or the rest mass) is Lorentz 
invariant and the total energy is the sum of the rest energy and the kinetic energy then 
the conservation of kinetic energy should also be Lorentz invariant. More formally, we 
have: 


mc? 


B= Be aky = te iw, 


Now, since the conservation of EF is Lorentz invariant and Ep is Lorentz invariant then 
the conservation of E;, should be Lorentz invariant. We should remind the reader that 
if FE really represents the total energy then all forms of non-kinetic energy should be 
included in the rest energy due to the equivalence between mass and energy (refer to § 
4.1.8, § 4.3.2 and § 5.3.2). 

4. Discuss the issue that have been indicated in several places in the book, and in this 
chapter in particular, that is many of the arguments and proofs that are used to establish 
the theory of Lorentz mechanics are not sufficiently rigorous.|**! 

Answer: The obvious implication of this is that even though the Lorentzian results 


197] This question is not about the conservation of kinetic energy, which is untrue in general, but about 
the invariance of this conservation, i.e. assuming it is conserved in a given inertial frame (as indicated 
by “if not it is not”). It should also be obvious that this question is not about the invariance of kinetic 
energy which is obviously untrue. 

198] Tn fact, this lack of rigor applies even to some arguments that we presented in this section. However, 
our purpose of these arguments is to outline the theoretical foundations of these principles rather than 
proving them rigorously, and hence they are more sensible and useful as pedagogical demonstrations 
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that are obtained from these arguments and proofs are experimentally supported, they 
cannot be regarded as theoretically established facts because their theoretical basis 
within the framework of Lorentz mechanics is not well established. This means that 
these results may be regarded as empirical with no sufficient theoretical support. This 
should allow the possibility of a more perfect and general theory that may replace the 
theory of Lorentz mechanics where the theory of Lorentz mechanics could become an 
approximation to that theory and hence the experimental evidence actually belongs to 
the other theory which can provide more rigorous and sound theoretical foundations 
and arguments for these (as yet) empirical laws. 

5. Suggest a different plan for establishing the conservation principles of total energy and 

momentum and their invariance across all inertial frames. 
Answer: The reader may consider starting from Newton’s second law in a particular 
inertial frame where momentum is conserved in the absence of external forces and 
extending this to all inertial frames and to total energy. A suitable set of axioms and 
assumptions should be prepared in advance for this adventure although some of which 
may emerge (or may be modified) during the theoretical development. 

6. Why we need to establish the conservation principles of total energy and momentum 

plus their invariance across all inertial frames (i.e. why it is not sufficient to establish 
these conservation principles without their invariance)? 
Answer: It should be obvious that the conservation of total energy and momentum in 
a particular inertial frame (and even in a number of inertial frames) is not sufficient for 
establishing these principles in general, and hence the invariance of these conservation 
principles is still required to establish their general validity. This should have direct 
practical significance to any scientific work since the observer has access to a limited 
number of frames and hence he needs this generalization to reach frames in which he 
cannot verify these principles directly and experimentally. 


than mathematical and theoretical substantiations. This fact applies to large parts of the theoretical 
structure of Lorentz mechanics and its alleged proofs, whether those presented in this book or in the 
wider literature of this subject, especially those related to the conservation laws which are distinguished 
by their problematic nature. 


Chapter 6 

Tensor Formulation of Lorentz Mechan- 
ics 

6.1 Preliminaries 


1. Highlight the role of tensor calculus in making the physical laws form invariant. 
Answer: Based on our previous and upcoming investigations, we note that in many 
cases “being invariant” means that the law can be formulated in an invariant form. 
Hence, not all the formulations of Lorentz mechanics (as given previously) are actually 
form invariant since they are formulated in terms of spacetime coordinates of a partic- 
ular frame although they can be cast in an invariant form. This should highlight the 
need for tensor calculus to put the physical laws in a mathematically form invariant 
shape. So in brief, we can say: we have physical form invariance which means that 
the law is capable of being invariant regardless of its actual form, and mathematical 
form invariance which means that the actual formulation of the law is form invariant. 
So, the function of mathematical tools like tensor calculus is to convert the ability of 
the law to be form invariant to the actuality of being form invariant; i.e. converting 
the physical invariance to a mathematical invariance. This should explain why some of 
the tensor formulations are different in form from the physical formulation (and hence 
we may talk about the tensorial and non-tensorial form of a particular law) because 
the physical formulations usually reflect the form of the law from the viewpoint of a 
particular frame and hence it is not necessarily form invariant mathematically. 

2. Briefly explain the summation convention that is commonly used in tensor calculus. 
What about the variance type (i.e. being covariant or contravariant) of the repeated 
index? 

Answer: The summation convention means that a twice-repeated index in a tensor 
term implies summation over the range (which represents the dimension of the under- 
lying manifold) of the repeated index. For example, if 7 ranges over 1, 2,3 and jus ranges 
over 0,1, 2,3 then we have: 
3 
dXjdX? = S°dXjdX) = dX,dX! + dX2dX? + dX3dX° 


j=l 


3 
dxhde, = S- dda, = dx day + dx'dx, + dx*dx. + dz°dzx3 
u=0 
The repeated indices should in general vary in their variance type and hence one should 
be covariant and the other contravariant. However, if the manifold is coordinated by 
an orthonormal Cartesian system!®! then the variance type of the summation indices 


199] The metric tensor will then be diagonal with all the diagonal elements being +1. 
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will be irrelevant and hence both can be covariant or contravariant, as well as can be 
mixed. 


. Show formally that 7 really represents the proper time. 


Answer: According to the given definition of 7 in its infinitesimal differential form, we 
have: 


0/7 = 1722 BV? =. (Aa 8\2 
Ve __ lao)? = (ae)? = (ae)? = (de) 
@ C 
Now, for a given observer who is in the rest frame of the observed object (call it proper 
observer) we have dr! = dx? = dx* = 0 and hence we have: 


2 dx)? 
ip. Mae |(dx°)"| edt _ 


Cc Cc Cc 


where t is the proper time of the object (and the given observer). So for this case, T 
obviously represents the proper time. Now, since o is invariant then 7 is also invariant 
and hence it is the proper time of the observed object in all frames. 


6.2. Useful Mathematics 


iP 


Briefly define the Laplacian 4-operator. 

Answer: The Laplacian operator in the 4D spacetime manifold, which is also called the 
d’Alembert operator or the d’Alembertian, is the Laplacian of the Minkowski spacetime 
which is the space of Lorentz mechanics. This operator is an extension to the ordinary 
Laplacian, which is a spatial 3-operator, by including the temporal coordinate and 
hence it is given by: 

eg? ‘ . To? 


— _— 2 
Spe RAS pa 


where V? is the ordinary 3D Laplacian. 


. Using tensor notation and the generic definition of Laplacian in nD space (i.e. diver- 


gence of gradient), derive the mathematical expression for the d’Alembertian operator 
assuming an underlying rectangular Cartesian coordinate system for the spatial part. 
Answer: If h is ascalar field and g’” is the contravariant metric tensor of the Minkowski 
spacetime (see § 6.3), then we have: 


*h = div(gradh) 


O he Oh 
=— —_ g —_ 
Ox Ox” 


O7h 
Ox#Ox” 
ee oc) 1 OCR _ 29 Oh 38 Oh 
Og on Ox20x2 © 4 Ox or 


= ge 


Ax°Ax? | 
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A(x)? A(x)? A(a?)?——- A (#3)? 


where the metric tensor in the form [g"”] = diag[1,—1,—1,—1] is used in the fourth 
and fifth steps. We note that treating g“” as constant in the third step is justified by 
the fact that the metric tensor for this case is constant (or similarly, the metric tensor 
is constant with respect to covariant derivative which is equivalent to partial derivative 
for this case of having a rectilinear system). 


. Using tensor notation and assuming a rectangular Cartesian coordinate system for 


the spatial part, show that the d’Alembertian operator is invariant under the Lorentz 
transformations. 
Answer: The d’Alembertian operator can be expressed in tensor notation as: 


2 Vv 
OD? = gH”O,0, 


where py, v = 0,1, 2,3. Now, since g’” are constants when the spatial part is coordinated 
by a rectangular Cartesian system, then UO? is invariant. 


. Show that: 


dx’ 

dt 
Answer: Using the chain rule of differentiation with the result that we derived in the 
solved problems, we obtain: 


= yu' (i = 1, 2,3) 


dix* = da* dt 


a aa 


6.3. Minkowski Metric Tensor 


iF 


Why the Minkowski spacetime is the appropriate “space” for Lorentz mechanics? 
Answer: Because its metric is invariant under the Lorentz spacetime coordinate trans- 
formations and hence it ensures the form-invariance property for the physical formula- 
tions of Lorentz mechanics. 


. What is the relation between the spacetime interval and the line element of the Minkowski 


spacetime? 
Answer: They are essentially the same and have the same symbol do. However, the 
spacetime interval may be used by some to label the quadratic form of the line element, 


ie. (da). 


. What “homogeneous coordinate system” means? How can we homogenize the coordi- 


nates of the Minkowski spacetime? 

Answer: When all the diagonal elements of a diagonal metric tensor of a flat space are 
+1, the coordinate system is described as homogeneous. The coordinate system of the 
Minkowski spacetime (with a rectangular Cartesian spatial part) can be homogenized 
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(i.e. made homogeneous) by defining the temporal coordinate (whether x° or x*) as ict 
where i is the imaginary unit because all the diagonal elements of the metric tensor will 
then have the same sign which is plus and hence the quadratic form of the line element 
will take the simple form: 
(do)? = drdx" 

where the summation convention applies. The system may also be homogenized by 
introducing the imaginary unit i on the spatial coordinates instead of the temporal 
coordinate. 

4. What is the significance of the fact that a free particle in the Minkowski spacetime 
follows a geodesic trajectory? 
Answer: It means that a free particle will follow a straight line in this 4D flat space. 
Now, if for the sake of simplicity we use the ordinary notation for the space coordinates 
and time taking c = 1 in our unit system, then the trajectory can be represented by 


the following equations: 
Ue 


where A, B, Care constants. On taking the time derivative of these equations we obtain: 


= (tp, 5th) = (A, BSC) 


é 


i.e. the velocity is constant which is a statement of Newton’s first law that a free 
particle will continue in its state of rest or uniform motion. This is also consistent with 
the fact that in a flat space (like the Minkowski spacetime) a curve is a geodesic iff it 
is a straight line. 

5. Compare the “space trajectory” of a free particle in the 3D ordinary space with its 
“spacetime trajectory” in the 4D spacetime manifold. 
Answer: Its space trajectory is a straight line in the ordinary sense, while its spacetime 
trajectory is a straight line in the sense that it follows a straight line in its spatial 
path with a constant velocity (or speed), i.e. it is straight both in space and in time. 
So, following a straight trajectory in the spacetime means uniform motion, or indeed 
obeying Newton’s first law of motion. In both cases, the trajectory is a geodesic in the 
given space. 

6. Find the metric tensor and the quadratic form of the Minkowski spacetime with an 
underlying spatial cylindrical coordinate system. 
Answer: The covariant form of the metric tensor of the cylindrical coordinate system 
of a 3D space identified by the coordinates (p, ¢, z) is given by: 


[gij] = diag [1, 9”, 1] 
Hence, if we add the temporal element as a zeroth component, we obtain: 
[Gur] = diag [-1, 1, 0”, 1] 


where p,v = 0,1,2,3. Accordingly, the quadratic form of the Minkowski spacetime is 
given by: 
(do)” = — (cdt)” + (dp)” + p? (dd)? + (dz)” 
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where the squares of the spacetime coordinate differentials (i.e. (cdt)”, (dp)” , (dd)? and 
(dz)”) are multiplied by their corresponding diagonal elements of the metric tensor (i.e. 
—1, 1, p? and 1). The metric tensor may also be given as: 


[Gi = diag is a —p", —1] 
and hence the quadratic form will be: 
(da)” = (edt)’ — (dp)” — p? (dg)’ — (dz)" 


The temporal component may also be regarded as the fourth component and hence the 
order of the temporal and spatial elements and terms in the above two forms will be 
reversed (corresponding to u,v = 1, 2,3, 4). 

7. Repeat the previous question with an underlying spatial spherical coordinate system. 
Answer: The covariant form of the metric tensor of the spherical coordinate system 
of a 3D space identified by the coordinates (r,0,@) is given by: 


[9:j] = diag [1, 77, r? sin? 6] 


By adding the temporal element as a zeroth component we obtain the metric tensor of 
the 4D spacetime, that is: 


[dv] = diag [-1, 1, r?, r? sin? 0 


where pi,v = 0,1,2,3. Accordingly, the quadratic form of the Minkowski spacetime is 
given by: 
(do)? = — (cdt)” + (dr)? +r? (dO)? + r? sin? 6 (dd)? 


where the squares of the spacetime coordinate differentials (i.e. (cdt)*, (dr)? , (d0)? 
and (dd)*) are multiplied by their corresponding diagonal elements of the metric tensor 
(ic. —1, 1, r? and r?sin?@). The signs of the elements of the metric tensor and the 
terms of the quadratic form may be reversed and the order of the temporal and spatial 
coordinates may be shifted as in the previous question. 

8. Express the invariance of the quadratic form (and hence the invariance of the spacetime 
interval) using tensor notation. 
Answer: Using the ordinary finite form (i.e. 0”), the invariance of the quadratic form 
between unprimed frame and primed frame can be expressed as: 


uot” = gf alter” 
where the indexed g represent the elements of the spacetime metric tensor while the 
indexed x represent general spacetime coordinates of the unprimed and primed frames, 
and = 0,1, 2, 3lor w= 1 23,4). 

9. Compare the Minkowski spacetime with an ordinary 4D Euclidean space. 
Answer: Some points are: 
e The quadratic form of an ordinary 4D Euclidean space is positive definite (assuming 
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non-trivial interval), while the quadratic form of Minkowski spacetime is not, i.e. it can 
be positive (timelike) or negative (spacelike) or zero (lightlike). 

e The metric of an ordinary 4D Euclidean space can be represented by a diagonal metric 
tensor where all its diagonal elements are positive of unity magnitude (i.e. +1), while 
the metric of Minkowski spacetime can be represented by a diagonal metric tensor with 
mixed positive and negative diagonal elements of unity magnitude (i.e. +1). 


6.4 Lorentz Transformations in Matrix and Tensor Form 


a 


Show that L and L~! are inverses of each other by verifying the relations: LL~! = 


L-!L =I. 
Answer: For the relation LL~! = I we have: 
a. Spy: VD y By 0 9 
Site on OSB OO, Oe py x 0 
LL a 0 0 10 0 O 0 
0 0 Ol 0 O 1 


0 
0 
1 
0 
SO ee aes 0 
SPI py. yee a 0 
0 0 1 0 
0 0 01 


1 0-0 20 
0 1 0 0 
00 1 0 
0.0: 0 J 


| 
| 


where the identity y? — y?6? = 1 is used (refer to § 1.4). 

The relation L~'L = I can be obtained by a similar procedure. However, it can be 
obtained directly from the relation LL~! = I by the known rules of linear algebra 
about matrix inverse. 


. Express the relation LL~! = L~'L =I in tensor form. 


Answer: If L~! = M then we have: 
L#M! = MELY = 6 


where the indexed 6 is the Kronecker delta tensor. 


6.5 Vector, Tensor and Matrix Formulation 


6.5.1 Spacetime Position and Displacement 4-Vector 


6.5.2 Quadratic Form of Spacetime Interval 


1. Justify the invariance of the quadratic form of the spacetime interval by a simple reason. 


Answer: The quadratic form of the spacetime interval is the inner product of a 4- 
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vector (i.e. position in ordinary form and displacement in differential form) by itself 
(i.e. covariant by contravariant) and hence it is Lorentz invariant (see § 6.1). 


6.5.3 Velocity 


1. What are the components of the contravariant velocity 4-vector? 
Answer: We have: 


d d 
U = dr (aaa a) = dr (eb, Bey), Zz) > (Cevig Vig Va:) =} (G Cgtig Ue) 
oe T 


where the identities at = 7 and dt = yu' are used (see § 6.2). 


2. What is the modulus of the velocity 4-vector? Comment on the result. 
Answer: From the result of the previous question, we have: 


Vie = Vou 
= \/ |UrU,,| 


vl (c, Ug, Uy, Uz) AY CG) Ug, “Uy, —Uz)| 


= VP (e242 — 2 — a2) 
= V7 (e—w) 


= yeV/1— u?/ce? 
1 
7 


= ¢ 


where u < c¢. 

Comment: this is inline with the proposal that a change of velocity in the Lorentzian 
space is equivalent to a rotation through an angle due to the contraction of spacetime 
coordinates under the influence of motion. Also refer to the exercises of § 4.2.2. We 
note that the modulus (being equal to the constant c) is Lorentz invariant as it should 
be since it is the inner product of the velocity 4-vector by itself. 


6.5.4 Acceleration 


1. Define the acceleration 4-vector assuming a general curvilinear coordinate system. 
Answer: For general curvilinear coordinate systems, the acceleration 4-vector is defined 
as the absolute (or intrinsic) derivative of the velocity 4-vector with respect to 7 and 
hence it is given by: 


OT ar? OE OE 
where the indexed [ is the Christoffel symbol of the second kind for the 4D space. 
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2. Referring to the previous question, what is the equation of geodesics in the Minkowski 
spacetime? 
Answer: The geodesics in the Minkowski spacetime are characterized by zero accelera- 
tion. Hence, the geodesics in the Minkowski spacetime are represented by the equation: 


3. Assuming that the Minkowski spacetime is coordinated by a rectangular Cartesian sys- 
tem, how the equation of geodesics in the Minkowski spacetime will simplify? 
Answer: For the Minkowski metric (with rectangular Cartesian system) the Christof- 
fel symbols vanish identically, and hence the equation of geodesics in the Minkowski 
spacetime will be simplified to: 

dat 


dr 


6.5.5 Momentum 


1. Show that the rest energy is proportional to the length of the momentum 4-vector. 
What you conclude? 
Answer: The length of the momentum 4-vector is \/|P?|. Using the results obtained 
in the solved problems, we have: 


Pe =) (PEP 


= My (c — us, — us — uz) 
( 


Hence: 


E 
|P2| = moc = — 
Cc 


Conclusion: since the rest energy is proportional to the length of a 4-vector, then it is 
Lorentz invariant. This should also apply to the rest mass. In fact, this serves as a 


[100] We may also put it in a different way by saying: the length (being equal to the invariant quantity 
moc) is Lorentz invariant as it should be since it is the inner product of the momentum 4-vector by 
itself. 
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consistency check./104 

2. Using the result of the previous exercise and the definition of the momentum 4-vector, 
as well as other previously-given standard definitions, derive the momentum-energy 
relation. 
Answer: We have: 


Pe =) Pe 
Pp? = as 2 a. 2 
= (moye)” — (moyur)” — (moryuy)” — (moyuz) 

E\2 

Pts (2) - mis? (ud ud +02) 
E\? 

P? — (<=) —meyu? 
E\2 

Oe 

mt = EB? — pe 

BP Sv pie taniie 


which is the momentum-energy relation (refer to § 4.3.3 and § 5.3.3) noting that in the 
present subsection we follow the old convention about mass (and hence the rest mass is 
labeled with mo) while in the previous subsections we followed the modern convention 
about mass (and hence the mass in general including rest mass was labeled with m). 

3. How is the momentum 4-vector transformed between inertial frames in standard setting? 
Answer: Using the transformation equation of 4-vectors (i.e. A’ = LA” with Lt 
being given in matrix form in § 6.4), we obtain: 


p” y —By 0 0 Pp? yP° — ByP! 
P™ | | -By y 0 0 Pi} | —6yP°+-P! 
Pp? | 0 0 1 0 P? | P? 
P® 0 0 0 1 P? P? 


This is equivalent to (refer to the solved problems): 


E’ VE — vps 

es || cat || Oe Ds 
fe Py 

Pz 


We note that this is consistent with what we found previously (see § 5.2.1) that the mo- 
mentum spatial components in the perpendicular directions to the direction of motion 
(i.e. y and z according to the standard setting) are Lorentz invariant across inertial 
frames. 


[101] This result may also be interpreted (arguably) as another demonstration of the energy-momentum 
conservation where the rest mass prior to any interaction is a fixed quantity. 
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6.5.6 Force and Newton’s Second Law 


1. Using the given tensor formulations, show that the world line of a free massive particle 
is a straight line in the 4D Minkowski spacetime. 
Answer: We have: 
dP# dart 
ae ag? 
For a massive particle to be free we should have F’“ = 0. Now, since mg cannot vanish 
for massive particles then the condition F'“” = 0 implies: 


Re = 


dt 
dr? 


which is the equation of a straight line in a 4D space (refer to the exercises of § 6.3). 
As discussed earlier, this means that the world line of a free particle is a geodesic in 
the Minkowski spacetime which is Newton’s first law. 

2. Give a tensor form of Newton’s second law assuming a curvilinear coordinate system. 
Answer: A tensor form of Newton’s second law in a frame with a curvilinear coordinate 
system is obtained by replacing the ordinary total derivative in the above definition of 
the force 4-vector by the intrinsic derivative and hence it is given by: 


6 PH 
pes 
OT 


3. Show that a uniformly accelerated one dimensional motion is equivalent to a constant 
Lorentz force. 
Answer: For a constant Lorentz force along the x direction, we have: 


where C' is a constant. On integrating this equation twice, we obtain a quadratic 
equation in time which is characteristic for uniformly accelerated motion. The argument 
can be reversed to obtain the other part of the equivalence. 


4. Find the relation between the spatial components of the tensorial force (i.e. F’ = dP") 
*) 


and the non-tensorial force as defined earlier (i.e. f’ = F 


Answer: We have:!!°! 
d dx’ 
Fe = pics a 
vat (m dt ) 
d - dx* 
7 dt Mo di 
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1102] Some of the identities of § 1.4 are used in the following. 


6.5.7 Electromagnetism and Maxwell’s Equations 188 


(ué)’ 

= moya a ae 
C 

= moya'y” 

= 7 (7°moa’') 

_ , (ee 
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= a 


where F” and f* are the tensorial and non-tensorial force. This can also be shown more 
briefly as: 
dP* dP dt dp'dt | 


eT a 


iy 


6.5.7 Electromagnetism and Maxwell’s Equations 


1. Show that: 
Se eh Se 


where the tensors involved are given in the text. 
Answer: In matrix form we have: 


Ss’ = [S’] = [L¥] [S*”] [Le] = LSL 


yy  =By O00 0 E,/ce Ey/c E,/c 
LS = —By y 0 0 —E,/c 0 Boy OSB, 

O- 0s C0") eee pe 0 'B: 

O> 0h sO |e: Spy Be 50 


BybRfe VEae “YR je=ByB; Whe dsy By 
—VHe/6 APyH/ Ce —lyh ey by 07h ,/e=— 7b, 
—E,/c —B, 0 B, 
—E./c B, By 0 
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Now, since matrix multiplication is associative then we have: 


LSL = (LS)L 
a eye eye, y —by 0 0 
Wes eet See ee eee 0 
a =, 0 B, 0 O° +409 
—4: By —B, 0 0 0 Ot 
0 Es . (2 = 6B.) i Pe, 
oe ea 6B.) ay (B. = 9) 0 B, 
WEBB) Ba) By 0 


where we used the mathematical identity: y? — 776? = 1 (see § 1.4). 


Chapter 7 


Consequences and Predictions of Lorentz 
Mechanics 


7.1 Merging of Space and Time into Spacetime 


di 


List some examples from Lorentz mechanics that demonstrate the merge of space and 
time into spacetime. 

Answer: Examples are: 

e Lorentz spacetime coordinate transformations where space and time coordinates in 
one frame are expressed in terms of both space and time coordinates in the other 
frame. 

e Invariance of spacetime interval under the Lorenz transformations but not space 
interval or time interval independently. 

e Tensor formulation of Lorentz mechanics where 3-objects are replaced by 4-objects 
to reflect the underlying manifold and its invariance properties. 


7.2 Length Contraction 


di, 


Summarize the main features of length contraction. 

Answer: The main features of length contraction are outlined in the following points: 
e Length contraction means that the length of an object as measured by an observer 
who is in a state of relative motion with respect to the object is shorter than its length 
as measured by an observer who is in the rest frame of the object. Accordingly, the 
length of an object is longest in its rest frame. Equivalently, the length of physical 
objects is contracted by motion through spacetime. 

e Length contraction is quantitatively given by Lp = yL where Lp and L are the proper 
and improper length and ¥ is the Lorentz factor. 

e Length contraction occurs only in the direction of relative motion and hence the di- 
mensions of the object in the perpendicular directions to the direction of motion will 
keep their proper length. 

e Length contraction can be derived from the Lorentz transformations of spatial coor- 
dinates where the measurements of coordinates in the moving frame are assumed to be 
simultaneous. It may also be postulated to derive these transformations (see § 12.4.2). 
e Length contraction is the 3D spatial part of the 4D contraction of spacetime coordi- 
nates by motion. 


7.3. Time Dilation 


di, 


How is time dilation effect commonly stated in informal terms? 


190 
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Answer: It is commonly stated as: moving clocks run slow. 

2. What is the essence of length contraction and time dilation? 
Answer: The essence of both these effects is the same that is the coordinates of 
spacetime contract by the motion where the contraction of the spatial coordinates is 
represented by length contraction while the contraction of the temporal coordinate is 
represented by time dilation. 

3. Outline some features of time dilation effect. 
Answer: Some features are: 
e Time dilation means that the proper time is shorter than the improper time.!!% 
e Time dilation is quantitatively given by At = yAto where Atg and At are the proper 
and improper time interval and y is the Lorentz factor. 
e Time dilation can be derived from the Lorentz transformation of the temporal coordi- 
nate where the events (i.e. measurements of temporal coordinates) in the transformed 
frame are assumed to be co-positional. It may also be postulated for the derivation of 
the Lorentz transformations (see § 12.4.2). 
e Time dilation is the 1D temporal part of the 4D contraction of spacetime coordinates 
by motion. 


7.4 Relativity of Simultaneity 


1. Find the condition for two events which are not simultaneous in frame O’ to be simul- 
taneous in frame O where O and O’ are in a state of standard setting. Repeat the 
question assuming this time that the two events are simultaneous in frame O’ but not 
in frame O. 

Answer: Let have two events, V; and V2, whose times in frame O’ are t{, and t, where 
t, £t>. The times of these events in frame O are t, and ty where t; = ta, that is: 


ty = to 
We, UL 
(od) See 
i 6 GG po @ES 
ty + vas = ty + pos 
Oty. O04 
ee ee 


where in the second step we used the Lorentz time transformation from frame O’ to 
frame O. So, the condition is: 


[103] For our description of time dilation to be more consistent with our description of length contraction, 
we should say: “the measurement of time interval by a clock is longest when the clock is at rest 
with respect to the observer’. This is based on a different proper-improper perspective from the 
commonly held perspective on which time dilation is based. In fact, we can call our perspective the 
time contraction perspective where all spacetime coordinates, whether spatial or temporal, are seen 
to contract by motion (see § 1.6, § 4.1.2, § 5.1.5 and § 11). 
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Regarding the second part of the question, if V; and V2 are simultaneous in frame O' 
then we should have: 


A= 4, 
UL UX2 
vla-“a) = 1(e-@) 
UL UL? 
ae 2 ee 
UX UL 
ee rae? ee 


where in the second step we used the Lorentz time transformation from frame O to 
frame O'. So, the condition in this case is: 


C2 
to —2%1 = —(te-t 
2 1 7 ea 1) 


In fact, this condition can be obtained more easily from the previous condition by 
replacing the primed symbols with unprimed symbols and reversing the sign of v. 

2. Make a clear distinction between the simultaneity of occurrence and the simultaneity 
of observation in the context of relativity of simultaneity. 
Answer: The simultaneity of occurrence of two events is a global property for a partic- 
ular frame since any observer in any position in that frame will agree on the simultaneity 
in this sense. In contrast, the simultaneity of observation is a local property for a par- 
ticular frame since the simultaneity in this sense depends on the position of the observer 
in that frame. Hence, we should distinguish between the relativity of simultaneity of oc- 
currence and the fact that events taking place at different locations in a given frame may 
look to an observer at a particular position in that frame to be in a time order different 
to their real time order in that frame and hence they can be observed simultaneously by 
one observer in that frame and non-simultaneously by another observer in that frame 
or the order between the observations be different. For example, if an observer located 
at point A in the 2D spacetime diagram of Figure 10 saw an event Vg that occurred 
at point B where B is one light year away from point A then he might think that this 
event is occurring “now” and hence it is simultaneous with another event V4 which is 
really occurring now. He may also think that Vg is occurring one year after another 
event Vo which occurred one year earlier although Vz and Vo are actually simultaneous 
in occurrence. So, the difference is that: the simultaneity of occurrence is about the 
time of occurrence which globally applies throughout any particular frame and hence 
the relativity of simultaneity of occurrence is about two different frames where time is 
defined globally in each frame while the simultaneity of observation is about the time 
of observation of a particular observer located at a particular position in a frame and 
hence the relativity of simultaneity of observation is about observation of events in a 
particular frame by different observers that are located in different positions in that 
frame and hence their observations may disagree in time. To put it in simple terms, 
the difference is that the relativity of simultaneity of occurrence is about two global 
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Figure 10: Schematic diagram to illustrate the concept of relativity of simultaneity of 
observation where we represent events that occur at the same time but in different locations 
(B and C) and events that occur at the same location but in different times (A and C) 
as well as events that occur at different locations and times (A and B). We note that Ly 
stands for a distance of one light year while y stands for a time interval of one year. Also, 
we used t (instead of ct which represents the temporal coordinate in standard spacetime 
diagrams) for the purpose of simplicity and to match the explanation given in the text. 


observers in two different frames while the relativity of simultaneity of observation is 
about two local observers in two different locations of the same frame.!!4l 

3. Show that the relativity of simultaneity of occurrence is proprietary to Lorentz mechan- 

ics and hence it does not exist in classical physics. 
Answer: In classical physics the time is transformed as t = t’ and hence for two events 
A and B we have tg —t4 = t', —t’,. So, if the two events are simultaneous in one frame 
(and hence tg —t4 = 0 or t, — ty = 0) then they must be simultaneous in the other 
frame as well (i.e. th — ty = 0 or tg —t4 = 0). Therefore, the relativity of simultaneity 
of occurrence is proprietary to Lorentz mechanics. 

4. O and O’ are inertial observers in a state of standard setting. In O frame, events A 
and B are simultaneous and they are spatially separated by a distance xg — x4 = 10* 
m. Find the time interval between A and B in O’ frame if their spatial separation in 
this frame is x’, — x’, = 10° m. 


[1041 Tn fact, the simultaneity of observation (and hence the relativity of this simultaneity) may also be 
envisaged between two frames but this is not needed for our objective of distinguishing between the 
simultaneity of occurrence and the simultaneity of observation in this context. 
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Answer: Because A and B are simultaneous in O frame then tg — t4 = 0. From the 
Lorentz transformation of x coordinate we have: 


tg—, = ¥[(ee- 2a) —v (te - ta) 
v'y—a', = y[ee—2a)-v x0] 

10° = 10*y 

yf == S10 

v =~ 0.9950c 


Now, from the Lorentz transformation of time we have: 


U 
ty—t, = 7|(tp—ta)— 5 (ea 24) 


v 
a a ae (tp — Za) 


0.9950 
x ———— x 


~ —10 10* 


Cc 
~ —3.3166 x 1074s 


where the minus sign indicates the chronological order of the two events in frame O’, 
i.e. B occurred before A. As we see, these events are simultaneous in O frame but they 
are not simultaneous in O’ frame. 

5. O and O’ are inertial observers in a state of standard setting. In O frame, events A and 
B are observed to be temporally separated by tg —t,4 = 0.5 s and they are spatially 
separated by a distance 7g — x4 = 10/° m while in O’ frame they are observed to be 
simultaneous. What is the relative speed between O and O’? 

Answer: Because they are simultaneous in O’ frame then we have t’, — t', = 0. From 
the Lorentz transformation of time we have: 


v 
ty—ty = y|(tp—ta)- 5 (ees) 
0 = 7(0.5-510°| 
C 
Now, since 7 cannot be zero then we have: 
05-510 = 0 
c 
0.5 5 


1010 
v ~ 45x 10°m/s 


Vv = 


6. Compare simultaneity in classical mechanics and in Lorentz mechanics according to the 
special relativistic interpretation. Is the denial of absolute time necessary to make sense 
of the relativity of simultaneity? 

Answer: In classical mechanics, which is based on the existence of an absolute universal 
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time, simultaneity is a simple and obvious concept, that is two events are simultane- 
ous if they occur at the same time. In special relativity there is no absolute universal 
time since time is a variable associated with an inertial reference frame and hence each 
particular reference frame has its own time. Therefore, simultaneity is not an absolute 
and universal concept, that is the two events can be simultaneous for an observer in 
a particular reference frame but non-simultaneous for another observer in a different 
reference frame which is in relative uniform motion with respect to the first reference 
frame. Hence, relativity of simultaneity means that the concept of “simultaneous events 
taking place at different points in space” has no meaning as such since further qualifi- 
cation is needed to attach a significance to such “simultaneity” by ascribing this to a 
particular reference frame. As a consequence, two events which are simultaneous for 
one inertial observer are not necessarily simultaneous to another inertial observer who 
is in relative motion with respect to the first observer.!!0| 

The denial of absolute time is not necessary to make sense of the relativity of simul- 
taneity because there could be an absolute time but two frames can disagree on the 
simultaneity of events when these frames are in a state of relative motion with respect 
to each other (and hence at least one of these frames is in a state of relative motion 
with respect to the absolute frame). In brief, the existence of absolute frame (and hence 
absolute time) is sensible and logically consistent with the concept of relativity of simul- 
taneity where the absolute frame provides an absolute time to all frames although each 
one of these frames has its own time which may differ from the time of other frames 
and the time of the absolute frame due to the contraction of spacetime coordinates by 
the motion relative to the absolute frame. In fact, this is similar to having relativity 
of simultaneity of observation in a particular frame but we still have “absolute” simul- 
taneity of occurrence in that particular frame where all observers in that frame agree 
on the simultaneity of occurrence of two events in that frame although they disagree on 
the simultaneity of observation of these events. So in brief, although different observers 
in different frames may disagree on the simultaneity of events, they should all agree on 
the simultaneity or non-simultaneity of events in reference to the absolute time of the 
absolute frame and hence simultaneity in this sense is absolute. 


7.5 Relativity of Co-positionality 


if 


O and O’ are inertial observers in a state of standard setting. In O frame, events A and 
B are co-positional and they are temporally separated by a time interval tp —t, = 0.01 
s. Assuming that the y and z coordinates of the two events are identical, find the 
spatial separation between A and B in O’ frame if their time separation in this frame 
is tp —t', = 0.02 s. 

Answer: Because A and B are co-positional in O then xp — x, = 0. From the Lorentz 


11051 Tn brief, if the two events are identical then simultaneity is frame independent and if not then it 


is frame dependent. Accordingly, “simultaneous” in this context and similar contexts is used in its 
generic meaning not as opposite to identical. 
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transformation of time we have: 


U 
tp—th = 7((te-ta) - (en -2,)| 
U 
th—-t, = 7 |(ta-ta) - 5 x0) 
0.02 = 0.017 
Ye 


v = cv0.75 


Now, from the Lorentz transformation of x coordinate we have: 


fp-X, = y([(ee—2za)—v(te-ta)| 
= 7|0-v (tz -ta)| 
= —yu (tp —ta) 
= —2xcV0.75 x 0.01 
~ —5196152m 


where the minus sign indicates the spatial order of the two events on the x axis. As 
we see, these events are co-positional in O frame but they are not co-positional in O' 
frame (in fact, they are anti-identical). 

2. O and O’ are inertial observers in a state of standard setting. In O frame, events A and 
B are observed to be temporally separated by tg — t4 = 0.005 s and they are spatially 
separated by a distance xg — v4 = 104 m while in O’ frame they are observed to be 
co-positional. What is the relative speed between O and O’? 

Answer: Because they are co-positional in O’ frame then we have x‘, — x’, = 0. From 
the Lorentz transformation of x coordinate we have: 


z—-L4 = Y[(te— a) — v(t — ta) 


0 = y|(zp—2,) —v (tg —ta)| 


Now, since 7 cannot be zero then we have: 


(tg —x,a)—v(tp—ta) = 0 
LBA 
v= —— 
tp —ta 
107 
UV = 
0.005 


v = 2x 10°m/s 


3. How do you compare the relativity of simultaneity and the relativity of co-positionality 
to the absolute simultaneity and absolute co-positionality in reference to the absolute 
frame? Try to link this to the speed of light as an invariant across all inertial frames. 
Answer: We may liken them to the difference between the simultaneity of observation 
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and simultaneity of occurrence (despite the great difference between the two) where the 
simultaneity of occurrence is the ultimate simultaneity in comparison to the apparent 
simultaneity of observation similar to the apparent simultaneity of occurrence in a 
particular frame relative to the absolute simultaneity of occurrence with respect to 
the absolute frame. In fact, the relativity of simultaneity and the relativity of co- 
positionality are a cost (against the absolute sense of these concepts) that we pay for 
adopting the speed of light as the standard for spacetime calibration. 


7.6 Equivalence of Mass and Energy 


iB 


Find a common factor between the above consequences and predictions of Lorentz me- 
chanics which are discussed in the sections of this chapter. 

Answer: Apart from the mass-energy equivalence (which may be a classical conse- 
quence and not necessarily Lorentzian), all the above consequences (i.e. merging of 
space and time into spacetime, length contraction, time dilation, relativity of simul- 
taneity and relativity of co-positionality) are related to the merge of space and time into 
spacetime and the resulting distortion of spatial and temporal coordinates by motion. 
This should be anticipated since the essence of Lorentz mechanics is the transformation 
of space and time coordinates in a particular way that is based on the above merge and 
distortion. In brief, Lorentz mechanics is a theory of space and time and hence all its 
distinctive consequences should be related to this feature of the theory. 


. Give examples of subsidiary consequences and predictions that can be added to the 


above list of main consequences and predictions (i.e. merging of space and time into 
spacetime, length contraction, etc.) of Lorentz mechanics. 

Answer: Examples include the invariance of the speed of light and the invariance of 
the spacetime interval across inertial frames where these subsidiary consequences and 
predictions may be seen as results of length contraction and time dilation (or rather 
spacetime contraction by the effect of motion with the adoption of c for spacetime 
calibration) which the entire Lorentz mechanics is based upon (see for example § 9.7.1, 
§ 11 and § 12.4.2). 


Chapter 8 
Evidence for Lorentz Mechanics 


8.1 Success of Lorentz Transformations 
8.2  Mass-Energy Equivalence 


8.3. Prolongation of Lifetime of Elementary Particles 


1. An unstable subatomic particle has a proper lifetime to = 1 microsecond and a speed 
v = 0.99c. What distance will this particle travel during its lifetime as observed in the 
laboratory frame? 

Answer: According to the time dilation formula, we have: 


where t¢ is the improper (or laboratory) lifetime. Hence, the distance d traveled during 
its lifetime according to the laboratory frame is: 


d= vt ~ 0.99 x 3 x 10° x 7.089 x 107° ~ 2127m 


2. An unstable subatomic particle is observed in the laboratory to travel 300 m at a speed 
of v = 0.95c. What is its proper lifetime? How far the particle will travel according to 
classical mechanics? 

Answer: We have: 
_d_ 300 
— v 0.95¢ 
where ¢ and d are the lifetime and traveled distance according to the laboratory frame. 


Hence, its proper lifetime to is: 


t 300 
to = — = —— V1 — 0.952 ~ 3.287 x 1077 
aa aa ICT: Roan ve 


In classical mechanics there is no time dilation and hence the lifetime in the laboratory 
frame is the same as the lifetime in the particle frame. Accordingly, the distance traveled 
according to classical mechanics should be: 


d. = vty ~ 0.95 x 3 x 10° x 3.287 x 10° ~ 94m 


which is much shorter than the actual (i.e. Lorentzian) distance. 
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3. A subatomic particle with a proper lifetime tg = 10~" s is created in a particle collider 
and it is moving at a constant velocity v = 0.7c at the instant of its creation. How 
far the particle will travel according to classical mechanics and according to Lorentz 
mechanics? Solve the second part once as a time dilation problem and once as a length 
contraction problem. 

Answer: According to classical mechanics, the distance d traveled by the particle is: 


d=vty ~0.7x 3x 10° x 1077 = 21m 


According to Lorentz mechanics, the proper lifetime is the time in the rest frame of the 
particle, and hence the lifetime in the laboratory frame is prolonged by the Lorentz + 
factor according to the time dilation effect. So, if we use the time dilation formula to 
solve this problem, then the distance d traveled by the particle is: 

OPS 10 10" 


d=at= vig Jao? ~ 29.4m 


Similarly, if we solve this problem as a length contraction problem, then from the 
perspective of the rest frame of the particle the distance traveled by the particle is 
contracted by the Lorentz y factor due to the length contraction effect and hence the 
distance in the particle frame is d, = d/y where d, and d are the distance in the particle 
and laboratory frames. So, as seen from the particle frame we have: 


dy = vto 

d 

= utg 

Y 

C= wy 229 4A 


which is identical to what we obtained from using the time dilation formula. 

4. An elementary particle with a proper lifetime of 10~° s is observed to travel a distance 
of 100 m during its lifetime. What is the speed of this particle? 
Answer: We have a proper lifetime ¢, = 10~° s and a laboratory distance d; = 100 m 
where the subscripts p and / refer to the particle and laboratory. Hence, we have: 


dy = ut; 
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where in the second step we used the time dilation formula while in the fifth step we 


used the identity By = \/y — 1 (see § 1.4). 


8.4 Atomic Clock Experiment 


1. 


A clock was placed on board a missile that moves with a constant velocity v = 1000 
m/s. How long the missile should move (as seen from the frame of a stationary launch 
pad) for the clock to be 1 millisecond behind an identical clock that stayed stationary 
on the launch pad? 

Answer: Starting from the time of launch, if we label the time recorded by the missile 
clock and by the stationary clock with t,, and t, then from the time dilation formula 
we have: 


0.001 
(1 — 10002/c2) 1? — 1 
tm ~ 18x 108s 
tm & 2083.3 days 
tm & 5.7 years 


Now, since the difference between t, and t,, is very tiny (only 0.001 s in about 5.7 
years), we can equate the two times and hence we get: 


ts ~% tm & 5.7 years 


which is very long time for this very tiny time difference especially when we consider 
the velocity which is classically very high. The reported atomic clock experiments 
do not employ such high speeds or long flight times and hence the presumed time 
delay is extremely tiny which may cast a shadow on the reliability of this type of 
experiments especially those conducted several decades ago where the equipment were 
not as accurate and reliable as the equipment of modern days. 


8.5 Stellar Aberration 


8.5 Stellar Aberration 
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Chapter 9 
Special Relativity 


9.1 Characteristic Features of Special Relativity 


1. Outline the main features of special relativity. 

Answer: In summary, the theory of special relativity is characterized by the following 
features: 

e It is based on two postulates which are the postulate of relativity for all inertial 
frames and the postulate of invariance of the observed speed of light for all inertial 
observers. The Lorentz spacetime coordinate transformations (and subsequently all the 
other transformations and formulations of Lorentz mechanics) are derived from these 
two postulates (see § 12.4.1). Unlike its classical counterpart, the relativity principle in 
special relativity is based on the denial of the existence of absolute frame of reference, as 
we will see next. Regarding the invariance of the observed speed of light, the literature 
of special relativity suggests that the interpretation of this postulate is not the same 
among the followers of this theory. 

e It is based on denying the existence of absolute space and absolute time and hence 
denying the existence of any absolute frame of reference. As a consequence, the theory 
also denies the existence of any medium for the propagation of light such as ether (or 
at least superfluity of such a medium) since such a medium can provide an absolute 
frame. 

e The constant c represents a restricted speed to light (which includes other types 
of electromagnetic radiation and any massless object) and hence no massive object 
can reach this speed. Moreover, c is the ultimate speed and hence no physical object, 
whether massive or massless, can exceed this speed. So in brief, the speed of all massive 
objects must not reach c while the speed of all massless objects must not fall below or 
exceed c. 

2. Can we consider the abolishment of absolute frame (and hence absolute space and ab- 

solute time) as an implication of the Lorentz spacetime coordinate transformations and 
hence as an endorsement to the special relativistic view? 
Answer: No. The Lorentz spacetime coordinate transformations imply the abolish- 
ment of absolute frame if we accept the special relativistic interpretation of the relativity 
principle. In fact, if we postulate this principle in its special relativistic sense then we 
already assume the abolishment of absolute frame with no need to wait until we derive 
the Lorentz transformations from this principle according to special relativity. So in 
brief, the Lorentz spacetime coordinate transformations and all their derived conse- 
quences are consistent with the existence of an absolute frame as long as we do not 
adopt the special relativistic interpretation of the relativity principle. 
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9.2 Postulates of Special Relativity 


1. What are the two postulates of special relativity? 
Answer: They are: the relativity principle whose essence is the equivalence of all 
inertial frames of reference in their validity for formulating the laws of physics, and the 
constancy of the observed speed of light in free space for all inertial observers and hence 
this speed is the same regardless of the state of motion of the source or/and observer. 

2. Show by a simple non-rigorous argument that the equivalence of all inertial frames of 
reference in their validity for formulating the laws of physics implies that it is impossible 
to detect the state of any inertial frame as being at rest or uniform motion in space in 
an absolute sense by conducting any experiment in that frame. 
Answer: Since the laws of physics take the same form in all inertial frames of reference, 
all experiments in any inertial frame will be subject to the same laws and hence all 
experiments will give similar results as far as the state of rest or uniform motion of the 
frame is concerned. Hence, it is impossible to detect the state of any inertial frame 
as being at rest or uniform motion in space in an absolute sense by conducting any 
experiment in that frame because the laws (and hence the results of these experiments) 
do not vary depending on the state of rest or uniform motion in space. 
We should remark that if we accept the special relativistic interpretation of the relativity 
principle, which is based on the denial of the existence of any absolute frame, then this 
implication can be concluded simply and with no need for any technicality from the fact 
that the result of any experiment should be independent of the choice of the frame of 
reference because the laws of physics and their results should not be dependent on our 
choice and convention about the frames of reference which, in the absence of absolute 
frame, are purely synthesized mathematical structures and hence they do not represent 
and they should not affect any physical reality or truth. However, before that we need 
to find a satisfactory explanation for the fact that acceleration between different frames 
of reference represents a fundamental physical reality to justify the distinction between 
inertial and non-inertial frames where the known laws of physics hold true in the former 
frames but not in the latter frames. As we will see, this distinction puts question marks 
on the principle of relativity in its special relativistic sense.!1 

3. According to special relativity, the speed of light is independent of the speed of its source 
and the speed of its observer. Express this premise more efficiently and compactly. 
Answer: Since the relativity principle of special relativity is based on the denial of the 
existence of absolute frame, where the motion of the light source relative to this frame 
may have different effect from the motion of the observer relative to this frame, then 
we can simply say: the essence of the second postulate of special relativity is that the 
speed of light is independent of the relative motion between the light source and the 
observer. 


[106] We should remark that addressing some of these question marks by calling the general theory of 
relativity does not provide a convincing answer for the abolishment of absolute frame. We hope these 
issues will be tackled in the future. 
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9.3 Assessing the Postulates of Special Relativity 
9.3.1 Relativity Principle 


1. What are the restricted and unrestricted forms of the relativity principle? 

Answer: The essence of the restricted form of the relativity principle is that although 
there is potentially an absolute frame, this presumed absolute frame does not distin- 
guish between reference frames as long as they are inertial (i.e. they move uniformly 
relative to this frame) although this frame discriminates against non-inertial frames. 
This discrimination or distinction takes the form of privileging the inertial frames with 
holding the laws of physics and denying this privilege from the non-inertial frames. The 
essence of the unrestricted form of the relativity principle is the denial of the existence 
of absolute frame and hence the physically-real distinction between inertial and acceler- 
ating frames requires explanation. Moreover, the reality of the characteristic Lorentzian 
effects, like time dilation and length contraction, requires justification. 

2. Contemplate on the sufficiency of the restricted form of the relativity principle as a 

viable explanation for both classical mechanics and Lorentz mechanics. 
Answer: Both classical mechanics and Lorentz mechanics are theories about inertial 
frames. Now, because the subject of the restricted relativity principle is inertial frames 
there should be no difference between classical mechanics and Lorentz mechanics in this 
regard. So, if classical mechanics is compatible with the restricted relativity principle 
and can be fully explained by the restricted form, then Lorentz mechanics should also 
be compatible with this principle and can be fully explained by this form with no need 
to call for a more general form of the relativity principle that abolishes the existence 
of absolute frame. Accordingly, even if we assume that the distinction between inertial 
and non-inertial frames and the reality of the characteristic Lorentzian effects can be 
equally explained by an assumption other than the existence of absolute frame, we 
still do not need the unrestricted relativity principle to interpret and justify Lorenz 
mechanics because the restricted relativity principle (with its implication of a potential 
existence of an absolute frame) is sufficient to accommodate all the new features of 
Lorentz mechanics and its formalism which are not found in classical mechanics. In 
brief, the unrestricted relativity principle is at least superfluous if not wrong even if we 
do not need to assume the existence of absolute frame definitely. In other words, even if 
we assume that the existence of absolute frame is not needed for the above two reasons, 
the definite denial of this existence by the unrestricted relativity principle is superfluous 
and hence it requires justification because any scientific theory should be based on the 
minimum amount of required assumptions to establish its theoretical structure. 

3. Let have two inertial observers, O and O’, who are in a state of relative uniform motion. 
Show that according to the principles of special relativity, each observer will see the 
clock of the other observer run slow. What you conclude from this? 

Answer: According to the principles of special relativity, there is no absolute frame 
with respect to which time dilation effect takes place. Hence, the situation of each 
observer in the eye of the other observer is identical, and therefore time dilation effect 
should take place in each frame as seen from the other frame due to this symmetrical 
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situation. Accordingly, if we accept the principles of physical reality and truth then time 
dilation cannot take place in both frames in a real sense because it is contradictory to 
assume that both the time of O is behind the time of O’ and the time of O’ is behind the 
time of O. In other words, as these observers can watch the time of each other during 
their relative motion, they cannot see any real change in their times, i.e. they remain 
synchronized. The conclusion is that if we accept special relativity then we should 
assume that time dilation effect is apparent and not real, i.e. although each observer 
may notice (or feel wrongly like an illusion) that the clock of the other observer is 
ticking at a slower rate in an instantaneous sense, they do not feel any real difference 
between their times over an extended period of their journey. In fact, even if we assume 
the impossible that is this instantaneous effect accumulates and hence each observer 
sees the time of the other observer (as recorded by a series of clocks in each frame 
as described in 3.6) continuously lagging during the journey, this effect cannot be real 
because of the symmetrical situation which makes it impossible to have t behind ¢’ and 
t' behind t. So, if we assume that the relative motion between the two frames stopped 
suddenly and symmetrically and the two observers checked their times, they cannot find 
that t is lagging behind ¢’ and t’ is lagging behind t. In fact, this is related to the twin 
paradox which will be investigated in § 10.1. The fact that the effect cannot be real will 
be more obvious when we have three inertial frames which are in relative motion with 
respect to each other where the time dilation and length contraction will be different 
in each frame as observed from the other two frames and hence by the principles of 
reality and truth the effect cannot be real because we cannot have two contradicting 
real effects. The refute of this challenge by changing frame (or by similar excuses) does 
not make any sense unless we abolish the principles of physical reality and truth which 
should lead to the abolishment of science and its purpose since we will then live in a 
world of illusions and dreams. 

4. Investigate all the possibilities for the reality of length contraction and time dilation 
effects with the relativity postulate of special relativity. 
Answer: There are four main possibilities for the reality of length contraction and 
time dilation effects with the relativity postulate: 
e Accepting the relativity postulate of special relativity and considering length con- 
traction and time dilation real effects. This is logically inconsistent because it requires 
either having asymmetrical effect which is inconsistent with the relativity principle, or 
having conflicting realities which obviously contradicts the principles of physical reality. 
e Rejecting the relativity postulate and considering length contraction and time dila- 
tion real effects. This is logically consistent if we assume that length contraction and 
time dilation effects take place with respect to a preferential reference frame which is 
the frame of ether or the absolute space. 
e Accepting the relativity postulate and considering length contraction and time dila- 
tion apparent effects. This apparently means that these effects are errors that require 
correction. 
e Rejecting the relativity postulate and considering length contraction and time dila- 
tion apparent effects. Again, this apparently means that these effects are errors that 
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require correction. 

5. What “real” and “apparent” mean in the context of the interpretation of length contrac- 
tion and time dilation? 
Answer: “Real” means that these effects occur to the observed object itself in the 
real world, while “apparent” means that these effects are observational phenomena that 
affect the observation but not the object itself. So, if the contraction of stick is real 
then its length is shortened, while if it is apparent then the length of the stick did not 
change but the observed or measured length is shortened (like the immersed stick which 
is seen broken). 


9.3.2 Invariance of Observed Speed of Light 


1. Discuss and evaluate the argument that is given in the first solved problem. 
Answer: The point of that argument is that when an observer sees a photon moving 
with speed c in his frame, then any other observer in another frame should also see 
the photon moving with speed c in his frame because since the spacetime coordinates 
are contracted (or dilated) in the second frame compared to the coordinates of the 
first frame the speed c should also be “contracted” (or “dilated”). In brief, c scales 
up and down in each frame according to the scaling up and down of the spacetime 
coordinates in that frame.°7l The essence of this is that c represents an intrinsic 
scale factor of the spacetime of Lorentz mechanics (because in Lorentz mechanics the 
calibration of spacetime measurements are based on the speed of light) and hence it 
scales in proportion with the scaling of spacetime in every frame. The picture will be 
more clear if we assume the existence of an absolute frame and hence the contraction 
of spacetime coordinates by the y factor in any frame is caused by the movement of the 
frame relative to this absolute frame (see § 1.6). So, if a light signal is observed to have 
speed c in an inertial frame, then it should also be observed to have speed ¢ in any other 
inertial frame due to the aforementioned contraction of spacetime (and the scaling of c 
accordingly) where any velocity component in the signal due to the relative motion will 
be embedded within the motion of the frame as a whole and hence the scaling of the 
speed of light by the scaling of spacetime coordinates will not be affected (see § 9.7.1). 

2. O and O’ are two inertial observers in a state of standard setting. Using the Lorentz 
spacetime coordinate transformations, show that if O observes the speed of light to be 
c then O’ should also observe the speed of light to be c. Comment on this question. 
Answer: If O observes the speed of light to be c then he should have x = ct where x 
stands for the distance traveled by the light during the time interval ¢.4°°! On using 
the Lorentz spacetime coordinate transformations we have: 


Gr oS ol 


[107] Since the spatial and temporal coordinates are scaled by the same 7 factor then the speed of light 
(which is a ratio of space to time) will be scaled by unity, i.e. it keeps its invariant value c. In other 
words, if space scales by a factor a and time scales by a factor b then the speed of light will scale by 
a factor a/b, and because we have a = b = ¥ then the speed will be scaled by 1. 

[108] For simplicity and clarity we use x and t instead of Ax and At. 
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and hence O’ will also observe the speed of light to be c. 

Comment: it was shown earlier in the book (see for example § 4.2.2 and § 4.2.3) 
that according to the velocity transformation (and composition) of Lorentz mechanics, 
the observed speed of light is invariant across inertial frames. In this exercise, the 
same conclusion is reached from the basic Lorentz spacetime coordinate transformations 
which the velocity transformations are derived from. This serves as a consistency check 
and confirmation to the validity of those results. 

3. O and O’ are two inertial observers in a state of standard setting where a light signal 
that propagates in all directions is emitted at t = t/ = 0 at the common origin of 
coordinates. Using the invariance of the spacetime interval (which was established in 
§ 3.9.4), show that if a 3D light signal is observed by O to propagate in a spherical 
shape! centered at his origin of coordinates, then O’ should also see this light signal to 
propagate in a spherical shape centered at his origin of coordinates. Can you generalize 
the result? Comment on this question. 

Answer: If O observed the signal to propagate in a spherical shape centered at his 
origin of coordinates, then this signal is described in O frame by the following equation: 


r+yt+27—ce =0 


This equation is no more than the equation of the spacetime interval in O frame. Now, 
since this interval is Lorentz invariant across all inertial frames then in O’ frame we will 
have: 
a? + y? + 2? — At? =0 

i.e. the signal will also be seen by O’ to propagate in a spherical shape centered at his 
origin. 

Regarding the generalization, we note that O’ frame is an arbitrary inertial frame in 
a state of standard setting with O frame and hence the result is already general since 
it includes any frame in a state of standard setting with O. To generalize the result 
further by including all inertial frames (whether in a state of standard setting or not), 
we need to remove the condition “centered at his origin” and put the equation of sphere 
in a finite differential form and hence the signal is described in O frame by the equation: 


(Ax) + (Ay)’ + (Az)” — (cAt)’ = 0 


[109] The spherical shape can be ascribed to the wave front of the signal. 
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Hence, due to the invariance of the spacetime interval across all inertial frames, the 
equation of the signal in any other inertial frame will take the form: 

(Az’)’ + (Ay')’ + (Az')” - (cAt'y’ = 0 
which is also an equation of sphere.!!!4 
Comment: this question highlights the fact that having a constant observed speed of 
light across all inertial frames is equivalent to the invariance of spacetime interval across 
all inertial frames since they both originate from the same physical principle, i.e. the 
contraction of the c-calibrated spatial and temporal coordinates of spacetime by the 
same factor under the influence of motion which keeps the constancy of the observed 
speed of light across all inertial frames in an apparent sense. This fact will be more 
obvious if we put the above equations in the following form: 


oe | AB + Any? + (Az) _ f(A)’ + Ay)" + (Az) 
(At)° (Av’)” 


where the last equality arises from the fact that both the spatial coordinates in the 
numerator and the temporal coordinate in the denominator are scaled by the same + 
factor which keeps the equality to c in both frames. So, if we assume the existence of 
an absolute frame then this speed is equal to c in the absolute frame in a “real” sense, 
while this speed is equal to c in all inertial frames which are in a state of motion relative 
to the absolute frame in an “apparent” sense (see § 1.6 and 11) due to the “scaling” of 
c itself in these frames because of the scaling of spacetime coordinates relative to the 
spacetime coordinates of absolute frame. In fact, both of these equivalent facts (i.e. 
having a constant observed speed of light across all inertial frames and the invariance 
of spacetime interval across all inertial frames) originate from the same principle which 
is using the speed of light in the calibration of spacetime measurements according to 
Lorentz mechanics. 

4. Referring to the previous question, what about the source of light and if it should be 
in O frame or in O’ frame for the concluded invariance to hold true? 
Answer: The state of the source of light (ie. being in O frame or in O’ frame) is 
irrelevant because although the velocity of light is frame dependent the speed of light is 
not, as we found in our analysis to the formalism of Lorentz mechanics (refer for example 
to the solved problems and exercises of § 4.2.2). To phrase the answer differently we 
would say: as indicated in the answers to previous problems and exercises, since the 
observed speed of the photon is assumed to be c in one of these frames (i.e. frame O 
according to the previous exercise), then any velocity component of this frame relative 
to the other frame (i.e. frame O’ according to the previous exercise) should be passed 
to the photon as seen in the other frame according to our previous findings (i.e. the 
velocity of light should have a component of the velocity of its source although the 


[110] That is: at any given instant of time, the wave front has a spatially spherical shape, i.e. (Az’)? + 
(Ay’)” + (Az’)? = constant. 
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observed speed of light is invariant and hence it is independent of the velocity of its 
source). The essence of this answer is that although the frame in which the speed of 
light is observed to be c may not be physically the source of the light (ie. it is not the 
rest frame of the light source), this frame is in lieu of a source frame since the speed 
of light takes its characteristic value c in this frame, and hence the observed speed of 
light should also be c in all other inertial frames which are in a state of uniform motion 
relative to this frame according to the Lorentz transformations (whether the velocity 
transformations or the spacetime transformations), as we found earlier (see for example 
§ 4.2.2, § 4.2.3 and the present subsection). In brief, thanks to this invariance any 
inertial frame will be like a source frame for any light signal. 


. Compare between the representation of light signal in the ordinary 3D space and in the 


Minkowski 4D spacetime. 

Answer: The light signal in the ordinary 3D space is represented by a sphere which 
represents the advancing wave front, while in the Minkowski 4D spacetime it is repre- 
sented by a regular cone.!4] Both these forms of representation are invariant across 
inertial frames since both are based on the invariance of the spacetime interval and the 
invariance of the speed of light. 


. Discuss the claim that the second postulate of special relativity is confirmed by exper- 


imental observation. 

Answer: It may be.!!!7]_ However, there is still space for questioning at least some of 
the claimed experimental evidence. For example, if we consider the Michelson-Morley 
experiment and its alike as some of these experimental verifications to the second pos- 
tulate then all the arguments against the conclusions of this experiment (e.g. possible 
ether drag according to the wave theory, or potential projectile propagation model ac- 
cording to the ballistic theory) can invalidate this alleged evidence. Moreover, even if 
such evidence is well established, it cannot be used to support the special relativistic 
attachments to this postulate (e.g. considering the speed of light as restricted and ul- 
timate in its wide sense) which some seem to consider as consequences or part of this 
postulate. Yes, we may consider the evidence in support of Lorentz transformations 
and Lorentz mechanics in general (see § 8) as indirect evidence for the invariance of the 
speed of light regardless of any interpretation (whether relativistic or not). 


9.3.3 Overall Assessment of Special Relativity Postulates 


Al 


Why we need to assume the existence of an absolute frame of reference? 

Answer: We believe that the existence of an absolute frame is required for at least two 
reasons: 

e To explain the real physical difference between inertial frames and non-inertial frames 
(see § 3.6.2). 

e To comply with the principles of reality and truth (see § 1.6) by adopting a realistic 


[111] 


“Cone” here has a more general sense which originates from its representation in a spacetime diagram 
with one temporal and two spatial dimensions. 


[112] Regardless of the interpretation of the invariance and how it should be envisaged. 
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interpretation of Lorentz mechanics and its derived consequences and implications like 
length contraction and time dilation. 


. Based on the results that were obtained from analyzing the formalism of Lorentz me- 


chanics, discuss the issues of light propagation model and the invariance of the speed 
of light and try to link these to the issue of absolute frame. 

Answer: Referring to the analysis that we conducted previously (also see § 9.7.1), 
we can conclude that light behaves like projectile and hence its characteristic speed is 
relative to its source. This can be concluded from the added velocity component to the 
light signal from the velocity of its source. Accordingly, we do not need to assume a 
propagation medium (at least for this purpose) like ether to explain the propagation 
of light.!"81 The invariance of the speed of light can then be explained by the contrac- 
tion of spacetime coordinates by the motion through spacetime and for this purpose 
we need the assumption of an absolute frame to rationalize the obtained results. As 
we discussed before (refer to 1.14), the projectile model for the propagation of light is 
consistent with the existence of absolute frame. 

In brief, there are two main elements that determine the propagation model of light in 
Lorentz mechanics: the variance of light velocity that is based on the added velocity 
component from the motion of the source which requires a projectile (instead of wave) 
propagation model, and the invariance of light speed which is based on the contraction 
of spacetime by motion through spacetime and this requires the existence of an abso- 
lute frame relative to which this real contraction occurs. In fact, the invariance of light 
speed is also partially justified by the added velocity component as indicated before 
and will be investigated further later on. 


9.4 Abolishment of Fundamental Concepts 


1 


Contemplate on the abolishment of absolute space. 

Answer: It is difficult to accept the abolishment of absolute space and admit the view 
that all motions are relative because it is inconsistent with the rules of physical reality 
and truth. Moreover, it is difficult to justify the difference between inertial and non- 
inertial frames without assuming an absolute rest space relative to which the frames are 
accelerating or not. Otherwise, why the space distinguishes between frames by treating 
some as inertial while treating others as non-inertial. The attempts to explain this by 
factors other than the existence of absolute space, such as explaining the difference by 
the existence of aggregates of matter and energy distributed throughout the space, do 
not provide a convincing answer because when we talk about the space we mean the 
physical space in which we exist not a hypothetical space which is devoid of matter and 
energy. Science is about discovering and understanding the real physical world that we 
live in where the space is one of the real aspects of this world. Yes, in philosophy or 
mathematics or in purely hypothetical contemplations we can imagine and characterize 
the space as we wish and derive the logical consequences of such a hypothetical space. 


[1131 Ty fact, we should not assume a propagation medium at least within a classical wave propagation 


model since this model is incompatible with a projectile propagation model. 
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So, in physics all laws and properties belong to the physical world and physical space 
including any real intrinsic attributes of this space such as containing matter and energy 
or having three dimensions. This should similarly apply to other attributes like time. 
In fact, the whole story of Lorentz mechanics and the justification of its emergence and 
rise is this desire to discover the real physical world; otherwise classical mechanics as a 
theoretical structure is completely consistent with the logic and we can keep it if we are 
not interested in the behavior and properties of the real physical world and the space 
of this physical world. 


. Discuss the following quote, which is attributed to Minkowski, and its significance in 


relation to the abolishment of space and time as separate entities: “From henceforth, 
space by itself, and time by itself, have vanished into the merest shadows and only a 
kind of blend of the two exists in its own right”. 

Answer: This quote may be seen as a legitimate statement of the abolishment of space 
and time as separate entities and the emergence of spacetime as an established scien- 
tific fact. However, this should be seen within the framework of Lorentz mechanics 
but not beyond where space and time can still have independent existence.!'“! This 
merge should also be seen within its formal context mainly as a mathematical artifact. 
Moreover, it is still partial and not thorough since we still see some distinction between 
spatial and temporal variables even within the framework of Lorentz mechanics. As we 
saw in several places in the text and exercises, the temporal and spatial coordinates of 
the spacetime are not equally treated in several aspects and hence the existence of a 
space which is separate and distinct from time is still there even in Lorentz mechanics. 
Anyway, even if we accept that space and time are totally merged and indistinguish- 
able in Lorentz mechanics it does not mean that these concepts are abolished because 
they can still be used in other scientific and philosophical theories and they have full 
legitimacy to exist and represent real physical entities. We should also note that par- 
tial merge of space and time does exist even in classical mechanics where the Galilean 
transformation of space (i.e. in the x dimension according to the standard setting) also 
involves time although the merge in Lorentz mechanics is obviously more fundamental 
and extensive due to the effect of y factor and the presence of spatial coordinates in 
the definition of frame time. 


9.5 Controversies within Special Relativity 


if 


List some of the difficult questions that face special relativity. 

Answer: Some of these are: 

e Explaining the difference between inertial and non-inertial frames in the absence of 
absolute frame. 

e Deciding about contradictory views and opinions and flipflopping, e.g. if length con- 
traction and time dilation effects are real or apparent and in what sense. 

e Refuting arguments like twin paradox (see § 10.1) where the relativity principle does 


[114] As we indicated earlier, this is due to its philosophical and epistemological nature even though it has 


a basis in the formalism. 
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not apply equally and symmetrically to the involved reference frames. 

e Assessing some thought experiments and abstract devices on which special relativity 
arguments and logic are based like the train thought experiment (see § 9.6.1) and the 
light clock (see § 9.7). 

e Answering some challenges about the speed of light postulate such as claims of obser- 
vation of superluminal speeds. In fact, some of these challenges represent a contest even 
to the current formalism of Lorentz mechanics and not only to the special relativistic 
interpretation. 

e Deciding about the meaning of the constancy of the speed of light and adopting a 
clear interpretation. 


9.6 Thought Experiments in Special Relativity 


9.6.1 Train Thought Experiment 


1. Describe another variant of the train thought experiment where a light signal is emitted 
at the center of the train. 
Answer: The relativity of simultaneity and the abolishment of absolute time may also 
be demonstrated in the literature of special relativity by a moving train with a light 
signal being emitted by a commuter at the center of the train in both directions at the 
time when the center of the train passes by a standing observer. Since the speed of light 
is the same for both observers and the train is moving towards the signal from the back 
and away from the signal in the front as seen by the stationary observer, while it is at rest 
for the on-board observer, the two events of meeting the front and back ends of the train 
will be simultaneous for the on-board observer and non-simultaneous for the stationary 
observer. This version of the train thought experiment (as phrased and presented in 
the circulating literature of special relativity) can also be challenged by some of the 
previous criticisms and disputes. For example, this version can be challenged by the 
dependence of the speed of light on the motion of its source and potential existence of 
an absolute frame as a medium for a classical wave propagation model. It can also be 
challenged by the difference between the simultaneity of occurrence and the simultaneity 
of observation. However, some of these challenges depend on the setting, assumptions, 
presentation and phrasing of this version of the train though experiment. Anyway, this 
does not affect the legitimacy and validity of these challenges because all these aspects 
are essential parts of any interpretative theory (especially when its legitimacy and logic 
are fundamentally based on thought experiments) and hence the experiment can be 
judged by these factors even if we assume that the experiment and its analysis can in 
principle be forged in a correct form. The reader is referred to the upcoming exercises 
of this subsection for formal analysis of two variants of the train thought experiment. 

2. Discuss the difference between the simultaneity of observation and the simultaneity of 
occurrence. 
Answer: The simultaneity of observation means that two events are observed simul- 
taneously by a particular observer in a particular position in a given frame, while the 
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simultaneity of occurrence means that two observed events occur at the same time in a 
given frame. For example, when I look to the sky and see the Sun and the Moon at the 
same time my observations are simultaneous. However, I know that these simultane- 
ous observations do not come from simultaneous occurrences because the image of the 
Moon that I am seeing now represents the state of the Moon about 1.3 second ago while 
the image of the Sun that I am seeing now represents the state of the Sun about 500 
seconds ago. Hence these simultaneous images are not produced by simultaneous occur- 
rences (or events). Some of the special relativity arguments and thought experiments, 
including at least some variants of the train thought experiment, are based on the 
confusion between the simultaneity of observation and the simultaneity of occurrence 
where observation is treated as occurrence. 

3. Make an argument in support of the claim that the train thought experiment is an 

example of the relativity of simultaneity of observation and not the relativity of simul- 
taneity of occurrence. 
Answer: The whole experiment and its conclusions are based on the observation of 
localized observers and hence it belongs to the simultaneity of observation rather than 
the simultaneity of occurrence where the latter is based on the observation of a non- 
localized global observer in the given frame. 

4. Regarding version 2 of the train thought experiment, justify why the added velocity 

component is rejected as a possible rationale for the special relativistic interpretation 
of non-simultaneity although this added component can be concluded from analyzing 
the formalism and hence it is accepted according to our view. 
Answer: As discussed in the text, it is logical to assume that if we adopt a projec- 
tile model for the propagation of light then the rest frame of the source of light in 
version 2 is the frame of the platform and hence the velocity of light should have a 
component from the velocity of its source as we found earlier. However, although this 
added component is logical and acceptable according to our interpretation since it does 
not affect the invariance of the speed of light where we considered the contraction of 
spacetime coordinates as the cause of this invariance and hence we accounted for this 
invariance despite the dependence of the velocity of light on the velocity of its source, in 
special relativity there is no such explanation; instead we find many explicit statements 
about the independence of the velocity of light from the velocity of its source although 
some (but not all) of these statements may be based on the tolerance and laxity of 
using “speed” and “velocity” interchangeably. Anyway, what is needed to rationalize 
the special relativistic interpretation is the variance of the speed of light, whether this 
variance is caused by the added velocity component or by something else, and this 
variance means the disposal of the second postulate of special relativity. Therefore, the 
presumed velocity component, whether accepted by special relativity or not, will not 
be able to rationalize the special relativistic interpretation of this version of thought 
experiment. 

5. Analyze the two versions of the train thought experiment (as given in the main text) 
using the Lorentz spacetime coordinate transformations and hence conclude the rela- 
tivity of simultaneity. Comment on the results. 
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Answer: It may be claimed that the logical thing to assume in this thought experiment 
is that the frame in which the two events are simultaneous is the frame of the source 
which should be the frame of train in version 1 and the frame of platform in version 
2. However, we do not need to adopt a specific assumption or version to reach our 
conclusion about the relativity of simultaneity. So, let assume that in both versions 
the events are either simultaneous to P; (which we label as O) or simultaneous to P, 
(which we label as O’ and we assume he is in a state of standard setting with O)!!!5l 
and hence we have two possibilities: 

(a) The events are simultaneous to P,: hence, we have At = 0 and we use the Lorentz 
time transformation from O to O’, that is: 


ee (a = =| _ jy 


oa Cc 
and hence At’ 4 0 because Ax ¥ 0, i.e. the events are simultaneous for P, but non- 
simultaneous for P:. It is obvious that y 4 0 and v 4 0. 

(a) The events are simultaneous to P2: hence, we have At’ = 0 and we use the Lorentz 
time transformation from O’ to O, that is: 


Cc C2 


/ / 
ar=>(ar+S) ee 
and hence At # 0 because Az’ ¥ 0, i.e. the events are simultaneous for P, but non- 
simultaneous for P,. 

Comment: using the formalism of Lorentz mechanics, we concluded the relativity of 
simultaneity easily and without confusion. Since, these transformations are based on (or 
the origin of) the contraction of spacetime coordinates due to the motion, the provided 
explanation should be sufficient and convincing. However, our interpretation of the 
relativity of simultaneity is different from the interpretation of special relativity because 
we believe that the relativity of simultaneity is consistent with the existence of absolute 
frame and hence absolute time. In contrast, the special relativity logic which is based 
on ill-stated and badly-presented arguments and thought experiments like this one can 
be challenged and hence the relativity of simultaneity may be rejected accordingly even 
though the result can be obtained correctly from analyzing the formalism. Moreover, 
the special relativistic interpretation of the relativity of simultaneity, which originates 
from (or the origin of) the denial of the existence of absolute frame and absolute time 
should be rejected due to the non-necessity of this denial for the explanation of the 
relativity of simultaneity (in addition to the need for absolute frame to distinguish 
inertial and non-inertial frames physically and realistically and to justify the reality 
of the characteristic Lorentzian effects like time dilation). We finally note that the 
above analysis shows that the events can be simultaneous to P, or to Py and hence 


[115] We should remark that P, and P, in this analysis stand for the frames (i.e. they are global rather than 
local observers) since we are analyzing the thought experiment as an instance for the simultaneity of 
occurrence and not as an instance for the simultaneity of observation. 
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they are non-simultaneous to the other observer unlike the special relativity narrative 
where the events are simultaneous specifically to a particular observer. This in essence 
is based on the difference between our simultaneity (which is of occurrence) and the 
special relativity simultaneity (which should be of observation although it is meant to 
be of occurrence). In other words, our observers are global but the special relativity 
observers are local. 

6. Analyze the other variant of the train thought experiment, which is given in exercise 
1, using the principles of Lorentz mechanics as obtained from analyzing its formalism. 
Comment on the results. 

Answer: We consider the bystander and the commuter as two inertial observers, O 
and O’ respectively, in a state of standard setting where a light signal that propagates 
in all directions is emitted at t = t’ = 0 at the common origin of coordinates. We 
should also assume that the difference between the y and z coordinates of O and O' 
is negligible as if they are at the same point in space at t = t’ = 0.9 It was shown 
earlier (see the exercises of § 9.3.2) that using the invariance of the spacetime interval, 
if a 3D light signal is observed by O to propagate in a spherical shape centered at his 
origin of coordinates, then O’ should also see this light signal to propagate in a spherical 
shape centered at his origin of coordinates. This means that O will see this signal as a 
spherical wave centered on his origin of coordinates, and similarly O’ will see this signal 
as a spherical wave centered on his origin of coordinates. Now, we have two cases of 
simultaneity: 

(a) Simultaneity of arrival of light signal to the front and rear points of the platform: 
since O’ is moving forward relative to the platform then his sphere (which moves with 
him) will hit the front point of the platform before it hits the rear point of the platform 
and hence these events are not simultaneous for O’. On the other hand, since O is 
standing still at the middle of the platform then his sphere will hit the front and rear 
points of the platform simultaneously. Accordingly, these events are simultaneous to O 
but non-simultaneous to O’. 

(b) Simultaneity of arrival of light signal to the front and rear points of the train: since 
O is moving backward relative to the train then his sphere will hit the rear point of 
the train before it hits the front point of the train and hence these events are not 
simultaneous for O. On the other hand, since O’ is standing still at the middle of 
the train then his sphere will hit the front and rear points of the train simultaneously. 
Accordingly, these events are simultaneous to O’ but non-simultaneous to O. 
Comment: we note that O and O’ in our analysis are global (not local) observers and 
hence this is an instance of the relativity of simultaneity of occurrence rather than 
the relativity of simultaneity of observation. We should also remark that apart from 
the many reservations and question marks on the language and presentation of the 
special relativistic interpretation of this thought experiment which are found in the 
literature, an essential component in our interpretation is the fact that light has a 


[116] Tn fact, this assumption is added for clarity and to match the narrative of this thought experiment; 
otherwise it is not needed because we are actually dealing with global observers representing frames 
of reference in a state of standard setting and hence the y and z coordinates should be identical. 
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velocity component from the velocity of its source (despite the invariance of its speed) 
which is essential to rationalize the interpretation of this thought experiment. Since 
there is no such velocity component in the special relativistic interpretation, then this 
experiment cannot be interpreted properly within the framework of special relativity. 


9.7 Light Clock 


Li 


Derive the time dilation formula from the light clock using a simple plot to illustrate 
the underlying physical principles. 

Answer: The physical principles of the light clock can be compactly presented in the 
illustration of Figure 11 and hence the derivation of the time dilation formula will be 
as follows: 


(cA)? = 


(At’)? — 6? (At’y’ 
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which is the time dilation formula. We note that this formula may look different from a 
previous time dilation formula due to the exchange of prime. However, it is physically 
the same although it is notationally different. In fact, the assignment of prime to a 
particular frame is arbitrary and hence it has no physical significance on its own. What 
is significant is the actual physical setting. This should similarly apply to the arbitrary 
use of prime in other formulae which may also look different due to this notational 
artifact. 


. Show that light clock, as described in the text, follows the rules of classical mechanics 


in some aspects where the light signal behaves like a classical projectile. 

Answer: In Figure 12 we have an inertial observer O; who is on board a platform P that 
is uniformly moving to the right with respect to another inertial observer O2. When O, 
throws a massive object (e.g. ball) upwards he observes his projectile following a straight 
line trajectory T, while O, observes this projectile following a parabolic trajectory T). 
The difference between the light clock and this example is the presumed presence of a 
gravitational field (which is pointing downward since the platform is supposed to be on 
the Earth) that makes the trajectory parabolic rather than straight. In the absence of 
such a gravitational field and the presence of a massive reflector (fixed to the platform) 
at the reflection point P,. the trajectory of the massive projectile according to O, will 
be made of the two straight segments (i.e. trajectory 73) which is identical to the 
trajectory of the light signal in the light clock. The point of this question is that both 
the light signal (which can be represented by a photon) and the massive projectile have 
a sidewise velocity component and hence the light signal in the hypothesized light clock 
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Figure 11: A simplified schematic diagram that illustrates the physical principles of light 
clock and the derivation of time dilation formula. 


follows the rules of classical mechanics in this regard. In other words, the light signal 
has a velocity component from the velocity of its source. 

3. Make another argument for the case that the light clock follows the rules of classical 
mechanics in some aspects. 
Answer: The light path and the formulation for the observer who is in relative motion 
with respect to the clock is similar to those in the analysis of the Michelson-Morley 
experiment (refer to § 2.6 and § 12.2). It is obvious that the analysis of the Michelson- 
Morley experiment is based on a classical view. However, the Michelson-Morley analysis 
is based on a wave model while the light clock suggests a projectile model. 

4. Assess a possible criticism to the light clock that its functionality (and hence time and 
time dilation) is based on its orientation!!!" 
Answer: Let assess the analysis of some special relativists to the light clock when it is 
rotated 90° so the light signal propagates in the same orientation as the velocity of the 
clock itself. According to this analysis, the time of the forward-backward pulse in the 


rest frame of the clock is: 
2Lo 
to = — 
Cc 


where ty and Lg are the proper time and proper length of the clock. Regarding the 


[117] We note that there is nothing wrong in principle with the dependence of functionality on orientation 
since the physical principles on which the light clock rests can depend on orientation. The purpose 
of this question and its alike is to give typical examples about the framework of special relativity and 
its potential vulnerability to criticism due to questionable arguments and interpretations even when 
the results may be correct. In brief, our focus is potential criticism to this particular interpretation 
and its presentation. 
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Figure 12: The trajectory of a massive projectile as seen by a moving observer O; who 
throws this projectile upwards (trajectory 7T,) and as seen by a stationary observer O2 in 
the presence of a gravitational field (trajectory T>) and as seen by Op» in the absence of 
gravitational field with the presence of a reflector at point P, (trajectory 73). 


frame relative to which the clock is moving, we have:!"4% 


ji OO GRE 
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where t and L are the time and length of the clock as measured from the moving frame 
and v is the relative speed between the two frames. Now, considering the time dilation 
effect which was derived from the light clock before its rotation (i.e. when the light 
signal was propagating in a perpendicular orientation to the velocity of the clock), we 
have:!!19] 


t = yto 
eae 2Lo 
y= y— 

C 
yL = Lp 


[18] Note that in this analysis the special relativists overlook (deliberately or non-deliberately) the fact 
that the observed speed of light, c+ v, as seen in the denominators is based on the Galilean velocity 
composition rule in utter disregard to the second postulate of special relativity. This should be 
supported by the fact that this analysis and formulation for the moving frame is identical to that of 
Michelson-Morley experiment for the light beam in the parallel arm (see § 12.2) which is obviously 
based on classical mechanics. 

[119] We should remark that this analysis is based on assuming that the functionality of light clock is 
independent of its orientation (if the basis of time dilation is the functionality of the clock before its 
rotation) which is not obvious. 
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which is the length contraction effect. So, according to this analysis even length con- 
traction effect can be derived from the light clock. However, this analysis should be 
challenged although the results may be claimed to be correct (see the analysis of this 
problem in § 9.7.1). For example, in the derivation of t the observed speed of light is 
assumed to depend on the speed of its source, i.e. the speed of light as measured from 
the frame which is in relative motion with the clock is assumed to be c + v which is 
the classical formula for light speed. So, if we reject this classical speed because of its 
inconsistency with the second postulate of special relativity then we can argue (with 
no need for any formal derivation) that special relativists should abandon either length 
contraction effect or time dilation effect (or both) to keep their clock functioning as it 
is claimed. 

Another (may be more fundamental) criticism to the light clock in special relativity is 
that the distinction between time and time measurement mechanism is rather vague in 
this theory where the common view is that the time measurement mechanism should 
follow the flow of time (see § 3.4) and hence if we accept that the functionality and 
time measurement mechanism of the light clock depend on its orientation then the flow 
of time itself in the frame relative to which the light clock is moving should depend on 
the orientation. More analysis to these issues will follow in § 9.7.1. 

5. Make a formal argument for the case that if we accept the logic and argument of special 
relativity then the functionality and time measuring mechanism of light clock should 
depend on its orientation in a way that is inconsistent with the framework of this theory. 
Comment briefly on the result of your analysis. 

Answer: As in the answer of the previous exercise, the time of the forward-backward 
trip in the rest frame of the clock following its rotation is: 
Cc 

Regarding the time of the forward-backward trip as measured from the moving frame, 

we have two possibilities: 

(a) The observed speed of light follows the Galilean rule of velocity composition and 

hence we have: 


Pe Ee | | 
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So, if we assume time dilation we conclude length contraction and if we assume length 
contraction we conclude time dilation. However, this possibility is inconsistent with 
special relativity and its second postulate. 

(b) The observed speed of light follows the second postulate of special relativity and 
hence we have (noting that d is the distance traveled by the clock during the time of 
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traversing L by the light signal):!1?% 


,_itd L-d_ OU 
a Cc : Cc a Cc 


which looks identical in form to the formula of the time as measured in the rest frame 
of the clock. So, if we assume that either time or length is identical in both frames then 
we can obtain neither time dilation nor length contraction. Otherwise, if we assume 
one of the two effects (i.e time dilation or length contraction) then the other effect will 
be obtained but in a sense that is inconsistent with the perspective and interpretation 
of special relativity. Accordingly, accepting the logic of special relativity will lead 
to the conclusion that the functionality and time measuring mechanism of light clock 
depend on its orientation that is inconsistent with the framework of this theory and its 
postulates and principles. More details about these issues will follow. 

Comment: in brief, if we accept the logic and arguments that we find in the literature 
of special relativity about light clock then we should either reject the second postulate 
of special relativity or reject one or both of the time dilation and length contraction 
effects, and this puts a question mark on the validity and logical consistency of the 
framework of special relativity as a legitimate interpretation to Lorentz mechanics. 

6. Assess the consequences of the claim that the light clock is dependent in its functionality 

on its orientation within the framework of special relativity. 
Answer: The obvious consequence is that the time count and hence time dilation effect 
will be dependent on the orientation. Accordingly, time dilation will follow the style 
of length contraction in being orientation-dependent. This effect (i.e. dependence on 
orientation) is not supposed to occur to time. Anyway, the analysis in the answers 
of the previous questions suggests that if light clock should function according to the 
special relativity view in various orientations then we should abandon some of the 
special relativity principles and postulates. 

7. What is the point of the previous exercises where some results that have already been 

shown to be obtainable from the formalism of Lorentz mechanics were challenged and 
shown to be wrong? 
Answer: The point is that the special relativity interpretation is questionable and 
hence the results are dubious if we adopt this interpretation. This means that these 
results, when they are correctly obtained from the formalism of Lorentz mechanics, 
indicate that the special relativity interpretation is not consistent with the formalism 
of Lorentz mechanics, and hence we should look for a logically consistent interpretation 
to Lorentz mechanics. 


[120] This is inline with the analysis of light clock before its rotation where the Pythagoras theorem was used 
there to link the two components due to their orthogonal nature. Because the two components after 
rotation are along the same orientation a simple algebraic addition is used instead of the Pythagoras 
theorem. 

[121] Tn fact, we may also need to assume that the functionality of the clock is independent of its orientation. 
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9.7.1 Assessing Light Clock 


1. Repeat the analysis of the light clock for case (a) in the first question (refer to the solved 
problems) according to classical mechanics by using the Galilean velocity composition. 
Comment on the results. 

Answer: In classical mechanics we have a projectile propagation model and a wave 
propagation model and therefore we have two possibilities: 

(a) If we assume a projectile propagation modell!??! for the velocity of light then the 
velocity of the light signal has a sidewise component v from the velocity of its source and 
a perpendicular velocity component c from its characteristic speed (which is relative to 
its source). Hence, the observed speed of light in O frame will be c while the observed 
speed of light in O’ frame will be c’ where: 


d=Vv2+ eC 


Accordingly, the time interval of a tick in O frame is: 


At== 
Cc 


while the time interval of a tick in O’ frame is:!!2°! 
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which is consistent with the Galilean time transformation. 
(b) If we assume a classical wave propagation model then the situation is more com- 
plicated because we have several possibilities with regard to the velocity of O or/and 


[122] We may also call it ballistic propagation model. 

[123] Although the previous formula may suggest that we are using c for spacetime calibration in our 
classical approach (as in the Lorentzian approach), the following formula should make it clear that 
this is not the case. 
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O’ relative to the medium. However, we can consider one case in which O is at rest 
relative to the medium while O’ is moving with respect to the medium with speed v in 
the opposite direction. The analysis and conclusions of this case are identical to those 
of the previous case (i.e. projectile model of part a) and hence we do not need to repeat. 
The analysis of the other cases will lead to the same results and conclusions where we 
will find that while the speed of light is frame dependent the time interval of a tick is 
frame independent.|1*41 

Comment: on comparing the classical results that we obtained in this question with the 
Lorentzian results that we obtained in the previous questions, we see (in consistence 
with our previous findings) that while in Lorentz mechanics the speed of light is invari- 
ant across inertial frames and the time is variant, in classical mechanics the opposite is 
true, i.e. the speed of light is variant across inertial frames and the time is invariant. 
As indicated earlier and will be seen in more details later, this is based on the difference 
in the methods used for the calibration of space and time in classical mechanics and 
in Lorentz mechanics.!!75! Although, the calibration of space and time in classical me- 
chanics may not be correct, the calibration of space and time (or spacetime) in Lorentz 
mechanics may not be the only correct (or the ideal) way of calibration and this should 
lead to the conclusion that a different theory (which is as good as Lorentz mechanics 
if not better) is possible in principle to emerge if we adopted a different method of 
calibration. 

2. Show that the functionality of light clock is based on the fact that while the observed 
velocity of light is frame dependent, since it has a component from its source (and 
accordingly the characteristic speed of light c is relative to its source like classical 
projectile but with the added assumption of the contraction of spacetime coordinates 
under the influence of motion), the observed speed of light is frame independent. 
Answer: It was shown previously that the light signal in the light clock behaves like 
a Classical projectile since its velocity has a component from the velocity of its source. 
However, it was also shown that the observed speed of light is equal to the characteristic 
speed of light c in both frames. Accordingly, while the observed velocity of the light 
signal is frame dependent, the observed speed of the light signal is frame independent. 


[124] We note that our analysis here is different from the analysis of the Michelson-Morley experiment in 
the perpendicular arm (see § 12.2) because we are assuming that the light source is at rest with respect 
to the medium of propagation and the observer is moving, while in the Michelson-Morley experiment 
the light source is moving relative to the propagation medium and the observer is at rest with respect 
to the source. 

[125] This is inline with our previous remarks that the most fundamental attribute in Lorentz mechanics 
is the speed of light, while the most fundamental attribute in classical mechanics is time and space. 
This is consistent with the fact that in Lorentz mechanics the speed of light is absolute while space 
and time are relative, but in classical mechanics the speed of light is relative while space and time are 
absolute. This is also inline with the fact that in Lorentz mechanics the invariant is the spacetime 
interval (which is based on the speed of light) while in classical mechanics the invariant is the time 
interval and space interval. 


Chapter 10 
Challenges, Criticisms and Controversies 


10.1 Twin Paradox 


1. Discuss the twin paradox and analyze its essence and implications. 
Answer: The twin paradox is based on the asymmetric time flow in two inertial frames 
whereas the relativity principle of special relativity is equally applicable in both frames 
due to the absence of absolute frame and hence each frame is referred in this “relativity” 
to the other frame rather than to a unique absolute frame. So, the essence of the twin 
paradox is the incompatibility between the principle of relativity in its special relativistic 
sense, where an absolute frame does not exist, and the existence of a privileged frame 
in which time runs slower or faster relative to the other frame. Hence, if we accept 
the restricted sense of the relativity principle, and hence we assume the existence of an 
absolute frame relative to which the time dilating motion takes place, then there should 
be no contradiction because the twin who is in a state of relative motion with respect to 
the absolute frame will experience time dilation (where time dilation is based on the 
factor of the motion relative to this absolute frame) whether he is the first or the second 
or both. But this challenge is valid if we embrace the special relativity interpretation 
because according to this theory everything is relative and hence time dilation effect 
should be symmetric with respect to the involved inertial frames and hence both frames 
should experience this effect as seen from the other frame. So in brief, the twin paradox 
is not applicable if we believe in the existence of a unique absolute frame, but it is a 
valid challenge if we believe in special relativity and its interpretation of the relativity 
principle which is based on the denial of the existence of absolute frame. 

2. Discuss why a similar “twin paradox” is not usually proposed with respect to length 
contraction as proposed for time dilation. 
Answer: The reason is that in length contraction we should have the stick in the rest 
frame of only one of the two twins and hence the proper length belongs specifically to 
one frame. The situation of time is different because we have proper time in each frame 
since each observer has his own time. This may point out to another difference between 
spatial quantities and temporal quantities. However, we will see later (refer to § 10.2) 
that the barn-pole paradox can be regarded as the length contraction equivalent of the 
twin paradox. We may also synthesize a similar paradox where two identical sticks are 
placed in two inertial frames which are in a state of relative motion and hence each 
stick is shorter /longer than the other stick which leads to the violation of the principles 
of physical reality or to the rejection of the reality of length contraction. Alternatively, 
we may propose a similar paradox where a stick in a third frame C is observed from 
two inertial frames (A and B) which are in a state of motion relative to each other and 
relative to C where the supposed length contraction will be different according to the 
frame of observation, i.e. A or B. 
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3. Discuss the logical inconsistency between the first postulate of special relativity and 
the twin paradox. 
Answer: The twin paradox puts a question mark on the validity of the principle of 
relativity (i.e. the first postulate) in its special relativistic sense with regard to the 
aging of the traveling twin because there is a real physical effect (i.e. slow aging of 
the traveling twin) which is a function of the speed of the frame and this real effect 
cannot be explained in the absence of absolute frame. Hence, the reality of slow aging 
and the denial of absolute frame are logically inconsistent since the former requires 
an asymmetric situation between the two twins while the latter implies a completely 
symmetric situation between the two twins. 


10.1.1 Time Dilation Effect is Apparent 
10.1.2 Traveling Twin is Distinguished by being non-Inertial 


1. Analyze the traveling twin motion as partly inertial and partly accelerating, and hence 
derive the logical consequences of this analysis. 
Answer: We may contemplate that the journey of the presumed traveler who acceler- 
ates and decelerates, as well as uniformly moves as an inertial observer in part of his 
journey, should be split into inertial part where the twin paradox should be addressed 
since this part is subject to Lorentz mechanics, and non-inertial part which should be 
subject to the analysis of accelerated motion. So, if we assume that accelerated motion 
relative to an inertial observer is subject to Lorentz mechanics (by considering the time 
dilation as applied to the instantaneous inertial frames for instance), then the time 
required for the journey should be the sum of the inertial time and non-inertial time 
where the non-inertial time is obtained by integration. This analysis should lead to the 
conclusion that this answer (i.e. traveling twin is distinguished by being non-inertial) 
will not solve the problem (at least in the inertial stages where time dilation should 
apply symmetrically to both twins) and hence the twin paradox is valid if we adopt the 
special relativity interpretation.!!?° 


10.1.3. Traveling Twin has Two Inertial Frames 


1. Assess the concept of “change of frame” in the context of twin paradox. 
Answer: We label the twins as A and B. In the absence of absolute frame we can say: 
e From the perspective of A frame (or any other frame which is at rest with A frame) 
B changed his frame. 
e From the perspective of B frame (or any other frame which is at rest with B frame) 


11261 We do not go through potential involvement of general relativity in the solution of the non-inertial 
part because this is out of the scope of the book. Moreover, ascribing the acceleration to a particular 
frame in the absence of an absolute frame still requires an answer since the symmetry is still there 
whether we are in the domain of special relativity or general relativity. In fact, general relativity 
is like special relativity in its need (to be sensible and logically consistent) for an absolute frame at 
least in dealing with accelerating frames because general relativity has no magical power to define 
acceleration realistically with no reference to an absolute frame. 


10.1.4 Calling for General Relativity 225 


A changed his frame. 
e From the perspective of any other frame C, one or both changed frame (depending 
on C). 


10.1.4 Calling for General Relativity 


10.2. Barn-Pole Paradox 


1. Discuss the relation between the relativity principle and the barn-pole paradox. 
Answer: This paradox arises if we accept the relativity principle in its special relativis- 
tic sense where length contraction effect is symmetric or reciprocal and hence it applies 
to both frames due to the absence of absolute frame. Hence, this paradox has no place 
if we adopt an interpretation that is not based on the relativity principle of special 
relativity. For example, if we accept the restricted form of the relativity principle and 
hence length contraction occurs only to the object that moves relative to the absolute 
frame then the pole will fit if it is the object that moves relative to the absolute frame 
because it is the contracted object, and the pole will not fit if the barn is the moving 
object because it is the contracted object. In the case that both pole and barn move 
relative to the absolute frame, the pole may fit inside the barn or may not fit depending 
on the amount of contraction that each one has suffered. For example, if a 2 m pole 
contracted to 1 m and a 1.5 barn contracted to 1.2 m due to their motion relative to 
the absolute frame then the pole will fit inside, while if the 2 m pole contracted to 1.5 
m and the 1.5 barn contracted to 1.3 m then the pole will not fit. 

2. A 2 m long pole is required to fit inside a 1 m long barn. What is the minimum speed 
required to do this fitting? In which frame (barn frame or pole frame) this fitting can 
happen? What about the other frame involved in this process? Base your answer on 
special relativity. 

Answer: If a2 m long pole is to fit inside a 1 m long barn then the pole length should 
be contracted to at least 1 m. From the length contraction formula we have: 


where L, is the pole proper length and L,. is its contracted length. Hence: 
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which is the minimum speed required to do the fitting. This fitting is possible according 
to the barn frame where the pole is seen moving and hence it is contracted. From the 
pole frame, the barn will contract according to the length contraction formula, that is: 
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where Ly is the barn proper length and Ly, is its contracted length. Hence, the situation 
will be worsened because we then should try to fit a 2 m long pole into a 0.5 m long 
barn which is more difficult than fitting a 2 m long pole into a 1 m long barn. 

3. Discuss the special relativistic answer to the barn-pole paradox challenge that the fit 
will occur but because of the limited speed of sending signal from the front end of the 
pole to its back end the problem will occur later. 

Answer: This special relativistic answer is based on assuming that the pole (rather 
than the barn) will contract and the fit will happen but the problem will arise after that 
when the pole stops following the hit. Regardless of a number of potential challenges 
and question marks, this answer fails to address the essence of this paradox which is 
the incompatibility between the relativity principle in its special relativistic sense (i.e. 
in its general applicability and hence the effects should be symmetric since the principle 
equally applies to both frames) and the asymmetric nature of length contraction effect 
that presumably happens to the pole, rather than the barn, according to this answer. 
Interestingly, some special relativists tried to improve this answer by assuming that 
the front end will stop as soon as it hits the front wall of the barn but because the 
speed of sending signals is finite the back end (as well as the other parts which are 
still unaware of the hit) will continue its journey towards the inside of the barn until it 
enters the barn and fits inside where the problem occurs. Apart from the fact that this 
answer does not address the problem of the logical inconsistency which is based on the 
incompatibility between the principle of relativity in its special relativistic sense and the 
asymmetric nature of length contraction, we need to know if the speed of sending signals 
inside the pole (which should depend on the nature of the pole material) is sufficient 
to make this fit possible, at least partially where the rear end and its neighborhood 
may have sufficient time to continue their journey assuming that the stop of the in- 
between parts will not hinder this. Moreover, this answer will change the nature of 
the problem from being a length contraction issue, which is a logical problem related 
to the nature of space and time, to a material science problem because the argument 
unwittingly assumes that length contraction did not happen during the movement of 
the pole before it hits the front wall but it happened after the hit due to the presumed 
compression which occurred since the rear parts will continue their journey thanks to 
their ignorance of the hit. We should also remark that this answer may need to assume 
that the pole parts are independent of each other in their movement as if the internal 
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forces will not arise until the signal is received. A perfectly elastic spring in place of a 
rigid pole may be more appropriate to assume to make some sense of this answer. In 
brief, this answer is totally worthless because it is based on complete misunderstanding 
of the nature of length contraction effect and the essence of this paradox since length 
contraction, according to this answer, is caused by mechanical compression of the pole 
(rather than by spacetime coordinate transformations) due to the hit and hence it does 
not exist before hitting the front wall."?7 We should finally remark that according to 
the logic of this answer the fit should depend on the amount of compression, which 
should depend on the nature of the pole and its speed, and hence it is not subject to 
the length contraction formula. 

4. What is the significance of the barn-pole paradox according to special relativity? 
Answer: The significance is that it highlights the fact that order relations (i.e. smaller 
than, equal, and greater than) are not well defined in a real sense if we accept the 
special relativistic interpretation of Lorentz mechanics. 


10.3. Other Paradoxes 
10.4 Speeds Exceeding c 
10.5 Non-Local Reality of Quantum Mechanics 


[127] The strangest thing about this answer is that it assumes that length contraction does not occur during 
the state of motion but during the state of rest; opposite to what it should be. 


Chapter 11 
Interpretation of Lorentz Mechanics 


1. What is the relationship between the experimental evidence of a theory and its inter- 

pretation? 
Answer: The relationship between the experimental evidence of a theory and its in- 
terpretation is an epistemological issue. The interpretation is essentially a framework 
that is based on logical, epistemological and philosophical premises whose purpose is 
to rationalize the formalism of a certain physical theory. This framework may also 
contain some premises of scientific nature. We may contemplate that if this framework 
is the only possible interpretation and explanation of the formalism, then any evidence 
in support of the formalism may be regarded as evidence in support of this framework 
and hence this framework may get the legitimacy and endorsement of the experimental 
evidence like the formalism itself. However, it is virtually impossible to rule out other 
potential interpretations that could emerge in the future and can be similarly valid in 
explaining and interpreting the formalism even if we currently see only one possible 
interpretation. Hence, it is difficult to regard the scientific evidence as an endorsement 
to any particular interpretation. Regarding the scientific elements in the framework, 
if the evidence that supports the formalism can be seen as evidence for a particular 
element, it can be regarded as evidence in support of that element; otherwise it can 
not. 

2. Refute the claim that the validity and invalidity of interpretation is of little practical 

value to science since in the presence of a correct formalism the interpretation will have 
little impact on the progress of science even if the interpretation was wrong. 
Answer: This is not true in general because the interpretation can be as important as 
the formalism itself in steering the scientific research and providing a sense of direction 
and a compass for the future development. So, a wrong interpretation of a correct 
formalism can be as disastrous as a wrong formalism since it can result in hindering the 
research in certain areas and directions and motivating the research and directing the 
resources in the wrong direction. The obvious example for this in our view is special 
relativity where the wrong interpretation, despite the “correct” formalism, resulted in a 
number of tragedies in modern physics. 

3. Outline the main features of the Lorentz interpretation of Lorentz mechanics and com- 
pare it to the interpretation of special relativity. 

Answer: Based on the available records, the main features of the Lorentz interpreta- 
tion are summarized in the following points: 

e Space and time are absolute and hence there is an absolute frame. In special relativ- 
ity, space and time are relative and hence there is no absolute frame. 

e Simultaneity is absolute. In special relativity, simultaneity is relative. 

e The ether does exist. In special relativity, ether does not exist or at least it is super- 
fluous. 
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e Effects like length contraction and time dilation are real. In special relativity, effects 
like length contraction and time dilation are real in one opinion and apparent in another 
opinion. 

e The invariance of the speed of light across inertial frames is apparent. In special 
relativity, there is confusion and contradiction about this issue although the general 
stand seems to adopt the real option. 


11.1 Criteria for Acceptable Interpretation 


1. Try to justify the above criteria for accepting any proposed interpretation of Lorentz 
mechanics. 
Answer: The justification of these criteria should be obvious as explained in the fol- 
lowing points: 
e The interpretation should be logically consistent because the science that is not based 
on the fundamental rules of logic is nonsense and hence it may be useful for any purpose 
but not for building sensible and reliable understanding of the physical world because 
no understanding can be built without the rules of logic. 
e The interpretation should be compliant with the principles of physical reality and 
truth because the science that is not based on these rules is no more than fiction and 
illusion and hence it does not deserve any attention. 
e The interpretation should be consistent with other known facts and well-established 
theories because any scientific theory that is not consistent with other facts and es- 
tablished theories should be wrong according to the principles of reality and truth. 
Although there are different branches of science and human knowledge in general, they 
should all reflect the same reality and hence we should have a single truth that repre- 
sents the unique physical reality. This, in fact, represents the necessity for the unity 
and conformity of science and knowledge in general. 
e The interpretation should be thorough because what is required is an interpretation 
to Lorentz mechanics and not to certain elements of this mechanics. Partial interpre- 
tations usually lead to contradictions and inconsistencies where they may succeed in 
explaining certain elements and issues but they clash with other facts. In fact, partial 
interpretations should be discarded by default because their partial and normally ad 
hoc nature is usually based on their lack of correct and sufficiently general framework 
to explain the theory as a whole; otherwise they should be complete and general. 

2. What is the relation between science and logic? 
Answer: Compliance with logic is a necessary but not sufficient condition for scientific 
theories and hence any scientific theory that is not consistent with the rules of logic 
should be rejected although not every scientific theory that is consistent with the rules 
of logic should be accepted since its acceptance also requires the support of experimental 
and observational evidence. For example, classical mechanics as a theoretical structure 
is totally consistent with the rules of logic but it is not necessarily true as a scientific 
theory because the laws of classical mechanics are not completely consistent with our 
observations of the physical world. 
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3. Give some examples of attempts made by special relativists to defend the logical incon- 
sistencies of special relativity. 
Answer: Examples are: 
e Some special relativists tried to confuse the issue by identifying the logic with com- 
mon sense which generally, but not necessarily, based on logic.!!?8! Although scientific 
theories are not required to comply with the rules of common sense as such, they are 
required to obey the rules of logic.!!?% 
e Some special relativists tried to defend special relativity and its logical inconsistencies 
by questioning the authority of the logic itself and casting a shadow on its validity to 
judge scientific theories as if science is not required to be subject to the logic and com- 
pliant with its rigorous rules. In fact, some special relativists even ridiculed the logic 
itself as if it is a collection of old fictitious beliefs that should be rejected by modern 
physics, while others went further by considering “throwing the old logic in the bin” as 
one of the great achievements of special relativity. Throwing the logic in the bin means 
living in the kingdom of nonsense where not only science does not exist but even human 
in his intellectual existence as we know will cease to exist. 
In brief, science with no logic is no more than nonsense. So, all these lines of defence 
are not worth any effort to investigate or refute. 

4. Discuss the stand of some special relativists who tried to challenge the logic by experi- 
mental evidence in support of special relativity and its postulates. 
Answer: This stand can be refuted by the following: 
e There is no evidence in support of special relativity and its postulates as such. All 
the true and alleged experimental evidence in this regard are in support of the bare 
formalism of Lorentz mechanics and not of any particular interpretation and its epis- 
temological and philosophical foundations, such as special relativity and its postulates. 
This is like the situation in quantum mechanics, where the evidence in support of quan- 
tum mechanics is generally seen as evidence for the formalism and not for any particular 
interpretation such as the Copenhagen school or the parallel worlds interpretation. 
e No experimental evidence can challenge the logic. In fact, no correct experimental 
evidence can contradict the logic because no reality or truth can contradict the logic. 
Any experimental evidence should be processed, rationalized and judged by the logic 
not the other way around. Hence, we cannot reject or modify the rules of logic by al- 
leged experimental evidence. That is how human mind evolved and how it works. Logic 
represents the most fundamental principles of our perception system and the blueprint 
of all our mental processes. Logic is the infrastructure for all our intellectual achieve- 
ments including not only science, but even mathematics. Accordingly, no experimental 


[128] We may define common sense in this context as generally accepted rules that are usually, but not 
necessarily, based on the rules of logic and daily life observations. For example, “the impossibility of 
having something and its opposite at the same time and from the same perspective (e.g. I exist now 
and I do not exist now)” is a rule of logic, but “the weak does not conquer the strong” is a common 
sense rule because there is no logical contradiction in conquering the strong by the weak although this 
rule is generally true from our daily life experience and it does not contain any logical inconsistency. 

[129] An example of an acceptable scientific theory that may not be fully compliant with common sense is 
quantum mechanics. 
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evidence can rectify or justify the faulty logic of a theory. 
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1. Explain why the existence of an absolute frame is needed to have a valid interpretation. 
Answer: The existence of an absolute frame is needed to justify the difference between 
inertial and non-inertial frames and to rationalize the reality of characteristic Lorentzian 
effects like time dilation and length contraction where the reality of Lorentz mechanics 
and its consequences is dependent on this reality. Hence, the existence of such a frame 
should be assumed and the relativity principle should therefore be interpreted in its 
classical sense (see § 2.2). 

2. Try to explain why inertial frames are treated equally by the space in their validity for 
formulating the known laws of physics despite their possible motion with various speeds 
relative to the absolute frame while non-inertial frames are treated differently. 
Answer: We may propose that all inertial frames are equal because they are not 
accelerating relative to the absolute space and hence they can all be considered as being 
at rest relative to this space due to its infinite extension, while non-inertial frames 
are different because they are accelerating relative to absolute space. However, the 
difference between inertial and non-inertial frames can be explained more fundamentally 
by the fact that velocity is a first order variation in spacetime while acceleration is a 
second order variation. The difference that is represented by the spacetime contraction 
between the inertial frames which are at rest with respect to the absolute frame and 
those which are in a state of uniform motion with respect to the absolute frame may 
then be explained as a first order variation effect while the difference between inertial 
frames and accelerating frames can be explained as a second order variation effect. In 
brief, the inertial frames are differentiated from each other by a first order variation 
in spacetime while the inertial frames are differentiated from non-inertial frames by 
a second order variation in spacetime. The known laws of physics should then be 
assumed to be independent of the first order variations and dependent on the second 
order variations. If this is established, then we may expect other differentiations between 
frames by higher order variations in spacetime where in these differentiations even non- 
inertial frames will be categorized according to the order of variation and the type of 
dependency of the laws on the order of variation. !!*° 

3. Demonstrate the invariance of the speed of light and the non-invariance of its velocity 
using a simple diagram. 

Answer: The diagram should look like Figure 9, where the invariance of the speed 
of light is represented by the fact that the vectors AB and AB’ (which represent the 
velocity of light in frames O and O’ respectively) have the same magnitude since these 


[130] Some aspects about the rules of accelerating frames and the laws in these frames may be referred to 
general relativity. However, the link between special and general relativity is a controversial issue. 
The geometry of spacetime which may be used to provide the link and hence solve some problems 
of special relativity may be contested. These issues require deep inspection and analysis which we 
intend to address in the future. 
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vectors are radii of the shown circle, while the non-invariance of velocity is represented 
by the fact that these vectors have different directions in space since they have different 
x and y velocity components. 

4. Why the formalism of Lorentz mechanics indicates a projectile-like model for the prop- 

agation of light? 
Answer: The velocity component of light signal from the velocity of its source suggests 
that light follows a model of propagation similar to the classical model of projectile (see 
§ 1.13.1 and § 1.14) although the speed does not follow this classical model because of 
the Lorentzian spacetime contraction which does not exist in classical mechanics.!!34 
Hence, if we follow the formalism of Lorentz mechanics then the characteristic speed of 
light c should be relative to its source like classical projectile but with the added as- 
sumption of the contraction of spacetime coordinates under the influence of motion. As 
we discussed earlier, the projectile model of propagation is logically consistent with the 
existence of absolute frame although it (unlike the classical model of wave propagation) 
does not require the existence of such a frame. 

5. Outline a potential interpretation that naturally emerges from analyzing the formalism 
of Lorentz mechanics and incorporates the proposed elements in this section. 
Answer: We may propose such an interpretation from our previous analysis and find- 
ings. This interpretation, whose origin can be traced back to our investigation in § 1.6, 
is outlined in the following points: 

e Space and time are absolute. Hence, we have an absolute frame of reference relative 
to which observers and frames can be at rest or in uniform motion or in accelerated 
motion. For convenience, we call an observer who is at rest with respect to this absolute 
frame “absolute observer”. Similarly, we call an observer who is in a state of relative 
motion with respect to this absolute frame “relative observer” and we call his frame 
“relative frame”. We note that in essence we have only one absolute frame because since 
all absolute frames should be at rest relative to each other, their coordinate systems can 
be reduced to a single coordinate system by simple static transformations, i.e. trans- 
lation, rotation, reflection and scaling of axes. Moreover, since their time is absolute, 
their temporal scales can be unified by simple translation and scaling to unify the ori- 
gin of time and its unit interval. Similarly, we can reduce the infinitely-many absolute 
observers to a single absolute observer who may be called the absolute observer. 

e Let define the reality as the state of the objects as observed by the absolute observer 
and the truth as his observation. Hence, all other states (or realities) and observations 
(or truths) are “apparent” in the sense that they are obtained under the influence of 
length contraction and time dilation, as will be discussed next. It may be claimed that 
this is just a useful convention to avoid having multiple realities and truths. Anyway, 
we do not mind if someone decided to consider all these observations as “real” as long 
as there is no difference in the interpretation since this will not lead to any violation to 
the principles of reality and truth due to the difference in perspective. 

e Length contraction and time dilation are real fundamental physical effects that in 


1131] We note that the Lorentzian spacetime contraction should be linked to the use of the speed of light 
for calibration of spacetime measurement as explained earlier. 
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essence represent the same phenomenon which is the shrinking of spacetime coordinates 
under the influence of motion relative to the absolute frame where length contraction 
is the spatial demonstration of this phenomenon while time dilation is the temporal 
demonstration of this phenomenon. It was shown earlier (refer to § 5.1.5) that length 
contraction and time dilation effects represent observations from different perspectives. 
We may therefore unify their perspectives and hence call both these effects “contrac- 
tion” (i.e. length contraction and time contraction) although we may also call both 
these effects “dilation” (i.e. length dilation and time dilation) from the opposite per- 
spective. We may even enhance this unification by calling these effects “contraction 
of spacetime”. As well as being useful for reducing the confusion, this will also grant 
the temporal and spatial coordinates similar status and hence make the coordinates of 
spacetime more homogeneous and unified. 

e Since spacetime contraction is real physical effect, then the explanation of the mea- 
surement of different length and time in the absolute and relative frames is that since 
the length and time measuring mechanisms in the relative frames will also suffer from 
the same length and time contraction that affects the measured objects in these frames, 
then the observers in the relative frames will not see the effect of this length and time 
contraction, i.e. they will have the same measurement as if they were at rest relative 
to the absolute frame.!*?] So, as the speed of the relative observers with respect to the 
absolute frame changes, both the measuring mechanisms and the measured objects will 
contract by the same factor and hence they will not observe any difference and they 
will always obtain the “proper” values from their measurements. 

e The explanation that is given in the previous points about length and time contrac- 
tion will solve the problem of reality and truth because all observers will deal with some 
sort of reality and truth due to the fact that the “apparent” observations in the moving 
frames are not so because they are illusions and have no physical basis but because 
they are observed by using contracted length and time measuring mechanisms so all 
observers observe some sort of reality and have some version of truth, i.e. their own 
reality and their own truth which in a sense are identical to the reality and truth that 
they will have if they are in the absolute frame. However, the ultimate reality and 
truth belong to the absolute frame. In other words, because the measurements of the 
relative observers are different from the reality of absolute frame, these measurements 
may be described loosely as “apparent” but this is totally different from the meaning of 
“apparent” as equivalent to illusion. 

e Inertial frames are those frames which are at rest or in a state of uniform motion with 
respect to the absolute frame, while non-inertial frames are those frames which are in a 
state of accelerated motion with respect to the absolute frame. Moreover, the absolute 
frame does not distinguish between inertial frames in their validity for formulating the 
known laws of physics although it distinguishes between inertial and non-inertial frames 
(and possibly between non-inertial frames themselves but this is outside the scope of 
Lorentz mechanics which is the subject of our investigation). So, the known laws of 


[132] This justifies the fact that the proper value is the same in all frames despite the potential contraction 
of spacetime. 
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physics equally apply to all inertial frames but not necessarily to non-inertial frames. 
e Because of the existence of absolute frame, the relativity principle applies in its clas- 
sical sense but not in its special relativistic sense. Accordingly, all the formulations 
of Lorentz mechanics should be ultimately referred to the absolute frame. In particu- 
lar, the speed of relative motion v in the Lorentz y factor and other formulae will be 
ultimately referred to the absolute frame although in some formulations (e.g. kinetic 
energy) they may be referred to relative frames. 

e Based on the previous points, the observations of all relative observers who are in a 
state of relative motion with respect to each other will be naturally calibrated by the 
observations of the absolute observer. For example, let have A as the absolute observer 
and B and C as two relative observers who are in a state of relative motion with respect 
to each other. Now, if A measures a given stick that is at rest in the B frame to be 
0.5 m long and B measures this stick to be 1 m long then the stick is contracted by 
a factor of 0.5 in the B frame due to its relative motion with respect to the absolute 
frame. Similarly, if A measures another stick that is at rest in the C frame to be 0.25 m 
long and C measures this stick to be 1 m long then the stick is contracted by a factor 
of 0.25 in the C frame due to its relative motion with respect to the absolute frame. 
Accordingly, B will measure the C stick to be 0.5 m long while C will measure the B 
stick to be 2 m long. It should be obvious that when all these observers gather in a 
single frame (whether in the absolute frame or in a relative frame) they should agree 
on all measurements and hence both these sticks will measure 1 m long by any one of 
these observers (who become essentially a single observer due to their gathering in a 
single frame). The calibration in the case of having different proper length of the B and 
C sticks should be straightforward. 

e Since time is absolute, simultaneity is absolute as it refers to the time of the absolute 
frame. Accordingly, the relativity of simultaneity in its special relativistic sense should 
be abandoned although relative observers may disagree on the simultaneity of events or 
their chronological order.!!38! However, they should agree when they refer their events 
to the absolute frame by standardizing their time to the absolute time. The same can 
be said about the relativity of co-positionality in its relation to absolute space. 

e Regarding the speed of light, if we accept that the real value of the speed of light c 
belongs to the absolute frame, but at the same time all other observers will have an 
identical apparent measurement of the speed of light as c because their length and time 
measuring mechanisms will scale by the same Lorentz y factor, then the issue of the 
invariance of the speed of light is solved since all observers will measure this speed to be 
c although this measurement is real only for the absolute frame while it is apparent for 
all other frames.!!34 Regarding the speed of the light source, it has no impact on the 
speed of the emitted signal because the added velocity component to the signal from 


[133] This may be likened to the relativity of simultaneity of observation despite the fundamental difference 
between the two. 

[1341 Tn fact, c is c in any frame, so what we mean by having real and apparent speed of light is that this 
speed is a ratio of original (real) or contracted (apparent) spacetime coordinates where in the latter 
case it can be considered as a scaled version of the real c with a scale factor of unity. 
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the velocity of the source is neutralized by the effect of displacement of objects in the 
observed frame (refer to § 9.7.1). In brief, the speed of light as referred to any frame 
(whether the observer frame or another frame) will be the constant c because the units 
of time and space measurements in that frame are scaled by the same factor as the 
time and space in that frame while the velocity of the source in that frame will have no 
effect because this velocity will be added to the velocity of light in that frame and this 
added velocity component will be annulled by the effect of displacement of objects in 
that frame where this displacement is due to the frame motion.!485) At the root of all 
this is the choice of c as a standard for calibrating the measurements of spacetime. 
e Regarding the issue of the speed of light as restricted and ultimate speed (see § 3.8.1), 
we repeat what we stated previously, i.e. this should be considered within the validity 
domain of Lorentz mechanics and according to its current formalism. Moreover, the 
difference between massive and massless objects should be considered. Hence, we be- 
lieve that the taboos of special relativity about the speed of light should be re-assessed 
and may be abolished as some of them lack any basis from the analysis of formalism 
and any experimental evidence. 
e All other elements and characteristic features of Lorentz mechanics, such as the merge 
of space and time into spacetime and the use of the speed of light as standard for cali- 
brating space and time measurements, are consistent with the proposed interpretation 
as they enter in the formal structure of Lorentz mechanics and hence they provide the 
basis for this interpretation. 

6. Inspect and analyze the logical and physical consequences of the interpretation that 
was proposed in the previous question to assess its validity. 
Answer: Thorough inspection and analysis requires very detailed discussions and de- 
liberations which are beyond the capacity of this exercise and the intended size and 
objective of the book. However, we may outline our analysis and assessment by a few 
examples in the following points: 
e The difference between inertial and non-inertial frames will be naturally explained by 
the proposed interpretation, that is the absolute frame does not discriminate against 
the frames which are in a state of uniform motion with respect to the absolute frame 
but the absolute frame does discriminate against the frames which are in accelerated 
motion with respect to the absolute frame.|!%4 


[135] Tn other words, when we measure the speed of light in reference to a particular frame we should use 
the length and time measuring equipment and units of that frame, and as soon as we do so the effect 
of the added velocity component will be annulled and what remains is the scaled units of length and 
time (due to spacetime contraction) which ensure the invariance of light speed. 

[136] As indicated earlier, this discrimination is based on the order of variation of spacetime on which the 
laws are based and hence we need a more fundamental definition of the “known laws of physics” whose 
form does not vary between different inertial frames. In brief, the laws of physics should not vary 
between frames if they do not depend on a certain order of spacetime variation that distinguishes 
these frames but they should vary between frames if they do depend on that order of spacetime 
variation. This proposed principle requires further investigation and development. Anyway, this puts 
the existence of absolute frame on a more firm foundation since the reality of these variations as the 
bases for the difference between frames is totally dependent on the reality of the absolute frame since 
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e The length contraction and time contraction are real physical effects as explained 
above. Now, since the relativity principle applies in its classical sense due to the ex- 
istence of absolute frame, challenges like twin paradox and barn-pole paradox will be 
naturally answered because these effects do not apply equally and symmetrically to all 
frames, i.e. they apply only to relative frames and observers but not to the absolute 
frame and observer and hence any contraction in length or time in any frame will be 
uniquely and unambiguously determined by the motion of the frame relative to the 
absolute frame.!!°7] 

e The invariance of the speed of light across inertial frames will find a simple explana- 
tion that is any observer will obtain the proper values of the objects in his frame from 
his measurements despite the contraction of spacetime. Now, since light belongs to each 
frame equally (where the added velocity component from the velocity of the source will 
compensate for the motion of the frame) then the “proper” (or characteristic) value of 
its speed (i.e. c) should be equally obtained in any frame. 

7. Explain length contraction and time dilation effects from the viewpoint of the proposed 

interpretation of Lorentz mechanics and outline their relation to the absolute frame and 
to relative frames. 
Answer: Space and time contract in any frame which is in relative motion with respect 
to the absolute frame. This contraction is the basis for the length contraction and time 
dilation effects. Accordingly, these effects are real since they are observed from the 
absolute frame. Furthermore, the proper length and time as measured in any other 
frame (i.e. frames moving with respect to the absolute frame) are apparent because 
the measuring rods and time measuring mechanisms will suffer the same contraction 
that the measured length and time suffer. In brief, length contraction and time dilation 
are real but the measured values of lengths and time periods in the relative frames are 
apparent. 

8. Imagine two inertial observers in a state of standard setting. Following the instant 
t = t’ = 0, each one of these observers will keep watching the time of the other observer. 
What will they see? Base your answer on the proposed interpretation. 

Answer: This depends on their relative motion with respect to the absolute frame and 
hence one observer can see the time of the other observer lagging behind his time while 
the other observer sees the opposite. They can also see their times totally synchronized. 

9. Our observations, such as the prolongation of lifetime of elementary particles, should 
suggest, according to the proposed interpretation, that we (i.e. the inhabitants of the 
Earth) are in the absolute frame, which may be very unlikely, unless we accept the 
special relativistic view that effects like time dilation occur in each frame in compliance 


the physical reality should not depend on our conventions, coordinate systems and frames. 

[137] We should notice that the claimed effect of “aging less” or “returning younger” that the traveling 
twin will endure can only happen if we agree on the proposal that the “reality” and “truth” belong 
to the absolute frame; otherwise the traveling twin will see himself aging apparently as if he stayed 
at rest in the absolute frame. This may be a justification to our “convention” that the “reality” and 
“truth” belong to the absolute frame while all relative frames will have “apparent” reality and truth. 
Accordingly, this convention has real physical content if we accept the claimed effect of “aging less”. 
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10. 


Le. 


with the unrestricted relativity principle. What is your answer to this challenge? 
Answer: Regarding experimental observations, like prolongation of lifetime of elemen- 
tary particles, which may be claimed to support the special relativity view since it is 
very unlikely that the frame of the Earth is the absolute frame, it can be addressed 
by claiming that although the frame of the Earth is not the absolute frame, it is very 
likely that its speed relative to the absolute frame is a negligible fraction of the speed 
of light and hence for all practical purposes it can be assumed to be at rest with re- 
spect to the absolute frame when the speed of the observed phenomenon (i.e. the 
decaying elementary particles in our example) is comparable to the speed of light (i.e. 
uv ~ c) or at least a considerable fraction of the speed of light. So, any deviation of 
our observations from the observations of the absolute frame is comparable in size to 
the experimental errors and hence it can be absorbed within these errors. In fact, this 
approximate identification of the frame of the Earth with the absolute frame should be 
very realistic (astronomically and cosmologically) if the absolute frame is identified by 
and based upon the spacetime structure as determined by the surrounding distribution 
of matter and energy. Also, this answer should apply to any similar challenge that 
is based on observing characteristic Lorentzian effects from the Earth (or indeed any 
ordinary frame of observation like spaceships where the speeds are very tiny fraction of 
c) as if it is the absolute frame. 

Apply the proposed interpretation to a specific example, e.g. the prolongation of life- 
time of elementary particles. 

Answer: Let assume that the moving elementary particles are observed from the ab- 
solute frame (or from the Earth which is supposed to resemble the absolute frame 
according to the answer of the previous question). So, the time intervals and lengths 
in the frame of particles will be seen as contracted with respect to their values in the 
absolute frame. So, if we take their values in their proper frame as the inherent values 
then this is equivalent to having these values prolonged in the absolute frame in propor- 
tion to the contraction factor.!!°8! Hence, the lifetime as seen in the absolute frame will 
be prolonged in proportion to the contraction factor to obtain the observed lifetime in 
the absolute frame, and therefore the particles will traverse a prolonged distance in the 
absolute frame in proportion to their speed and lifetime. Alternatively, the traversed 
distance as seen in the absolute frame will be prolonged in proportion to the contraction 
factor to obtain the observed traversed distance in the absolute frame, and therefore 
the particles will have a prolonged lifetime in proportion to their speed and traversed 
distance in the absolute frame. 

Can you provide more clarification about the relation between the velocity component 
of the light signal from its source and the invariance of the speed of light across all 
inertial frames? 

Answer: Because the light signal obtains a velocity component from its source, its 


1138] We should remark that because almost all proper values (including lifetimes) are measured on the 


Earth, which approximates the absolute frame, then the reality of this frame will justify the claim of 
being inherent values, and hence rationalize the reality of prolongation and add more sense to this 
explanation. 
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12: 


speed will be the same in any inertial frame that is in relative motion with respect to 
the source frame (refer to previous exercises as well as § 9.7.1), and because of this any 
frame other than the source frame will be like a source frame since it is not distinguished 
from the source frame by having a light signal whose speed is not c. For example, if 
we have three inertial frames (A, B and C) and the source of light is in one of these 
frames, say A, then when we transform this signal to B the speed in B will be c, so if 
we transform this signal (whether from A or from B) to C then the speed in C should 
also be c because there is no distinction between A and B in having the same speed c 
of the light signal whereas any difference in the relative motion between C and any one 
of A and B will be compensated by the spacetime contraction where this contraction is 
different for the two frames, A and B, if they have different relative speeds with respect 
to C. This means that although B is not physically the source frame, it behaves like A 
as a source frame. We think this is the culprit of the whole issue of the invariance of the 
speed of light across all inertial frames where this added velocity component from the 
source conspire with the spacetime contraction to ensure the invariance of the speed of 
light across all inertial frames and hence any frame can be regarded as a source frame 
for any light signal which means the speed of light in this frame is c regardless of the 
frame of the actual physical source of light (e.g. light bulb). 

Let assume that the experimental evidence is consistent with the special relativity 
interpretation (e.g. in correlating the characteristic Lorentzian effects to the relative 
motion between frames in accord with the unrestricted relativity principle) but not with 
other interpretations (such as the proposed interpretation). What should we conclude? 
Answer: In this case, Lorentz mechanics itself should be a wrong (or illusory) theory 
because it requires a logically inconsistent interpretation and hence all the observations 
that support Lorentz mechanics should be treated as empirical facts and therefore we 
should search for a consistent new theory (i.e. new formalism that can sustain a logically 
consistent interpretation) to justify these empirical facts. In brief, any formalism that 
requires logically inconsistent interpretation should be rejected (with its interpretation) 
as a valid scientific theory. 


Chapter 12 
Appendices 


12.1 Maxwell’s Equations 
12.2 Michelson-Morley Experiment 


1. What is the main limitation of the Michelson-Morley experiment and its analysis? 
Answer: The main limitation is that it is based on a classical wave model for the 
propagation of light since its main objective is to detect and measure the ether wind. 
Hence, even if the experiment is technically correct, it is not conclusive if there is a 
possibility that the light follows a projectile (or ballistic) propagation model because 
the source of light in the Michelson-Morley apparatus remains in a state of rest relative 
to the observer despite the rotation. In brief, the Michelson-Morley experiment may 
rule out the possibility of a classical wave propagation modell but it cannot rule out 
the possibility of a projectile propagation model for example. Accordingly, the Galilean 
transformations cannot be dismissed by the result of the Michelson-Morley experiment. 
We should remark that there are other limitations of the Michelson-Morley experiment 
(and its alike); some of these limitations have been indicated earlier. 


12.3. Invariance of Laws under Galilean and Lorentz Transforma- 
tions 


1. What we mean when we describe a law as being invariant under certain transformations, 
e.g. Lorentz transformations? 
Answer: We mean that the law will take the same form when we move from one 
inertial frame to another inertial frame by applying a certain set of spacetime coordinate 
transformations. For example, the electromagnetic wave equation is invariant under the 
Lorentz spacetime coordinate transformations because it keeps its form when we change 
the coordinates in this equation by applying these transformations. But this equation is 
not invariant under the Galilean transformations of space coordinates and time because 
the form of this equation changes when we apply these transformations. The reader is 
referred to § 12.3.3 for more details about this example, and to § 1.8 and the exercises 
of § 6.1 for more details about form invariance. 

2. Summarize what is invariant and what is not invariant in classical and Lorentz mechan- 
ics. 
Answer: According to classical mechanics, all inertial frames of reference are equally 
valid for formulating the laws of mechanics. Hence, all the laws of classical mechanics 
are invariant under the classical transformations of space coordinates and time which 


1139] Tn fact, we already ruled out such a propagation model according to our analysis of the formalism of 
Lorentz mechanics, as explained earlier (see for example § 11). 
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are the Galilean transformations. However, the laws of electromagnetism, as repre- 
sented by Maxwell’s equations and their derived formulations, are not invariant under 
the Galilean transformations. 

According to Lorentz mechanics, all inertial frames of reference are equally valid for 
formulating the laws of mechanics and electromagnetism. Hence, all the laws of me- 
chanics and electromagnetism are invariant under the Lorentz spacetime coordinate 
transformations. |" 


12.3.1 Laws of Classical Mechanics 
12.3.2 Maxwell’s Equations 


12.3.3 Electromagnetic Wave Equation 
12.4 Derivation of Lorentz Spacetime Coordinate Transformations 


12.4.1 Special Relativity Method of Derivation 
12.4.2. Our Method of Derivation 


1. Discuss the issue of lack of clarity and rigor in most (if not all) the derivation methods 
of Lorentz transformations. 
Answer: To appreciate the lack of clarity and rigor in these methods and their alike, 
the reader is advised to compare these derivations with the derivations of the velocity 
transformations (for example) which were presented in § 5.1.2. It should be obvious that 
while the latter are based on rigorous and obvious physical, mathematical and logical 
rules, the former are mixed with many hidden assumptions, arguable claims and hazy 
logic (among many other things). A main factor of this lack of clarity and rigor is their 
interpretative nature and that is why we prefer to postulate the Lorentz transformations 
in the first place instead of deriving them from other postulates. In fact, we can claim 
that some of these alleged derivations are no more than a smoke screen to pass certain 
interpretative (philosophical and epistemological) views and theories and market them 
as physically and mathematically rigorous formalism. 


[149] Tn fact, the principle of form invariance in Lorentz mechanics should include all the laws of physics 
(within the validity domain of this mechanics). Moreover, we believe that this general invariance 
principle was formulated by some classical physicists even before the emergence of Lorentz mechanics 
(and it may be one of the causes of its emergence) and hence in this sense it can be considered as part 
of classical physics (although the classical transformations failed to satisfy this principle with regard 
to electromagnetism), as indicated earlier. 
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